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ABSTRACT. In this paper we investigate the stability of one-sided pertur-
bation to g-frame expansions. We show that if A is a g-frame of a Hilbert
space H, A? = A; + ©; where ©; € L(H,H;), and f= ZiEJA?K‘ilf,
F=%ic (M)A, then || f — f|| < allf]| and || f — f]| < BI|f|| for some
« and S.
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1. INTRODUCTION

Frames for Hilbert spaces were introduced by Duffin and Schaeffer [6]. Their
work on frames was somewhat forgotten until 1986 when Daubechies, Gross-
mann and Meyer [5] brought it all back to life during their fundamental work
on wavelets. Frames have many nice properties which make them very useful
in many fields.Various generalizations of frames have been proposed; frame of
subspaces [4], subfusion frames [1], frame in a 2-inner product space [2] and so
on.
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Sun introduced g-frames in a complex Hilbert space and discussed their
properties (see [16]). Recently, g-frames in Hilbert spaces have been stud-
ied intensively, for more details see [8, 9, 10, 11] and the references therein.
G-frames in complex Hilbert spaces have some properties similar to those of
frames, but not all the properties are similar (see [15]). In this paper we give
some properties of g-frame and generalize some of the results from frame theory
to g-frame.

Throughout this paper, H is a separable Hilbert space and {H;}ics is a
sequence of separable Hilbert spaces, where J is a subset of Z, L(H,H,;) is the
collection of all bounded linear operators from H to H,;.

A frame for a complex Hilbert space H is a family of vectors {f;}ics so that
there are two positive constants A and B satisfying

AIFI2 < SIS SR < BIFIE £ € Mo
icJ
The constants A and B are called lower and upper frame bounds.
For each sequence {#;}ics, we define the space )., @ H; by

Z@Hi ={{fities: fi€ Hi, i€ J and Z 1fill? < o0}
icJ icJ
With the inner product defined by

{fitAgi}) = Z<fiagi>7
icd
it is clear that ), ; @ H; is a Hilbert space.

A sequence A = {A; € L(H,H;) : i € J} is called a generalized frame, or
simply a g-frame, for H with respect to {H;};cs if there exist two positive
constants Ay and By such that, for all f € H,

AAIFIZ < D IAFI? < Ball £

ieJ

The constants Ay, and By are called the lower and upper g-frame bounds,
respectively. The sequence A = {A; € L(H,H;) : i € J} is called a dual
g-frame of A if it is g-frame and f = ZiEJAZ*X;f for all f € H.
Theorem 1.1. ([15]) Let A be a g-frame for H with respect to {H;}icy. The
operator

S H 5 H, Sf=Y,, A,
is a positive invertible operator and every f € H has an expansion

F=2ies STIN AN f =3 AT NSTHS

In particular, {A;S™' € L(H,H;) : i € J} is a g-frame for H with respect to
{H;}ics and is called canonical dual g-frame of A. The operator S is called the
g-frame operator of A.
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Definition 1.2. Let A be a g-frame for H. The synthesis operator for A is the

operator
Ty : Z @ H; —> H,

icd
defined by Tx({fi}ies) = D iy A (fi)-

Proposition 1.3. ([13]) A is a g-frame for H with upper bound By if and only
if the synthesis operator is well defined from ), ;@ H; onto H and bounded

with ||TA|| < +/Bj.
We say that the g-frame A is g-complete, if {f : A;f =0, foralli € J} = {0}
and g-orthonormal basis for H, if
<A:gl7A;g]> = 6i,j<gi’gj>a lv] c ']7 9i S Hia g; S H]a

and

S IAL I =111
=
We say that A is a g- Riesz basis for H, if it is g-complete and there exist
constants 0 < A < B < oo, such that for any finite subset I C J and g; € H;,

1el,
AN Mgl < 1D Atgl> < B llgal>

i€l i€l i€l

Proposition 1.4. ([3]) Let F € L(H) and G : H — H be linear. If there exist
two constants A1, A2 € [0,1) such that

