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Abstract. The sequences of the form {Embgn}m,n∈Z, where Emb is the

modulation operator, b > 0 and gn is the window function in L2(R), con-

struct Fourier-like systems. We try to consider some sufficient conditions

on the window functions of Fourier-like systems, to make a frame and

find a dual frame with the same structure. We also extend the given two

Bessel Fourier-like systems to make a pair of dual frames and prove that

the window functions of Fourier-like Bessel sequences share the compactly

supported property with their extensions. But for polynomials windows,

a result of this type does not happen.
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1. Introduction

In practice, it is so important to be able to find and control the properties

of the associated dual frames and be sure that the structure of the obtained

dual frames is the same as primary one.

Using the modulation operator Eb : L2(R) → L2(R), (Ebf)(x) = e2πibxf(x),

for b > 0, and gn ∈ L2(R), we can write the system of functions considered

as {Embgn}m,n∈Z. We call such a system a Fourier-like system, with gener-

ators gn. Via the Fourier transform, Fourier-like systems are equivalent to

the well-known shift-invariant systems. We also note that Fourier-like systems
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16 E. Osgooei

are closely related to Gabor systems. Denoting the translation operator by

Ta : L2(R) → L2(R), (Taf)(x) = f(x − a), the Gabor systems generated by

a function g ∈ L2(R) and two parameters a, b > 0 is {EmbTnag}m,n∈Z. This

corresponds to a Fourier-like system with gn = Tnag.

Our main goal is to construct a pair of dual Fourier-like systems with genera-

tors that are easy to use in practice. In other words, we want to make a pair

of dual frames {Embgn}m,n∈Z and {Embhn}m,n∈Z with compactly supported

generators for which the support of hn is controlled by the given generators

gn. Our paper is organized as follows. In Section 2 by assuming that the win-

dow functions {gn}n∈Z form a partition of unity, we use a method based on a

family of polynomials which is closely related to the Daubechies polynomials

to construct a pair of dual frames. In Section 3 by extending the given two

Fourier-like Bessel sequences with compactly supported generators, we con-

struct a pair of dual frames with the same property of generators.

In the rest of this introduction we collect some definitions and basic results

that are needed in this paper.

Definition 1.1. A sequence {fk}∞k=1 of a separable Hilbert space H is said to

be a frame for H if there exist constants A,B > 0 such that

A‖f‖2 ≤
∞∑
k=1

|〈f, fk〉|2 ≤ B‖f‖2, f ∈ H. (1.1)

We say that {fk}∞k=1 is a Bessel sequence for H with Bessel bound B, if the

second inequality in (1.1) satisfied.

Definition 1.2. Suppose that {fk}∞k=1 and {gk}∞k=1 are two Bessel sequences.

We say that they are dual if

f =

∞∑
k=1

〈f, fk〉gk, f ∈ H.

For more information on frame theory we refer to [1, 8, 9, 10, 11]. Given a

collection of functions {gn}n∈Z in L2(R) and a positive number b, we consider

frame properties for the system of functions given by {Embgn}m,n∈Z. In partic-

ular, we find conditions on that system, having dual of the form {Embhn}m,n∈Z
with the functions hn given by a clear formula. Via the Fourier transform, the

results have immediate consequences for shift-invariant systems, this means

that by the following formula:

FEmbf = TmbFf,

where

(Ff)(γ) = f̂(γ) =

∫ ∞
−∞

f(x)e−2πixγdx,

the analysis of the system of functions {Embgn}m,n∈Z corresponds to analyzing

the shift-invariant system {Tmbĝn}m,n∈Z on the Fourier side. Thus, all of the
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New approaches to duals of Fourier-like systems 17

frame properties for the system {Embgn}m,n∈Z can easily be derived based

on the results of shift-invariant systems. The well-known results for duals of

shift-invariant systems given by Ron and Shen [11] and Janssen [10].

Lemma 1.3. ([6]) Let gn ∈ L2(R), b > 0 and suppose that

B =
1

b
sup
x∈R

∑
k∈Z
|
∑
n∈Z

gn(x)gn(x− k

b
)| <∞.

