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ABSTRACT. For a homogeneous spaces G/H, we show that the convo-
lution on L'(G/H) is the same as convolution on L!(K), where G is
semidirect product of a closed subgroup H and a normal subgroup K
of G. Also we prove that there exists a one to one correspondence be-
tween nondegenerat *-representations of L!(G/H) and representations of
G/H. We propose a relation between cyclic representations of L1(G/H)
and positive type functions on G/H. We prove that the Gelfand Raikov
theorem for G/H holds if and only if H is normal.
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1. INTRODUCTION

The ideas of representation theory are among the most important unifying
concepts in current mathematical research, and they are relevant to several
fields, from geometry and quantum mechanics to number theory, besides being
an important subject by itself [9]. In this paper we study the convolution on
LY(G/H) is the same as convolution on L!(K), when G is a semidirect product
of closed subgroup H and normal subgroup K. Several various applications of
semidirect product groups in physics have motivated us to study them.

Let G be a locally compact group and H be a closed subgroup of G. Consider
G/H as a homogeneous space and p as a relatively invariant measure on it (see

[1, 10]).
The mapping T : L'(G) — L*(G/H) defined by
_ [ flgh)
Tf(gH) = ol (1.1)

is a surjective bounded linear operator with ||T'] < 1, in which p is a rho-
function for (G, H). Moreover,

/G/H ; pgh dhd /f (1.2)

for f € LY(G) (for more details on homogeneous spaces one can consult with
[10, 4, 2, 8)).

Let K and H be two locally compact groups and i + 75, be a homomorphism
of H into the group of automorphisms of K. Then the set K x H endowed
with the operation

(K1, ha)(k2, ha) = (k17h, (k2), hihz)

and the Cartesian product topology on K x H is a locally compact group
which is denoted by K x, H [5]. The homogeneous space G/H has a relatively
invariant Radon measure, which arises from the rho function p : G — (0, 00)
defined by p(x) = ﬁHEhg where x € G,h € H, and x = kh for some k € K.
Moreover, there exists a left Haar measure dk on K for which

/Gf(x)dm:/K/Hf(kh)6(h)dhdk, fe L G/H), (1.3)

where 0 : H — (0, 00) is a homomorphism such that 6(h) = Aii(h) [7, 10].

In this paper we show that L'(G/H) is a Banach *-algebra and the convo-
lution on L'(G/H) is the same as the convolution on L!(K), where K, H are
two locally compact groups and G = K x, H. We prove that there exists a
one to one correspondence between positive type functions on G/H and repre-
sentations of L1(G/H). This paper is organized as follows:
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Section 2 is devoted to introducing a convolution and involution on L*(G/H),
where G = K x,; H, and K, H are two locally compact groups. Also, it is shown
that L'(G/H) is a Banach #-algebra. In Section 3, a one to one correspon-
dence between the representations of G/H and nondegenerat #-representations
of LY(G/H) is given. Section 4 deals with introducing the positive type func-
tions on G/H, where G = K X, H. A relation between positive type functions
on G/H and positive type functions on K is stated. Moreover, it is proved that
a generalized version of Gelfand-Raikove theorem for G/H holds if and only if
H is normal.

2. THE BANACH ALGEBRA L'(G/H)

Throughout this paper, we assume that G is semidirect product of closed
subgroup H and normal subgroup K. We give a reasonably generalized defini-
tion of convolution on homogeneous space G/H. It is worthwhile to note that
if G = K x, H, then there exists a bijection between Cc(G/H) and C¢(K)
which assigns to each g € Cc(K) a function v, € Co(G/H) such that

Vg(kH) =g(k), k€K, (2.1)

(see [6, propositionl.5.3] ). First, we define a convolution on Cc(G/H) and
then we extend it to L'(G/H).

Definition 2.1. Let G be a semidirect product of closed subgroup H and
normal subgroup K. For each ¢, € Cc(G/H), the convolution of ¢,v is
defined as follows:

«: Co(G/H) x Co(G/H) = Co(G/H), (¢x¢)(xH)=(f*g)(k), (22)
where © = kh,¢ = v5,¥ =74, f,9€ Co(K).

By the uniqueness of the decomposition of x by h, k, it is easily shown that
7 %7 is well defined. To extend the convolution from Cc(G/H) to L'(G/H)
we require the following Lemma.