IGh — Fh|| < M||F(R)|| + X2||G(R)|, h e H

then G € E(’H), is invertible and

- 1
1+ ||F]|

1+)\2

Ihl < IGT1A < -—= T Bl hoe H.
Proposition 1.5. ([14]) Let F : H — H be invertible on H. Suppose that
G : H — H is a bounded operator and ||Gh— Fh| < v||h||, for all h € H, where
IS [0, ﬁ) Then

i) G is invertible onH and G~! Zk o[ F~H(F — GQ)FF-L;
o ey Pl < IG7HRl < ——= 17l for all h € H.

11) 1+VHF
Proof. (i) is proved in [7]. For (ii) observe that
IGh = Fhl| < v|FHIF(h)]

and apply Proposition 1.4 with \; = v||[F~}|| < 1 and Ay = 0. O
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2. MAIN RESULTS

Theorem 2.1. Let A be a g-frame of H with an upper bound Bp and D, B’ > 0,
A? = A; + ©; where ©; € L(H,H;) satisfies

1> 0%al < DI Argill + VB llg:ll») 2,

ieJ iceJ ieJ

for every g; € H;, keeping A* a g-frame. Assume further that A is a dual g-
frame of A with an upper bound By and that A® is a dual g-frame of A with an
upper bound By,. For given f € H, if f= ZiEJAZ*T\?f, f: ZieJ(A?)*ANif,
=i (A A f and f* =5, (Ri)*Ag f, then

IF =71 < @+ BBIA, If = Fl < (Dy/BrBa + /BB,

1 = 2l < (D\/BsBa+ /B BROISIL 157 = £l < (D + \/BBR)IF-

Proof. Since A is a dual g-frame of A we have f =3 Ajj\i f. Hence

ieJ

ieJ
thus

I OiAfl < DI ARSI+ VB A fIP)2

i€J icJ i€

DIl ++/B"BxllfIl = (D + 4/ B"Bg)| /I

(il

IN

If f € H, we have f = ZieJ(A‘Z-‘)*K;‘f, and hence

F=F = DA ALf = AfALf

ieJ icJ
= D (AN = ADALF =) OrALf,
1€J eJ
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by Proposition 1.3 we know the synthesis operator T for A is bounded by

VBj. Thus
If = Fll =1 erAsf]

icJ

Now for f,g € H we have
f-r =

and hence

<f_favg>

< DI ArRes| +VBI(S A g% E
1eJ eJ
< DITh{A? fhics |+ VB'(S IR 1)
1€J
< DITAlI{AS fricsll + VB(Y_ 1AL £I?)
eJ
< DITuIO_ AL + VB (O IIALf)?
1edJ ieJ
< Dy/Bi.Ballfll + \/B'Bs. | fll

= (D\/BBa+ /BB

S TN ALF =D (A Aif

ieJ ieJ
AN AL - A)f =D (AD)*ef,
ieJ ieJ

O (A9 eif.g) =D (0:f. Alg)

icJ icJ

= Y (f,07Alg) = (£, OrAlyg)

ied i€J

= <fvg_~>

Thus, for g = f — f* we have

If = relr?
<
<
Hence
If— £l

(o] = 1= (T =)
1FI0F = 12 = (F= 7o)l
1FIDy/ B Ba+ /B BRI - 111

< (D\/By.Br + /BB

With similar calculations as above we have

fP=F=>Y N6 and (f*—f,9) = (},G— 9)-

ieJ

|-
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Thus, for g = f* — f we have

I =12 = (AP —F—f=p)

< AN =5 = £ = £l
< NFID + /BBl — 1.