Then {Embgn;m,n ∈ Z} is a Bessel sequence with upper frame bound B. If

also

A =
1

b
infx∈R(

∑
n∈Z
|gn(x)|2 −

∑
k 6=0

|
∑
n∈Z

gn(x)gn(x− k

b
)|) > 0,

then {Embgn;m,n ∈ Z} is a frame for L2(R).

Lemma 1.4. ([6]) Two Bessel sequences {Embgn}m,n∈Z and {Embhn}m,n∈Z
form a pair of dual frames for L2(R) if and only if

∑
n∈Z

gn(x+
k

b
)hn(x) = bδk,0, k ∈ Z. (1.2)

Our results in Theorems 2.1 and 2.5 is based on the following theorem.

Theorem 1.5. ([3]) Let K ∈ N0 and let b ∈]0, 1
4K+2 ]. Let g be a real-valued

bounded function with suppg ⊆ [−(2K + 1), 2K + 1], for which

|
∑
`∈Z

g(x+ `)| ≥ A, x ∈ [0, 1],

for a constant A > 0. Define G̃ by

G̃(x) =
∑
`∈Z

g(x+ 2`), x ∈ [−1, 1],

Take H̃ ∈ L2(R) to satisfy

G̃(x− 1)H̃(x− 1) + G̃(x)H̃(x) = 1, a.e. x ∈ [0, 1].

Define h by

h(x) = b

K∑
`=−K

H̃(x+ 2`).

Then {EmbTng}m,n∈Z and {EmbTnh}m,n∈Z form a pair of dual frames for

L2(R), and h is supported in [−(2K + 1), 2K + 1].
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18 E. Osgooei

2. Duals of the System {Embgn}m,n∈Z

In the following theorem, we consider some verifiable conditions on func-

tions gn. Then we try to find functions hn such that {Embgn}m,n∈Z and

{Embhn}m,n∈Z form a pair of dual frames for L2(R) with compactly supported

generators.

Theorem 2.1. Let {xn}n∈Z ⊆ R be a sequence such that limn→±∞ xn = ±∞,

xn−1 ≤ xn and xn+N − xn ≤ M , where M > 0 and N ∈ N. Let gn ∈ L2(R)

be real-valued and uniformly bounded functions with suppgn ⊆ [xn, xn+N ], and

there exists constant A > 0 such that |gn(x)| ≥ A, x ∈ [xn, xn+N ]. Then there

exist functions hn such that for 0 < b ≤ 1
M , {Embgn}m,n∈Z and {Embhn}m,n∈Z

form a pair of dual frames for L2(R).

Proof. Take hn(x) = b
Ngn(x)

on [xn, xn+N ] and hn(x) = 0, outside [xn, xn+N ].

By assumption, the functions hn are real-valued and uniformly bounded. By

Lemma 1.3, {Embgn}m,n∈Z and {Embhn}m,n∈Z are Bessel sequences. Now, it is

enough to show that (1.2) holds. Since the functions gn and hn have compact

support in [xn, xn+N ] and 0 < b ≤ 1
M , for k 6= 0,

∑
n∈Z gn(x+ k

b )hn(x) = 0.

Given x ∈ R, choose n ∈ Z such that x ∈ [xn, xn+N ]. By the definition of hn,

the following N equations are satisfied in each intervals:



gn−N+1(x)hn−N+1(x) + ...+ gn(x)hn(x) = b, x ∈ [xn, xn+1];

gn−N+2(x)hn−N+2(x) + ...+ gn+1(x)hn+1(x) = b, x ∈ [xn+1, xn+2];

·
·
·

gn(x)hn(x) + ...+ gn−N+1(x)hn+N−1(x) = b, x ∈ [xn+N−1, xn+N ].

Therefore, ∑
n∈Z

gn(x)hn(x) = b, a.e. x ∈ R, k ∈ Z.