Lemma 2.2. (i) For ¢,¢ € Co(G/H), we have
/ (6% ) (e H)dpu(a H) = / (f * 9)(k)dk, (2.3)
G/H K

where ¢ =5, =4, f,9 € Co(K) (as in 2.1) and x = kh.
(ii) If ¢,% € Cc(G/H), then ¢ x 1 € L*(G/H) and

6 *Yllera m <Nl mllvll G m-

Proof. Let ¢, € Cc(G/H), ¢ =5, =1, f,g € Cc(K). Since the map-
ping T, defined as in (1.1) is surjective, there exists ¢ € L!(G) such that
T(p) = ¢ *v4. Also, using (1.2) and (1.3), we have:
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Sy 2 (@ %) (e H)dpu( )

fG/H(W’f *g)(xH)dp(zH)
Joy (T0) () s H)

= Jge(@)dz

S [ ©(kR)S(h)dhdk
:(&hmmw%

= [ (Ty)(kH)dk

fK('Vf * '79)(kH)dk
Jic(f * g)(K)dk

By part (i), it can be shown

ol my = I1f *gllray < Nl m Ul aym)
O

Now, the convolution extends by continuity to L'(G/H). One can easily
show that for all ¢, ¢1, da, v, 11,%2 € LY(G/H) and «a € C:

(1) (1 + age) * Y = (1 x¢P) + ad2 * V),

(i) & (Y1 + o) = (¢ x 1) + o x 12).
We conclude that L'(G/H) is a Banach algebra.
Now we define an involution on L'(G/H) as follows:

Definition 2.3. For all ¢ € Cco(G/H), we define the mapping
* L Co(GH) = Co(GH), ¢ =y, (2.4)
where ¢ = 7,4, 9 € Co(K).
The following Lemma states that L'(G/H) is a Banach *-algebra.

% 22

Lemma 2.4. The conjugate linear operator in Definition 2.3 is an invo-

lution on L'(G/H).

Proof. Let ¢, € Co(G/H), & =779 =, f,g € Co(K). Then,

(¢ +ay)*(zH) Vr+avg)*(kH)
V(f+ag)* )(kH)

(
(7
(f +ag)* (k)
(
(

[ +ag*)(k)

Ve + Qg ) (KH)
(6" + ay)(zH).
Also, similarly one can be shown (¢*)* = ¢, (¢px0)* = (**¢*) and ||¢* | L1 (c/m) =
9]l (G iy~ The involution now can be extended to L'(G/H) by continuity. [

From Lemma 2.2, Lemma 2.4 imply the following theorem.
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Theorem 2.5. Let H, K be two locally compact groups such that G = K x, H.
Then L*(G/H) is a Banach x-algebra.

The following proposition states that L'(G/H) is a Banach *-algebra with
an approximate identity.

Proposition 2.6. Let U be a neighborhood base at e in K. For U € U
choose Yy = 7y, where hy € C’g(K), such that supp(hy) C U, hy = hy
and [, hy(k)dk = 1. Then for all € L*(G/H), |p v — ¢ L1(c/my) — 0 and
Vv * ¢ — @l vq/ay — 0 as U — e.

Proof. Let U be a neighborhood base at e. For all U € U there exists a function
hy € CL(K), such that supp(hy) C U, hy = hy and Jx hu(k)dk = 1. Then
{hv}vey is an approximate identity for L' (K). So, || f*hy — fllr1(x) — 0 and
|ho * f— fllLrxy = 0, for all f e LY(K) as U — e. Now, let ¥y = 4, then
by (2.3),
Vo * ¢ — Sl my = lhu * f = fllLrx) — 0,

where ¢ € LY (G/H), f € LY(K), as U — e. By a similar argument we can
show that ||¢ x Yy — ¢[|L1(c/m) = 0,28 U — e. O

3. THE REPRESENTATIONS OF G/H AND L'(G/H)

For the reader’s convenience, we recall from [1] some basic concepts in the
theory of unitary representations of homogeneous spaces. A continuous unitary
representation of G/H is a mapping o from G/H into the group U(H), of
all unitary operators on some nonzero Hilbert space H, for which gH —<
o(gH)x,y > is continuous from G/H into C, for each x,y € H and

0(g192H) = o(g1H)o(92H), o(g~'H)=0(gH)",

for each g,g91,92 € G. In the sequel we always mean by a representation, a
continuous unitary representation. This easily defines a representation 7 of
G in which the subgroup H is considered to be contained in the kernel of 7.
Conversely, any representation 7 of G which is trivial on H induces a represen-
tation o of G/H, by letting o(gH) = 7(g). Moreover, a closed subspace M of
H is said to be invariant with respect to o if o(gH)M C M, for all g € G. A
representation o is said to be irreducible if the only closed invariant subspaces
of H are {0} and H. Any representation o of G/H determines a representation
o of LY(G/H) as follows:

50)= | o@H)owH)du@H), for ¢ € LNG/H).  (3.1)
G/H
That is, for any u,v € H,

< g(P)u,v >= o(xH) < o(xH)u,v > du(zH). (3.2)
G/H
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The linear operator & is bounded. Indeed,

| <&(uv>| < [gulo@H)| | <o(xH)u,v > |du(zH)
< el mllull v,

which implies that ||6(¢)|| < |¢l|L1(a/m)-

In this section we show that there is a one to one corresponding between the
representations of G/H and the nondegenerate *-representations of L'(G/H).
A representation & of L'(G/H) is called nondegenerate if there is no v € H
such that [|6(¢)v|| = 0, for all ¢ € L'(G/H). Let o be a representation of
G/H. This representation defines a representation on K as follows:

7: K —-UH), nk):=0(zH); x=kh.