O

Lemma 2.2. Let A be a g-frame of H, and let A} = A; + ©; where ©; €
L(H,H;) is a g-Riesz basis with an upper bound B’ keeping A* a g-frame.
Assume further that A is a dual g-frame of A with an upper bound By and that
A® is a dual g-frame of A* with an upper bound By, . If f, f, fe and f° are
as in Theorem 2.1, then

If = fll < «/Bz.BIfIl, If = £l < /B B'|If]

and
If = £ < \/Bz BN 112 = £ < /Bi Bl

Proof. Since ©; € L(H,H;) is a g-Riesz basis with upper bound B’, the results
follow from Theorem 2.1 with D = 0. O

By the above results and this fact that every g-orthonormal basis for H is a
g-Riesz basis for H with bounds 1 (see [13]), it is easy to show that

1 = 7 < \/Bxallfll and 1 F = 11 < \/BxI11,

1f = £901 < /Brallfll and 15 = 1l < /B

Proposition 2.3. Let A be a g-frame of H, with lower frame bound A and let

A¢ = A; +©; where ©; € LH,H;), 6i < & and 0 < (X, 02)% < § with

VA >4, Then A% is a g-ffame. Assume further that A is a dual g-frame of A
with upper bound By and A® is a dual g-frame of A* with upper bound By.. If

f, f, f¢ and f° are as in Theorem 2.1, then

1f = FI < 8y/Bsallfl and |1 = Il < 6,/Bz)1f1

If = fll < 84/ Brall fll and |[f = f°l < &,/ BzlIfl

Proof. Since

DT = A FIP =D l€af > < D8NP < %112,

ieJ ieJ
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and v/A > § > 0, by Theorem 3.1 of [16], A® is a g-frame. If g; € H;, then

1Y 0rgl < Y lIeilllal

ieJ i€J
1 1 1
< Qo gl <8 lgil®)=.
ieJ ieJ ieJ
The proof is complete by using Theorem 2.1. ]

In [12], the authors investigated the stability of perturbation to frame ex-
pansions. We give similar results for the case of g-frame.

Theorem 2.4. Let A be a g-frame of H, and let A} = A; + O; where ©; €
L(H,H;) and ||©;]| < § and 6 > 0 is fized so that A* remains a g-frame.
Assume further that A is a dual g-frame of A with an upper bound Bx and
that A is a dual g-frame of A® with upper bound By.. Let © be such that
(©79i,03g;) = 0 for gi € Hi,g; € Hj, and |i — j| > K with some positive
K > 1. For given f € H, we have

If — fll <8(2K +1)/Bg.If|

1f = Il < 6K + 1) /Bz £l

Proof. If f € H, we have f = Y, ,(A#)*A¢f, and so f — f = 3, OFALf.
Since © = {©; € L(H,H;) : i € J} is such that (0]g;,07g;) = 0 for g; € H,,
g; € Hj, |t — j| > K, given i € J we have

1> (©rALf, 549 f)] | > (OFALf,05A )]

and

ied li—jl<K
< > [erArf, oA )|
li—j|<K
< Y lerAfllIe; A £l
[i—j|<K
~ 2
oz As /| lesAss|”
< 2 TRt X
li—j|<K li—j|<K
B loz 121 As£11” CHENR
D D Dl
l[i—j|<K li—j|<K
6 Aa £)12 & Aa p12
< 5O RSP+ Y 1A
li—j|<K l[i—j|<K

5 Aa r(12 5 Aa r(12
Cek D+ Y IR

li—j| <K

IN
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Thus

If = FlI? < 822K +1) > JASf]1? < 62(2K + 1) By, || f]1%,
i€J
and hence
If = fIl < 62K +1)2 \/B.lIf.

If f € H, then we have f = Y, A¥A;f, and so f — f =, OrA, f. Thus

1= fI? < 622K +1) > A SI? < 622K + 1) B | f]1%,
ieJ

IF = Il < 6K +1)% \/Bx| £l

and so

O

Theorem 2.5. Let A be a g-frame of H, and let A} = A; + O; where ©; €
L(H,H;) and ||©;]] < § and § > 0 is fized so that A* remains a g-frame.
Assume further that A is a dual g-frame of A with an upper bound By and
that A is a dual g-frame of A® with upper bound Bz.. Let © be such that
(©79i,O%g5)| = Tlf—fj‘@i,gp for gi € Hi,g; € Hj, and some r > 1. Then
there exist finite constants C,C" > 0 such that

If = FIl < Co|lfI| and ||f — fIl < C'8||f]I.