So we get the proof. �

Example 2.2. Let N ∈ N and 0 < b ≤ 1
N . Suppose that gn(x) = 2 + sin(nπx3 )

on [n, n + N ] and gn(x) = 0 outside [n, n + N ]. Clearly, gn ∈ L2(R) for each

n ∈ Z. First we need to show that {Embgn}m,n∈Z is a Bessel sequence for

L2(R). Since suppgn ⊆ [n, n+N ] and 1
b ≥ N,∑

k 6=0

|
∑
n∈Z

gn(x)gn(x− k

b
)| = 0.
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New approaches to duals of Fourier-like systems 19

Given x ∈ R, choose n ∈ Z such that x ∈ [n, n+ 1]. Then∑
k∈Z
|
∑
n∈Z

gn(x)gn(x− k

b
)| = |

N−1∑
`=0

(gn−`(x))2| ≤ 9N.

So,

B =
1

b
sup
x∈R

∑
k∈Z
|
∑
n∈Z

gn(x)gn(x− k

b
)| <∞,

and by Lemma 1.3, {Embgn}m,n∈Z is a Bessel sequence for L2(R). Now, we

have to show that the lower frame condition is satisfied. Similar to the above

discussion ∑
k 6=0

|
∑
n∈Z

gn(x)gn(x− k

b
)| = 0.

Given x ∈ R, choose n ∈ Z such that x ∈ [n, n+ 1]. Then

(
∑
n∈Z
|gn(x)|2 −

∑
k 6=0

|
∑
n∈Z

gn(x)gn(x− k

b
)|) =

N−1∑
`=0

|gn−`(x)|2 ≥ N.

So,

A =
1

b
inf
x∈R

(
∑
n∈Z
|gn(x)|2 −

∑
k 6=0

|
∑
n∈Z

gn(x)gn(x− k

b
)|) > 0.

Hence, by Lemma 1.3, {Embgn}m,n∈Z is a frame for L2(R). Now if we take

hn(x) = b
N(2+sin nπx

3 ) on [n, n + N ] and hn(x) = 0 outside [n, n + N ], then we

can see that {Embgn}m,n∈Z and {Embhn}m,n∈Z form a pair of dual frames for

L2(R).

Motivated by Theorem 1.5, in the following theorems, we consider functions

gn such that suppgn ⊆ [xn, xn+N ] and for x ∈ [xn, xn+1], |
∑
n∈Z gn(x)| ≥ A for

some constant A > 0. Then we try to find structure of the functions hn such

that {Embgn}m,n∈Z and {Embhn}m,n∈N be a pair of dual frames for L2(R).

Theorem 2.3. Let {xn}n∈Z ⊆ R be the sequence as mentioned in Theorem

2.1. Suppose that gn are real-valued and uniformly bounded functions with

suppgn ⊆ [xn, xn+N ]. Assume that for some constant A > 0

|
n+N−1∑
`=n

g`(x)| ≥ A, x ∈ [xn+N−1, xn+N ], n ∈ Z. (2.1)

Then there exist bounded functions hn with supphn ⊆ [xn, xn+N ], such that for

0 < b ≤ 1
M , {Embgn}m,n∈Z and {Embhn}m,n∈N are a pair of dual frames for

L2(R).

Proof. Take hn(x) = 0 outside [xn, xn+N ]. Since the functions gn and hn have

compact support in [xn, xn+N ] and 0 < b ≤ 1
M , for k 6= 0∑

n∈Z
gn(x+

k

b
)hn(x) = 0.
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20 E. Osgooei

Now, it is enough to show that∑
n∈Z

gn(x)hn(x) = b, a.e. x ∈ R. (2.2)

Given x ∈ R, choose n ∈ Z such that x ∈ [xn, xn+N ]. Therefore, we have to

show that these equations are satisfied on each intervals:

gn−N+1(x)hn−N+1(x) + ...+ gn(x)hn(x) = b, x ∈ [xn, xn+1].

gn−N+2(x)hn−N+2(x) + ...+ gn+1(x)hn+1(x) = b, x ∈ [xn+1, xn+2].

. .

. .

. .

gn(x)hn(x) + ...+ gn+N−1(x)hn+N−1(x) = b, x ∈ [xn+N−1, xn+N ].

By (2.1) for each n ∈ Z, there exists at least one k ∈ {n, ..., n + N − 1}, such

that

|gk(x)| ≥ A

N
.

Suppose that k1, k2, ..., kL ∈ {n, ..., n+N − 1}, are such that

|gkp(x)| ≥ A

N
, 1 ≤ p ≤ L.