It can easily be shown that 7 is a representation of K.

The following theorem states that any representation of G/H determines a
representation of L1(G/H).

Theorem 3.1. Let o be a representation of G/H. Then & defined as (3.1) is
a nondegenerate x-representation of L*(G/H).

Proof. Let ¢ € Cc(G/H) such that ¢ = ¢, for f € Co(K) and o be a
representation of G/H. The representation 7 of K as n(k) = o(gH), ¢ =
kh € G determines a representation of L'(K'), denoted by 7 ([4, Theorem 3.9]).
By a similar argument as in Lemma 2.2, 6(¢) = 7(f). It can be easily shown
that (¢ * ) = &(¢).6(¢0) and 6(¢*) = (6(¢))*. Since 7 is nondegenerate, so
is 6. It is easily shown that & is continuous on C(G/H). Now by continuity
we can extended & from Co(G/H) onto L'(G/H). O

Proposition 3.2. Suppose that & is a nondegenerate x-representation of L*(G/H)
on a Hilbert space H. Then & arises from a unique representation o of G/H
on H such that

< d(P)u,v >= ¢(zH) < o(zH)u,v > du(zH),
G/H

for all u,v € H.

Proof. Let & be a nondegenerate *-representation of L*(G/H) . This represen-
tation defines a *-representation 7 of Cc(K) , such that 7#(f) = &(yr). By [4,
Theorem 3.11] the representation 7 arises from a unique representation = of K
on H such that

<7 (fHu,v >= f(k) < w(k)u,v > dk, for all u,v € H.
G/H
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Consider ¢ : G/H — U(H) such that o(zH) := w(k), x = kh, in which &
arises from a unique representation o of G/H such that

< g(P)u,v >= ¢(zH) < o(zH)u,v > du(zH).
G/H

O

By [4, Theorem 3.12] and a similar argument as in the proof of Therem 3.1,
one can easily show that the representation o is irreducible if and only if &
defined as (3.1) is irreducible.

4. PosITIVE TYPE FUNCTIONS ON G/H

The representation theory is the most important concept in harmonic anal-
ysis. Out of any representation of a group, positive type functions on the group
can be obtained. In this section we study the relation between representations
and positive type functions of homogeneous spaces whose groups are semidirect
products. Moreover, it is proved that a generalized version of Gelfand-Raikove
theorem for G/H holds if and only if H is normal.

Now, we define positive type functions on G/H and investigate the relation
between positive type functions on G/H and on the group K as introduced in
Sectionl.

Definition 4.1. A function ¢ € L*(G/H) is said to be a positive type function
if p(w**w) >0, forallw € LY (G/H), i.e. fG/H(w**w)(xH)qb(xH)du(xH) >0,
in which p is a strongly quasi invariant measure on G/H. We denote the set
of all continuous positive type functions in L*°(G/H) by P(G/H).

Proposition 4.2. Let K, H be two locally compact groups and G = K x, H.
Then there exists an isometric isomorphism between L>°(G/H) and L (K).

Proof. Define two mappings a and (8 as follows:

oa: K - G/H kv~ kH, and §: G/H — K,zH — k,x = kh. Due to unique-
ness of the decomposition of x € G as x = kh, the mapping S is well defined.
Obviously «, 8 are continuous. Moreover, for ¢ € L*°(G/H),p € L*(K),
by [10, Theorem 3.3.29] we have ||poc| =) = [[¢llz=(c/m): lellz=x) =
0Bl (c/my- In particular, for ¢ € L*(K),p08 € L*(G/H) and for
¢ € L*(G/H),poa € L>®(K). So the following mappings are well define and
isometry. 'y : L®(K) — L*(G/H), Ti(p)(zH) = poB(xH) = (k),z = kh,
and I'y : L®(G/H) — L™®(K), T(¢)(k) = ¢oa(k) = ¢(kH), for ¢ €
L>*(K),¢ € L>*(G/H). Moreover, I'yoI's = id, which complete the proof. [

