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1. Introduction

Jaroslav Kurzweil and Ralph Henstock independently introduced an integral

that bears their name – the Henstock-Kurzweil integral or simply the HK-

integral. This integral is a generalization of the Lebesgue integral but possesses

the structural definition of the Riemann integral. Various studies of the integral

in more abstract spaces have been done in the past decades. However, when

extended to Banach spaces, the Henstock-Kurzweil integral no longer satisfies

the well-known Henstock Lemma [2]. This shortcoming had led to the definition
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of a stronger version of theHK-integral (calledHL-integral) for Banach-valued

functions.

To be able to consider or define an integral that would be equivalent to

the HK-integral, P.Y. Lee [12] introduced the concept of strong Lusin condi-

tion. This concept lies between the Lusin condition N [7, 12] and the absolute

continuity property. This property had been used by Lee and Vyborny [11]

to introduce the SL-integral. The authors showed that this integral is indeed

equivalent to the HK-integral. Recently, Maza and Canoy [5] also introduced

an SL-type integral for locally convex topological vector space (LCTVS)-valued

functions and showed that such an integral is equivalent to a version of the

Henstock integral (called the SH-integral) in a LCTVS. In [6], the authors also

defined and studied another integral for LCTVS-valued functions.

In this paper, we make use of the Minkowski’s functional Φ to introduce an

SLΦ condition and define an SL-type integral. Specifically, we define the SLΦ-

integral of a function taking values in a locally convex topological vector space.

It will be shown, as one of our main results, that this integral is equivalent to

the SH1-integral, a version of the HK integral in the LCTVS setting.

Recall that a topological vector spaceX is real vector space together with

a topology defined on it such that scalar multiplication and vector addition are

continuous with respect to the topology and that every point of X is closed

[10]. Equivalently, (X, τ) is a topological vector space if X is a real vector space

and τ is Hausdorff topology on X such that scalar multiplication and vector

addition are continuous with respect to τ . Continuity would then imply that

for every open set U , there are open sets V1 and V2 such that V1 + V2 ⊆ U .

More generally, for every θ-nbd U (an open set containing the zero vector θ of

X) and n ∈ N there are θ-nbds V1, V2, . . . , Vn such that V1 +V2 + · · ·+Vn ⊆ U

(see [4] and [10]). Note that X being a Hausdorff space implies that only the

zero vector θ is contained in all of the θ-nbds.

A set A ⊆ X, where X is a topological vector space, is absorbing if for

every x ∈ X there is t > 0 such that x ∈ tA; it is convex if for every x, y ∈ A

and 0 ≤ t ≤ 1, tx+(1−t)y ∈ A; and it is balanced if αA ⊆ A for every |α| ≤ 1.

The convex property can be extended as follows: for every x1, x2, . . . , xn ∈ A

and positive real numbers α1, α2, . . . , αn such that α1 + α2 + · · ·+ αn ≤ 1 we

have α1x1 + α2x2 + · · · + αnxn ∈ A. A topological vector space X is said to

be locally convex if there is a local base consisting of convex sets in X. It is

known that every locally convex topological vector space has a local base at θ

consisting of absorbing, balanced, and convex sets.

For a given set A ⊆ X, the Minkowski functional of A on X is defined

by ΦA(x) = inf{λ > 0 : x ∈ λA} for every x ∈ X. If U ⊆ X is a balanced,

absorbing and convex set, then (i) U = {x ∈ X : ΦU (x) < 1}, and (ii) ΦU

is a semi-norm on X, that is, ΦU (u + v) ≤ ΦU (u) + ΦU (v) for all u, v ∈ X

(sub-additivity), and ΦU (ku) = |k|ΦU (u) for any real number k. Also, for any
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The SLΦ-integral in Locally Convex Topological Vector Spaces 135

V ⊆ X, ΦrV (x) =
1
rΦV (x) for all positive real number r and x ∈ X. For any

given absorbing sets A ⊆ B ⊆ X, ΦB(t) ≤ ΦA(t) for all t ∈ X. One may

refer to [10, 1] for the definition, the earlier mentioned results, and a detailed

discussion of the Minkowski functional.