Then take hkp(x) = b
Lgkp (x)

, 1 ≤ p ≤ L and take ht(x) = 0 for t ∈ {n, ..., n+

N−1}−{k1, ...kL}. Therefore (2.2) holds and so {Embgn}m,n∈Z and {Embhn}m,n∈Z
are a pair of dual frames for L2(R). �

Suppose that gn are real-valued and uniformly bounded functions such that

suppgn ⊆ [xn, xn+2N ], where N ∈ N. We define the functions

G̃n(x) =
∑
`∈Z

gn−2`(x), x ∈ [xn, xn+2], (2.3)

which due to the compact support of gn, can also be written as

G̃n(x) =

N−1∑
`=0

gn−2`(x), x ∈ [xn, xn+2]. (2.4)

Lemma 2.4. Let G̃n be real-valued and uniformly bounded functions. Assume

that for some constant A > 0

|G̃n−1(x)|+ |G̃n(x)| ≥ A, x ∈ [xn, xn+1]. (2.5)

Then there exist real-valued bounded functions H̃n with suppH̃n ⊆ suppG̃n ∩
[xn, xn+2] such that

G̃n−1(x)H̃n−1(x) + G̃n(x)H̃n(x) = 1, x ∈ [xn, xn+1].
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New approaches to duals of Fourier-like systems 21

Proof. Let x ∈ [xn, xn+1]. If |G̃n−1(x)| ≥ A
2 , we put H̃n−1(x) = 1

G̃n−1(x)
and

H̃n(x) = 0. On the other hand if |G̃n−1(x)| < A
2 , then |G̃n(x)| ≥ A

2 . In this

case, we put H̃n−1(x) = 0 and H̃n(x) = 1
G̃n(x)

. We can take H̃n = 0 outside

[xn, xn+2] for each n ∈ Z. �

Theorem 2.5. Let {xn}n∈Z ⊆ R be a sequence such that

lim
n→±∞

xn = ±∞, xn−1 ≤ xn, xn+2N − xn ≤M, n ∈ Z,

where M > 0 and N ∈ N. Let gn ∈ L2(R) be real-valued and uniformly bounded

functions with suppgn ⊆ [xn, xn+2N ] such that

|
2N−1∑
`=0

gn−`(x)| ≥ A, x ∈ [xn, xn+1], (2.6)

for a constant A > 0. Then the following hold:

(i) The functions G̃n in (2.3) satisfy the conditions in Lemma 2.4.

(ii) Take H̃n as Lemma 2.4 and let

hn(x) = b

N−1∑
`=0

H̃n+2`(x). (2.7)

Then for 0 < b ≤ 1
M , {Embgn}m,n∈Z and {Embhn}m,n∈Z form a pair

of dual frames for L2(R) and hn is supported in [xn, xn+2N ].

Proof. (i) By the definition of G̃n and (2.6), for x ∈ [xn, xn+1], n ∈ Z, we have

|G̃n−1(x)|+ |G̃n(x)| = |
N−1∑
`=0

gn−1−2`(x)|+ |
N−1∑
`=0

gn−2`(x)|

≥ |
N−1∑
`=0

gn−(1+2`)(x) +

N−1∑
`=0

gn−2`(x)|

= |
2N−1∑
`=0

gn−`(x)| ≥ A.

Thus G̃n satisfies the condition (2.5). Therefore, we can choose H̃n as in Lemma

2.4 such that

G̃n−1(x)H̃n−1(x) + G̃n(x)H̃n(x) = 1, x ∈ [xn, xn+1]. (2.8)

(ii) Since gn are real-valued and uniformly bounded functions with compact

support, by the construction of hn, hn share these properties and supphn ⊆
[xn, xn+2N ]. By Lemma 1.3 {Embgn}m,n∈Z and {Embhn}m,n∈Z are Bessel se-

quences. In order to verify that these sequences form a pair of dual frames, we

must show that ∑
n∈Z

gn(x+
k

b
)hn(x) = bδk,0, a.e x ∈ R. (2.9)
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22 E. Osgooei

Since gn and hn have compact supports in [xn, xn+2N ], an interval of length

at most M , and 1
b ≥ M , (2.9) is satisfied for k 6= 0. For the case of k = 0, we

have to show that ∑
n∈Z

gn(x)hn(x) = b, a.e x ∈ R.