Proof. For fixed i € J, we have

1> (O7AL f, 015 )]
J

IA

Q-+ +dKerAss 0548 )|

Jj=t 7> j<i
= I(d) + II(i) + ITI(3).
Since I(i) = [(©7 A% f, O A% f)| = |©F AL f||2,

Y 1) =YL fI1* < 6°BrallfI.

i€J i€J
Also, since TI(i) = Y-, |(©*Af, 9;»7&?]”)\ < Djsi rf—i (Aof, K?f>|, it follows
that
: et 2
20 < ZZN—MA”’A?MSzzrj_illf\?fl\llf\?f\l
ieJ i j>i i j>i
< ZZQJ SRS £12 + K2 £112) = (R+S)
iog>i
with

R=)% — Z||A“f|P<—Z||A“f||2 = Ch A A2

i J>0
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and

S= 0 LR = Y IR < A g

i g>1 J i<J

Therefore
5?2 KQ(SQ 9
D (i) < —(R+8) < _1||f|\.

2
i€
For the last term, similarly we have

> i) <

ieJ
Hence
- ~ ~ Bz.6% B 202
2 _ *AQ *Aa 52 TAeT 2
I =7 = ZZ<@,-A,»f,@jAjf>s<BAa5 + A+ DI
1
= Bre P,
and so
~ r+1 ~
15 = 7l < /Bray/ =300 or 117 = Fil < o)1
Similarly we have ||f — f[| < C’8||f|| where C' = \/Bx,/ 1. O

Theorem 2.6. Let A be a g-frame of H, and let A} = A; + O; where ©; €
L(H,H;) and ||©;]| < 6 and 6 > 0 is fized so that A* remains a g-frame. As-
sume further that A® is a dual g-frame of A®. Let © be such that |(©]g;, 0% g;)| =

rlt J\ (9i,95) for gi € Mi,g; € Hj, and some r > 1, or (©7g;,0%g;) = 0 for
li—j| > K with some positive K > 1. Then there exist finite constants C,C" > 0
such that

If = £ < CollfIl and ||f — £°Il < C'3] f1.
Proof. By Theorems 2.4, 2.5, there exists C' > 0 such that
lg —gll < Cdllgl Vg € H.
Now, for f,g € H we have
(f=1%9 =(f9—9)-
Thus, for g = f — f* we have
IF=fe1* < lFICsIf — £,

and so

If = Fll < CollfIl.

Again, by Theorems 2.4, 2.5 there exists C’ > 0 such that ||[g—g|| < C’"d|g]|,for all g €
H. Now, imitating the first part of the proof, we deduce that || f*— f|| < C’5]| f||.
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By the above Theorems and Proposition we conclude
If = fI < CIfIL ILf = £ < CIAL

If = £l < DIFI, I1F* = £l < DI,

for some C, C', D, D'. By Proposition 1.5, if C' < 1 then the operator R :
H — H defined by R(f) = > ;c; A7A{f is a bounded invertible operators,

f=> NARS
ieJ
IFII< IR F| <

1+C

and if C" < 1 the operator G : H — H defined by G(f) = >, ;(A§)* Aifis a
bounded invertible operator,

F=Y (AAGT S
e

and

1 _ 1
— A <167 < =5/,

and if D < 1 the operator K : H — H defined by K f = ZlEJ( A f is a
bounded invertible operator,

F= (A NETf

icJ

and

< ||kt
— Il < 1K <

and if D’ < 1 the operator L : H — H defined by Lf = ZleJ(N )AL is a
bounded invertible operator,

f Z *Aa
i€J

and

IFI < I <

1+D’
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