A function δ : [a, b] → R is called a tight gauge if it takes on non-negative

values and a gauge if it takes on positive values [12]. A finite collection of

ordered pairs {(Ii, ti)}ni=1 of non-overlapping closed intervals of [a, b] and real

numbers is called a partial partition (resp. partition) of [a, b] if
⋃n

i=1 Ii ⊆
[a, b] (resp.

⋃n
i=1 Ii = [a, b]). A collection {(Ii, ti)}ni=1 is called a δ-fine partial

partition (δ-fine partition) of [a, b] if {(Ii, ti)}ni=1 is a partial partition (resp.

partition) of [a, b] and ti ∈ Ii ⊆ (ti − δ(ti), ti + δ(ti)) for each i ∈ {1, 2, . . . , n}.
We will occasionally denote a given δ-fine partial partition (or partition) D =

{([ui, vi], ti) : 1,≤ i ≤ n} by D = {([u, v], t)}.
A unitary sequence is a sequence of positive numbers {ri}ni=1 such that∑n
i=1 ri = 1. A function f : [a, b] → X, where X is a LCTVS, is SH1-

integrable (see [8]) if there exists a function F : [a, b] → X such that for any

θ-nbd V , there exists a gauge δ on [a, b] such that for every δ-fine partition

D = {([xi−1, xi], ti) : 1 ≤ i ≤ n} of [a, b], there exists a unitary sequence

{ri}ni=1 such that

F (xi)− F (xi−1)− f(ti)(xi − xi−1) ∈ riV

for each 1 ≤ i ≤ n. The difference F (b)−F (a) is the SH1 integral of f on [a, b]

and write (SH1)
∫ b

a
f = F (b)− F (a).

A function F : [a, b] → X is said to satisfy the SLΦ condition if given a

subset E of [a, b] of measure zero, a θ-nbd U , and ε > 0, there exists a gauge δ

such that for any δ-fine partial partition D = {([u, v], t)} with ti ∈ E, we have

(D)
∑

ΦU (F (u, v)) < ε

where F (u, v) = F (v)−F (u). A function satisfying the SLΦ condition is called

an SLΦ function.

A function f : [a, b] → X is said to be SLΦ-integrable on [a, b] if there exists

a SLΦ function F with the property that for every θ-nbd U and ε > 0, there

is a tight gauge δ such that for every δ-fine partial partition D = {([u, v], t)}
of [a, b], (D)

∑
ΦU (F (u, v) − f(t)(v − u)) < ε. The vector F (a, b) is the SLΦ

integral of f and is denoted by (SLΦ)
∫ b

a
f . We call the function F an SLΦ-

primitive of f .

2. MAIN RESULTS

Throughout this section, X is a locally convex topological vector space.
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Theorem 2.1. Let c ∈ X. Then the constant function F : [a, b] → X given by

F (t) = c is an SLΦ function.

Proof. Let E ⊆ [a, b] be of measure zero, U a θ-nbd, and ε > 0. Choose any

gauge δ on [a, b]. Then for any δ-fine partial partition D = {([u, v], t)} of [a, b]

with t ∈ E,

(D)
∑

ΦU (F (u, v)) =

n∑
i=1

ΦU (c− c) =

n∑
i=1

ΦU (θ) = 0 < ε.

□

Theorem 2.2. Let F,G : [a, b] → X be SLΦ functions and c ∈ R. Then cF

and F +G are SLΦ functions.

Proof. By Theorem 2.1, cF is a SLΦ function if c = 0. Suppose c ̸= 0 and let

E ⊂ [a, b] be a set of measure zero, V a θ-nbd, and ε > 0. Then there is an

absorbing, balanced and convex θ-nbd U with U ⊆ V . By assumption, there

exists a gauge δ1 such that for any δ1-fine partial partition D = {([u, v], t)}
with ti ∈ E, we have

(D)
∑

ΦU (F (u, v)) <
1

|c|
ε.

Hence,

(D)
∑

ΦV (cF (v)− cF (u)) ≤ (D)
∑

ΦU (cF (v)− cF (u))

= (D)
∑

ΦU (c(F (u, v)))

= (D)
∑

|c|ΦU (F (u, v)) < ε.