Given x ∈ R, choose n ∈ Z such that x ∈ [xn, xn+1]. Then

∑
n∈Z

gn(x)hn(x) =

2N−1∑
`=0

gn−`(x)hn−`(x) =

N−1∑
`=0

gn−(2`+1)(x)hn−(2`+1)(x)

+

N−1∑
`=0

gn−2`(x)hn−2`(x). (2.10)

For each ` ∈ {0, 1, ..., N − 1}, if x ∈ [xn, xn+1], then by the definitions of H̃n

and hn,

hn−2`(x) = bH̃n(x), hn−(2`+1)(x) = bH̃n−1(x). (2.11)

Therefore by (2.8), (2.10) and (2.11) we have∑
n∈Z

gn(x)hn(x) = b(G̃n(x)H̃n(x) + G̃n−1(x)H̃n−1(x)) = b.

Therefore, {Embgn}m,n∈Z and {Embhn}m,n∈Z form a pair of dual frames for

L2(R). �

Example 2.6. Let gn(x) = 2 + sin nπx
3 on [n, n + 2] and gn(x) = 0 outside

[n, n = 2]. Suppose that 0 < b ≤ 1
2 . By the definition of G̃n in (2.4), G̃n(x) =

gn(x) on [n, n+ 2]. So for x ∈ [n, n+ 1]

|G̃n(x)|+ |G̃n−1(x)| ≥ 2,

and for x ∈ [n+ 1, n+ 2]

|G̃n(x)|+ |G̃n+1(x)| ≥ 2.

We define H̃n(x) = 1
G̃n(x)

on [n+ 1, n+ 2] and H̃n(x) = 0 outside [n+ 1, n+ 2].

Therefore, {Embgn}m,n∈Z and {Embhn}m,n∈Z, where hn is as (2.7), form a dual

pairs for L2(R).

The following lemma is a generalization of Lemma 2.2 in [7] to find other

explicit structure of functions hn such that {Embgn}m,n∈Z and {Embhn}m,n∈Z
be a pair of dual frames for L2(R). In order to reach our goal, we use Daubechies

polynomials.

For any N ∈ N the Daubechies polynomial of degree N − 1 is given by

PN−1(x) =

N−1∑
k=0

(2N−1k )xk(1− x)N−1−k, x ∈ R.
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New approaches to duals of Fourier-like systems 23

Daubechies, in her fundamental paper [8] showed that for each N ∈ N

(1− x)NPN−1(x) + xNPN−1(1− x) = 1, x ∈ R.

Lemma 2.7. Let {xn}n∈Z ⊆ R be a sequence mentioned in Theorem 2.5.

Suppose that gn are real-valued and uniformly bounded functions with suppgn ⊆
[xn, xn+2N ], where N ∈ N and ∑

n∈Z
gn(x) = 1. (2.12)

Define G̃n by (2.3). Then

G̃n(x) + G̃n−1(x) = 1, x ∈ [xn, xn+1],

and we can find functions H̃n such that

G̃n(x)H̃n(x) + G̃n−1(x)H̃n−1(x) = 1, x ∈ [xn, xn+1].

Proof. Since suppgn ⊆ [xn, xn+2N ], by (2.12) we have

2N−1∑
`=0

gn−`(x) = 1, x ∈ [xn, xn+1].

So, for x ∈ [xn, xn+1], we have

G̃n(x) + G̃n−1(x) =

N−1∑
`=0

gn−2`(x) +

N−1∑
`=0

gn−(2`+1)(x)

=

2N−1∑
`=0

gn−`(x) = 1. (2.13)

For any M ∈ N, we define

p2M−2(x) =

M−1∑
k=0

(2M−1k )(1− x)2(M−1)−kxk.