Proposition 4.3. Let K, H be two locally compact groups and G = K x, H.
The function ¢ € L>°(G/H) (p € L*®(K)) is positive type if and only if poa €
L>(K) (poB(€ L>®(G/H)) is positive type.
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Proof. Let ¢ € L*>°(G/H) be positive type. Then Proposition 4.2 implies that
¢poa € L>*(K). For all w € C.(G/H), we have

Jo W s w)(@H)p(aH)dp(aH) = [q, 50 =) (@H)$(aH)dp(zH))
= o (TO) e H ()
= fG P(x)dz
= fK fH Y(kh)d(h)dhdk

kh
= [y %dhdk

— [ (T)(kH)dk

Jic Qe # vy )(KH) ¢ (k H ) dk

Jic (% ) (goa)(k)dk,

in which w = v¢; f € C.(K)and ¢ € L'(G). By a standard density argument
one can see that for w € L'(G) is hold. The statement in parantheses is a
direct consequnce of the present statement. O

Theorem 4.4. Let K, H be two locally compact groups and G = K x, H.
Then the following hold.

(i) If o is a representation of G/H, then the mapping ¢ on L*(G/H), defined
by p(xH) =< o(xH)u,u >, is a positive type function.

(i) If ¢ € L>®°(G/H) be a positive type function, then there exists a unique
(up to unitary equivalence) cyclic representation of G/H on a Hilbert space H
such that ¢(xH) =< og(xH)u,u >, where u € H, is a cyclic vector.

Proof. To show (i), let w € C.(G/H) such that w = v, f € Co(K). By a
similar argument as in proof of proposition4.3, we have

[ @ emsdueH) = [ (7400 < mlk)uu > dk = [x(F)ulf
G/H K

where w(k) = o(zH), x = kh, is a representation of K. By a standard density
argument one can show that for w € L'(G/H) holds. For (ii) Let ¢ € L>(G/H)
be a positive type function. Then ¢oa € L>°(K) is of positive type. By [4,
Theorem 3.20] there exists a cyclic representation mgeq of K on some Hilbert
space Hr,,, such that poa(k) =< Tgoa(k)u,u >, where u € Hy,,, is a cyclic
vector. Therefore, the representation o4 of G/H defined by

0o(wH) = soa(k), (4.1)
is a cyclic representation, for x = kh. Also, we have
o(zH) = poa(k) =< Tpoa(k)u,u >=< oy(zH)u,u >,
for = kh. By [4, Theorem 3.23], the uniqueness is obvious. O

Now, it is an interesting question, if Gelfand Raikove theorem holds for
G/H? We show that it is the case just when H is normal.
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Theorem 4.5. (Generalized Gelfand Raikove theorem) The irreducible repre-
sentations of G/H separate points on G/H if and only if H is normal.

Proof. It H is normal, then G/H is group and Gelfand Raikove theorem is
hold. For converse, if o is an arbitrary irreducible representation of G/H which
separates points, then o(heH) = o(hH)o(xH) = o(zH), in which € G and
h € H. This follows that H is normal. O

Here we support our technical considerations developed by giving some ex-
amples.

EXAMPLE 4.6. Let G be the semidirect product of two locally compact groups
K and H respectively, i.e. G = K x, H. Assume that the representation o
of G/H is a trivial representation. Then ¢ = 1 is a positive type function on
G/H.

EXAMPLE 4.7. Let G be the semidirect product of two locally compact groups
K and H respectively, i.e. G = K x, H. Consider ¢ = d.,, which is positive
type on K, where ex is the identity element of group K, and the left regular
representation £ of K on [?(K). There is a cyclic vector ¢ = d,,, for £ such that
w(k) =< £(k)e,e >. Indeed,

< U(k)e,e >=< L(k)de, 00 >= Y L(K)6c(5)0c(s) = Y Se(k™"5)be(s) = b (k).

seK sEK

EXAMPLE 4.8. Let G = R x,; R* be the affine group. The Euclidean group R
is considered as the homogeneous space under the following action

GxR—=R,((ba),z) — ax +b.
Let H2(R) be the subspace of L?(R) defined dy
H3(R) = {f € L*(R), suppf C [0,00)},

which is called Hardy space and it is a closed subspace of L?(R) (see [11]). Let
m: R = UHZ(R)), 7(b)e — Typ, where Typ(z) = p(z —b), z € R is the
translation operator. Then 7 is irreducible. Let ¢ = x|o,1) is a cyclic vector for
0 b< -1

1+b —-1<b<0

1-b 0<b<1

0 b>1

is a positive type function on K. By Theorem 4.3, the function o0 is positive
type function on G/H, where 8 is as in proposition 4.2.

7 and obviously ¢(b) =
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