This proves that cF is SLΦ.

For the second part, again let E ⊂ [a, b] be a given set of measure zero, V

a θ-nbd, and ε > 0. Let U ⊆ V be an absorbing, balanced and convex θ-nbd.

Since F and G are SLΦ functions, there is a common gauge δ on [a, b] such

that for any δ-fine partial partition D = {([u, v], t)} of [a, b] with ti ∈ E,

(D)
∑

ΦU (F (u, v)) <
1

2
ε and

n∑
i=1

ΦU (G(u, v)) <
1

2
ε

It follows that

(D)
∑

ΦV ((F +G)(u, v)) ≤ (D)
∑

ΦU ((F +G)(u, v))

≤ (D)
∑

ΦU (F (u, v)) + (D)
∑

ΦU (G(u, v)) ≤ ε.

Therefore, F +G satisfies the SLΦ condition. □

Theorem 2.3. Let F : [a, b] → X be an SLΦ function. Then the restriction

F |[c,d] of F to [c, d] ⊆ [a, b] is also a SLΦ function. function.
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Proof. Let U be a θ-nbd, ε > 0, and E ⊆ [c, d] be of measure zero. Since F is

a SLΦ function on [a, b], there exists a gauge δ on [a, b] such that for any δ-fine

partial partition D = {([u, v], t)} of [a, b] with ti ∈ E, we have

(D)
∑

ΦU (F (u, v)) < ε.

Let δ0 be the restriction of δ to [c, d]. Suppose D′ = {([u′, v′], t′)} with t′i ∈ E

is a δ0-fine partial partition of [c, d]. Then D′ is a δ-fine partial partition of

[a, b]. Hence,

(D′)
∑

ΦU (F (u′, v′)) < ε.

Therefore, F |[c,d] : [c, d] → X is an SLΦ function. □

Theorem 2.4. Let F : [a, b] → X be a function and let c ∈ (a, b). Suppose

the restrictions of F to [a, c] and [c, b] are SLΦ functions on [a, c] and [c, b],

respectively. Then F is an SLΦ function on [a, b].

Proof. Let E ⊂ [a, b] be of measure zero, W a θ-nbd, and ε > 0. Let U ⊆ W

be an absorbing, balanced and convex θ-nbd. We may assume that a < c < b.

Then E∩[a, c] and E∩[c, b] are both of measure zero. Since F is a SLΦ function

on [a, c] and [c, b] there are gauges δ1 on [a, c] and δ2 on [c, b] that satisfies the

SLΦ-condition with respect to ε and U . Define a function δ : [a, b] → R+ by

δ(t) =


min{δ1(t), c− t} t ∈ [a, c)

min{δ2(t), t− c} t ∈ (c, b]

min{δ1(c), δ2(c)} t = c.

Let D = {([ui, vi], ti) : 1 ≤ i ≤ n} be a δ-fine partial partition of [a, b].

Case 1. Suppose either c = uk or c = vk for some k ∈ {1, 2, . . . , n} or c /∈ [u, v]

for all ([u, v], t) ∈ D. We write D = D1 ∪D2 where D1 contains subintervals of

[a, c] and D2 contains subintervals of [c, d]. Then D1 is δ1-fine partial partition

of [a, c] and D2 is δ2-fine partial partition of [c, b]. Hence,

(D1)
∑

ΦU (F (u, v)) <
ε

2
and (D2)

∑
ΦU (F (u, v)) <

ε

2

It follows that

(D)
∑

ΦW (F (u, v) ≤ (D)

n∑
i=1

ΦU (F (u, v)) < ε.

Case 2. Suppose c ∈ (uk, vk). By the definition of δ, c = tk. A refinement of

D′ of D can be expressed as D′ = D1 ∪D2 where D1 a δ1-fine partial partition

of [a, c] and D2 a δ2-fine partial partition of [c, b]. Hence,

(D1)
∑

ΦU (F (v)− F (u)) <
ε

2
and (D2)

∑
ΦU (F (v)− F (u)) <

ε

2
.
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Therefore,

(D)
∑

ΦW (F (u, v)) ≤ (D)
∑

ΦU (F (u, v))

≤ (D1)
∑

ΦU (F (u, v)) + (D2)
∑

ΦU (F (u, v)) < ε.