By (2.13) for x ∈ [xn, xn+1], we have

1 = (G̃n−1(x) + G̃n(x))2M−1 =

2M−1∑
k=0

(2M−1k )(1− G̃n(x))k(G̃n(x))2M−1−k

=

M−1∑
k=0

(2M−1k )(1− G̃n(x))k(G̃n(x))2M−1−k

+

2M−1∑
k=M

(2M−1k )(1− G̃n(x))k(G̃n(x))2M−1−k,

by changing of the index m = 2M − 1− k in the second sum and note that

(2M−1k ) = (2M−12M−1−k),
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24 E. Osgooei

we have

1 =

M−1∑
k=0

(2M−1k )(1− G̃n(x))k(G̃n(x))2M−1−k

+

M−1∑
m=0

(2M−1m )(1− G̃n(x))2M−1−m(G̃n(x))m

= G̃n(x)

M−1∑
k=0

(2M−1k )(1− G̃n(x))k(G̃n(x))2(M−1)−k

+ (1− G̃n(x))

M−1∑
m=0

(2M−1k )(1− G̃n(x))2(M−1)−m(G̃n(x))m

= G̃n(x)p2M−2(G̃n−1(x)) + G̃n−1(x)p2M−2(G̃n(x)).

Now if for x ∈ [xn, xn+1], we define H̃n(x) = p2M−2(G̃n−1(x)) and for x ∈
[xn+1, xn+2], we define H̃n(x) = p2M−2(G̃n+1(x)) and H̃n(x) = 0, outside

[xn, xn+2], the proof is complete. �

Theorem 2.8. Let {xn}n∈Z ⊆ R be a sequence mentioned in Theorem 2.5.

Suppose that gn are real-valued and uniformly bounded functions with suppgn ⊆
[xn, xn+2N ], where N ∈ N and ∑

n∈Z
gn(x) = 1.

Define

hn(x) =

2N−1∑
`=0

H̃n+2`(x),

where we can choose H̃n as Lemma 2.7. Then {Embgn}m,n∈Z and {Embhn}m,n∈Z
form a pair of dual frames for L2(R).

Proof. The proof is clear by Lemma 2.7 and Theorem 2.5. �

3. Extension of Fourier-like Bessel Sequences to Dual Pairs

For any Bessel sequences {fi}i∈I and {gi}i∈I in a Hilbert space H, it was

shown by Christensen, et al. [2] that there exists Bessel sequences {pj}j∈J and

{qj}j∈J in H such that {fi}i∈I ∪ {pj}j∈J and {gi}i∈I ∪ {qj}j∈J form a pair of

dual frames for H. Also they showed that any pair of Gabor Bessel sequences

can be extended to a pair of dual frames with Gabor structure.

Proposition 3.1. ([2]) Let {fi}i∈I and {gi}i∈I be Bessel sequences in a Hilbert

space H. Then there exist Bessel sequences {pj}j∈J and {qj}j∈J in H such that

{fi}i∈I ∪ {pj}j∈J and {gi}i∈I ∪ {qj}j∈J form a pair of dual frames for H.

 [
 D

ow
nl

oa
de

d 
fr

om
 ij

m
si

.ir
 o

n 
20

26
-0

6-
19

 ]
 

                            10 / 13

https://ijmsi.ir/article-1-729-en.html


New approaches to duals of Fourier-like systems 25

In this section, motivated by Theorem 3.1 in [2] we follow our main goal.

This means that we want to show that we can add the generators hn and h̃n
with compactly supported for the given compactly supported generators gn and

g̃n.

Theorem 3.2. Let {Embgn}m,n∈Z and {Embg̃n}m,n∈Z be Bessel sequences in

L2(R). Then the following statements hold:

(i) There exist Fourier-like systems {Embhn}m,n∈Z and {Embh̃n}m,n∈Z in

L2(R) such that {Embgn}m,n∈Z ∪ {Embhn}m,n∈Z and {Embg̃n}m,n∈Z ∪
{Embh̃n}m,n∈Z form a pair of dual frames for L2(R).

(ii) Let {xn}n∈Z ⊂ R be a sequence such that limn→±∞ xn = ±∞, xn−1 ≤
xn and xn+2N−1 − xn−N+1 ≤ M , where M > 0 and N ∈ N. If the

functions gn and g̃n are real-valued and uniformly bounded with compact

support such that suppgn ⊆ [xn, xn+N ] and suppg̃n ⊆ [xn, xn+N ], then

the functions hn and h̃n can be chosen to be compactly supported as

well.