Accordingly, F satisfies the SLΦ condition on [a, b]. □

2.1. The Φ-Strong Lusin integral.

Theorem 2.5. Let f : [a, b] → X be SLΦ-integrable with SLΦ-primitive F .

For any [c, d] ⊆ [a, b], the restriction f |[c,d] : [c, d] → X is SLΦ-integrable with

SLΦ-primitive F |[c,d] : [c, d] → X.

Proof. Suppose f is SLΦ-integrable with SLΦ-primitive F on [a, b]. Let U be

a θ-nbd and ε > 0. Then there is a tight gauge δ0 on [a, b] associated to f ,

U , and ϵ in the definition of the SLΦ integral. The restriction of F on [c, d]

satisfies the SLΦ condition by Theorem 2.3. Let δ be the restriction of δ0 on

[c, d] and let D be δ-fine partial partition of [c, d]. Then D is a δ0-fine partial

partition of [a, b]. Hence,

(D)
∑

ΦU (F (u, v)− f(t)(v − u)) < ε,

showing that f |[c,d] is SLΦ-integrable on [c, d] with SLΦ-primitive F |[c,d] :

[c, d] → X. □

Theorem 2.6. Let f : [a, b] → X be SLΦ-integrable on [a, b]. Suppose F and

G are SLΦ-primitives of f . Then F (c, d) = G(c, d) for every [c, d] ⊆ [a, b]. In

particular, the SLΦ-integral of f is unique.

Proof. Let [c, d] ⊆ [a, b], V a θ-nbd, and ε > 0. Let U be an absorbing, balanced

and convex θ-nbd with U ⊆ V . Since f is SLΦ-integrable on [c, d], there exists

a tight gauge δ0 such that for a δ0-fine partial partition D′ of [c, d], we have

(D′)
∑

ΦU (F1(u, v)− f(t)(v − u)) <
ε

3
and

(D′)
∑

ΦU (f(t)(v − u)−G1(u, v)) <
ε

3
.

Let Nδ0 = {t ∈ [a, b] : δ0(t) = 0}. Then m∗(Nδ0) = 0. Now, F1 = F |[c,d] and
G1 = G|[c,d] are SLΦ-primitives of f |[c,d] by Theorem 2.5. Thus, H = F1 −G1

is a SLΦ-function on [c, d] by Theorem 2.2. Hence, there exists a gauge δ1 on

[a, b] such that for any δ1-fine partial partition D′′ = {([u, v], t)} with t ∈ Nδ0 ,

(D′′)
∑

ΦU (H(u, v)) < ε
3 . Define δ(t) = δ0(t) if t /∈ Nδ0 and δ(t) = δ1(t) if

t ∈ Nδ0 . Then δ is a gauge on [a, b]. Let D be a δ-fine partition of [a, b]. Let

D0 = {([u, v], t) ∈ D : t /∈ Nδ0} and D1 = D \D0. Then D0 is a δ0-fine partial
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partition of [a, b] and D1 is a δ1-fine partial partition of [a, b]. Consequently,

ΦV (F1(c, d)−G1(c, d)) ≤ ΦU (F1(c, d)−G1(c, d))

= ΦU ((D)
∑

(F1(u, v)−G1(u, v)))

≤ ΦUg[(D0)
∑

(F1(u, v)− f(t)(v − u))

+ (D0)
∑

(f(t)(v − u)−G1(u, v))

+ (D1)
∑

(F1(u, v)−G1(u, v))g]

<
ε

3
+

ε

3
+ (D1)

∑
(H(u, v)) ≤ ε.

Since V and ε were arbitrarily chosen, F (c, d) = G(c, d). □

Theorem 2.7. Let f, g : [a, b] → X be SLΦ-integrable functions and c ∈ R.

Then each of the following holds:

(i) cf is SLΦ-integrable on [a, b] and

(SLΦ)

∫ b

a

c · f = c · (SLΦ)

∫ b

a

f and,

(ii) f + g is SLΦ-integrable on [a, b] and

(SLΦ)

∫ b

a

(f + g) = (SLΦ)

∫ b

a

f + (SLΦ)

∫ b

a

g.

Proof. (i) Let F be a SLΦ-primitive of f . We may assume that c ̸= 0. Let V

be a given θ-nbd and ε > 0. Then there is an absorbing, balanced and convex

θ-nbd U ⊆ V . Thus, there is a tight gauge δ > 0 such that for any δ-fine partial

partition D = {([u, v], t)}, we have

(D)
∑

ΦU (F (u, v)− f(t)(u, v)) <
ε

|c|
.

Thus,

(D)
∑

ΦV ((cF )(u, v)− cf(t)(v − u)) ≤
n∑

i=1

ΦU (c(F (u, v)− f(t)(v − u))) < ε.

This and Theorem 2.2 would imply that cf is SLΦ-integrable with SLΦ-

primitive cF on [a, b]. Moreover,

(SLΦ)

∫ b

a

c · f = (cF )(a, b) = c(F (a, b)) = c · (SLΦ)

∫ b

a

f.

(ii) Let F and G be SLΦ-primitives for the functions f and g, respectively.

Let V be a θ-nbd and ε > 0. Let U be an absorbing, balanced and convex

θ-nbd with U ⊆ V . Let δ1 and δ2 be tight gauges on [a, b] associated f , U and
ε
2 , and g, U and ε

2 , respectively, in the definition of the SLΦ integral. Define

δ(t) = min{δ1(t), δ2(t)}. Then δ is a tight gauge [a, b]. Let D = {([u, v], t)} be
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a δ-fine partial partition of [a, b]. Note that D is both a δ1-fine and a δ2-fine

partial partition of [a, b]. Hence,

(D)
∑

ΦU (F (u, v)− f(t)(v − u)) <
ε

2

(D)
∑

ΦU (G(u, v)− g(t)(v − u)) <
ε

2
.

Thus,

(D)
∑

ΦV ((F +G)(u, v)−(f + g)(t)(u, v))

≤ (D)
∑

ΦV ((F +G)(u, v)− (f + g)(t)(u, v))

≤ (D)
∑

ΦU (F (u, v)− f(t)(u, v))

+ (D)
∑

ΦU (G(u, v)− g(t)(u, v))

<
ε

2
+

ε

2
= ε.

Thus, f + g is SLΦ-integrable with SLΦ-primitive F +G and

(Φ-SL)

∫ b

a

(f + g) = (F +G)(a, b)

= F (a, b) +G(a, b)

= (Φ-SL)

∫ b

a

f + (Φ-SL)

∫ b

a

g.

□

Theorem 2.8. Let f : [a, b] → X be a function and c ∈ (a, b). Suppose

the restrictions of f on [a, c] and [c, b] are SLΦ-integrable on [a, c] and [c, b],

respectively. Then f is SLΦ-integrable on [a, b] and

(SLΦ)

∫ b

a

f = (SLΦ)

∫ c

a

f + (SLΦ)

∫ b

c

f.

Proof. Let F1 : [a, c] → X and F2 : [c, b] → X be SLΦ-primitives of the

restrictions of f on [a, c] and [c, b], respectively. Define F : [a, b] → X by

F (t) =

{
F1(t) for t ∈ [a, c]

F2(c, t) + F1(c) for t ∈ [c, b]

The restrictions of F (t) to [a, c] and [c, b] are F1(t) and G(t) = F2(c, t)+F1(c),

respectively. By Theorem 2.2 and Theorem 2.3, G is a SLΦ function on [c, b].

Thus, F is a SLΦ function on [a, b] by Theorem 2.4.

It now remains to show that F is a SLΦ-primitive of f so that f is SLΦ-

integrable on [a, b]. To this end, let V be a θ-nbd and ε > 0. Choose any

absorbing, balanced, and convex θ-nbd U ⊆ V . Let δ1 and δ2 be tight gauges
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The SLΦ-integral in Locally Convex Topological Vector Spaces 141

associated with the restrictions f |[a,c] and f |[c,b], U , and ε
2 in the definition of

SLΦ integral. Define δ as follows:

δ(t) =


min{δ1(t), c− t} for t ∈ [a, c)

min{δ1(c), δ2(c)} for t = c

min{δ2(t), t− c} for t ∈ (c, b]

Consider any δ-fine partial partition D = {([u, v], t)} of [a, b].