Proof. Let T and U denote the synthesis operators for {Embgn}m,n∈Z and

{Embg̃n}m,n∈Z, respectively. Then

UT ∗f =
∑
m,n∈Z

〈f,Embgn〉Embg̃n.

Consider the operator φ = I − UT ∗. Let {Embfn}m,n∈Z and {Embf̃n}m,n∈Z
denote any pair of dual frames for L2(R) (see Appendix A in [2]). By the proof

of Proposition 3.1, {Embgn}m,n∈Z ∪ {φ∗Embfn}m,n∈Z and {Embg̃n}m,n∈Z ∪
{Embf̃n}m,n∈Z form a pair of dual frames for L2(R). Since φ∗ = I − TU∗,

we have

φ∗f = f −
∑
m,n∈Z

〈f,Embg̃n〉Embgn. (3.1)

Now it is enough to show that φ∗ commutes with all the modulation operators

Emb. By (3.1) for each m,n ∈ Z we have

φ∗Embfn(.) = Embfn(.)−
∑

m′,n′∈Z
〈Embfn, Em′bg̃n′〉Em′bgn′(.)

= Embfn(.)−
∑

m′,n′∈Z
〈fn, E(m′−m)bg̃n′〉Em′bgn′(.)

= Embfn(.)− e−2πi(m
′−m)b(.)〈fn, g̃n′〉e2πim

′b(.)gn′(.)

= Embfn(.)− e2πimb(.)〈fn, g̃n′〉gn′(.)
= Embφ

∗fn(.).

Thus we conclude that {Embgn}m,n∈Z∪{Embφ∗fn}m,n∈Z and {Embg̃n}m,n∈Z∪
{Embf̃n}m,n∈Z form a pair of dual frames for L2(R).

We now prove (ii). By Theorem 2.2 in [5] we can choose functions fn and f̃n
to be compactly supported with suppfn ⊆ [xn−N+1, xn+2N−1] and suppf̃n ⊆
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[xn, xn+N ] such that for 0 < b ≤ 1
M , {Embfn}m,n∈Z and {Embf̃n}m,n∈Z form

a pair of dual frames for L2(R). By part (i) we just need to show that φ∗fn is

compactly supported. Due to the compact support of the functions fn, gn and

g̃n, by (3.1) for each n ∈ Z we have

φ∗fn = fn −
∑

m′,n′∈Z
〈fn, Em′bg̃n′〉Em′bgn′

= fn −
n+N−1∑

n′=n−N+1

∑
m′∈Z
〈fn, Em′bg̃n′〉Em′bgn′ ,

which is compactly supported. �

Theorem 3.2 shows that if {Embgn}m,n∈Z and {Embg̃n}m,n∈Z are Bessel

sequences with compactly supported generators. Then there exist sequences

{Embhn}m,n∈Z and {Embh̃n}m,n∈Z such that {Embgn}m,n∈Z ∪ {Embhn}m,n∈Z
and {Embg̃n}m,n∈Z∪{Embh̃n}m,n∈Z form a pair of dual frames with compactly

supported generators. But in the following example we show that if the gen-

erators gn and g̃n are polynomials, then hn and h̃n may not be polynomials in

general.

Example 3.3. Suppose that f(x) = (25x2 − 10x3 + x4)χ[0,5](x) and f̃(x) =
b
kB5(x), where k = 103.3, 0 ≤ b ≤ 1

5 and B5 is a B-spline. By Example

2.9 in [4] {Embfn}m,n∈Z and {Embf̃n}m,n∈Z, where fn = Tnf and f̃n = Tnf̃

form a pair of dual frames. Now let gn(x) = (x − n)(x − n − 2)(x − n −
1)χ[0,5] and g̃n(x) = (x− n)(x− n+ 1)(x− n+ 2)χ[0,5]. Then by Theorem 3.2

{Embgn}m,n∈Z ∪ {Embφ∗fn}m,n∈Z and {Embg̃n}m,n∈Z ∪ {Embf̃n}m,n∈Z form a

pair of dual frames but calculations shows that φ∗fn is not a polynomial.
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