Case 1. Suppose c = uk or c = vk for some k ∈ {1, 2, . . . , n} or c /∈ [ui, vi]

for all i ∈ {1, 2, . . . , n}. Then D is a disjoint union of D1 and D2 where the

elements in D1 are tagged intervals contained in [a, c] and the elements in D2

are tagged intervals contained in [c, b]. Then D1 is δ1-fine partial partition of

[a, c] and D2 is δ2-fine partial partition of [c, b]. Hence,

(D1)
∑

ΦU (F1(u, v)− f(t)(v − u)) <
ε

2

(D2)
∑

ΦU (F2(u, v)− f(t)(v − u)) <
ε

2
.

It follows that

(D)
∑

ΦU (F (u, v)− f(t)(v − u))

= (D1)
∑

ΦU (F1(u, v)− f(t)(v − u))

+ (D2)
∑

ΦU (G(u, v)− f(t)(v − u))

= (D1)
∑

ΦU (F1(u, v)− f(t)(v − u))

+ (D2)
∑

ΦU (F2(u, v)− f(t)(v − u))

<
ε

2
+

ε

2
= ε.

Case 2. Suppose c ∈ (uk, vk). Then tk = c. Let D′ = D1 ∪ D2 be a

refinement of D where D1 = {([ui, vi], ti) : 1 ≤ i ≤ k − 1} ∪ {([uk, c], c)}
and D2 = {([ui, vi], ti) : k + 1 ≤ i ≤ n} ∪ {([c, vk], c)}. Then D1 is a δ1-fine

partial partition of [a, c] and D2 is a δ2-fine partial partition of [c, b]. Hence,

ΦU (F1(uk, c)− f(c)(c− uk)) + (D1)
∑

ΦU (F1(u, v)− f(t)(v − u)) <
ε

2

and

ΦU (F2(c, vk)− f(c)(vk − c)) + (D2)
∑

ΦU (F2(u, v)− f(t)(v − u)) <
ε

2
.

Since

F (uk, vk)−f(tk)(vk−uk) = F2(uk, vk)−f(c)(vk−c)+F1(uk, vk)−f(c)(c−uk),
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it follows that

(D)
∑

ΦU (F (u, v)− f(t)(v − u))

≤ (D1)
∑

ΦU (F (u, v)− f(t)(v − u)) + (D2)
∑

ΦU (F (u, v)− f(t)(v − u))

+ ΦU (F (uk, vk)− f(tk)(vk − uk))

<
ε

2
+

ε

2
= ε.

In either case, we have

(D)
∑

ΦV (F (u, v)− f(t)(v − u)) ≤ (D)
∑

ΦU (F (u, v)− f(t)(v − u)) < ε.

Hence, F is a SLΦ-primitive of f on [a, b] and

(SLΦ)

∫ b

a

f = F (a, b) = F (a, c) + F (c, b) = (SLΦ)

∫ c

a

f + (SLΦ)

∫ b

c

f.

□

Corollary 2.9. Let f : [a, b] → X be SLΦ-integrable on [a, b] with SLΦ-

primitive F . For any c ∈ [a, b], we have

(SLΦ)

∫ b

a

f = (SLΦ)

∫ c

a

f + (SLΦ)

∫ b

c

f.

In what follows, ∆Φ(U,F, f) is given by

∆Φ(U,F, f) = {t ∈ [a, b] : ∀δ > 0,∃[u, v] ⊆ [a, b] with t ∈ [u, v] and

|v − u| < δ, ΦU (F (v)− F (u)− f(t)(v − u)) ≥ v − u}.

Theorem 2.10. Let f, F : [a, b] → X be functions where F is a SLΦ-function.

If ∆Φ(U,F, f) is of measure zero for each θ-nbd U , then f is SLΦ-integrable

with SLΦ-primitive F .

Proof. Let V be a given θ-nbd and ε > 0. Then there is an absorbing, balanced

and convex θ-nbd U such that U ⊆ V . If t /∈ ∆Φ(
ε

b−aU,F, f), then there is a

real number δ0(t) > 0 such that Φ ε
b−aU (F (u, v) − f(t)(v − u)) < 1 whenever

|v−u| < δ0(t) and t ∈ [u, v] or equivalently, ΦU (F (u, v)−f(t)(v−u)) < ε(v−u)
b−a

whenever |v − u| < δ0(t) and t ∈ [u, v]. Define

δ(t) =

{
0 if t ∈ ∆Φ(

ε
b−aU,F, f)

δ0(t)
2 if t /∈ ∆Φ(

ε
b−aU,F, f)

Then δ(t) is a tight gauge because ∆Φ(
ε

b−aU,F, f) has measure zero. Consider

a given δ-fine partial partition D = {([u, v], t)} of [a, b]. Suppose there exists

([u, v], t) ∈ D such that δ(t) = 0. Then t ∈ [u, v] ⊆ (t − δ(t), t + δ(t)) = ∅, a

contradiction. Hence, δ(t) ̸= 0 for all ([u, v], t) ∈ D. This implies that for each

([u, v], t) ∈ D,

ΦU (F (u, v)− f(t)(v − u)) <
ε(v − u)

b− a
.
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Thus, we have

(D)
∑

ΦV (F (u, v)− f(t)(v − u)) ≤ (D)
∑

ΦU (F (u, v)− f(t)(v − u))

< (D)
∑(

ε(v − u)

b− a

)
≤ ε

b− a

b− a
= ε.

Therefore, f is SLΦ-integrable with SLΦ-primitive F . □

Let F : [a, b] → X be a function and t ∈ [a, b]. Then F is differentiable

at t (F ′(t) is the derivative F at t) if for every θ-nbd U , there is a δ > 0 for

which F (v) − F (u) − F ′(t)(v − u) ∈ (v − u)U whenever t ∈ [u, v] ⊆ [a, b] and

|v − u| < δ (see [9]).

Theorem 2.11. Let f, F : [a, b] → X be functions and D(F, f) be the set of

all t ∈ [a, b] such that F ′(t) does not exist or F ′(t) ̸= f(t)}. Then

D(F, f) =
⋃

θ-nbd U

∆Φ(U,F, f).

Proof. If t ∈ D(F, f), then there is a θ-nbd U such that for each δ > 0, there is

[u, v] ⊆ (t− δ, t+ δ) containing t for which ΦU (F (u, v)− f(t)(v − u)) > u− v.

Equivalently, t ∈ ∆Φ(U,F, f). Thus,

D(F, f) ⊆
⋃

θ-nbd U

∆Φ(U,F, f).

Next, let t ∈
⋃

θ-nbd U ∆Φ(U,F, f). Then there exists a θ-nbd U such that

t ∈ ∆Φ(U,F, f). Let V be an absorbing, balanced, and convex set such that

V ⊆ U . Then for all δ > 0, there exists [u, v] ⊆ [a, b] with t ∈ [u, v] and

(v − u) < δ such that

ΦV (F (u, v)− f(t)(v − u)) ≥ ΦU (F (u, v)− f(t)(v − u)) ≥ (v − u).

Since V is absorbing, balanced and convex, it follows that F (u, v)−f(t)(v−u) /∈
(v − u)V . Thus, t ∈ D(F, f), showing that⋃

θ-nbd U

∆Φ(U,F, f) ⊆ D(F, f).

This proves the desired equality. □

Example 2.12. The zero function f : [a, b] → X is SLΦ-integrable with SLΦ-

primitive F : [a, b] → X given by the constant function F = α where α is any

vector in X. In fact, for any θ-nbd U , ∆Φ(U,F, f) = ∅. Indeed, if there is a

t ∈ ∆(U,F, f), then for all δ > 0, there exists [u, v] ⊆ [a, b] containing t with

(v − u) < δ and F (v) − F (u) − f(t)(v − u) /∈ (v − u)U. However, we see that
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F (v)− F (u)− f(t)(v − u) = α− α− θ(v − u) ∈ (v − u)U , a contradiction. By

Theorem 2.10, f is SLΦ-integrable with SLΦ-primitive F = α and

(SLΦ)

∫ b

a

f = F (b)− F (a) = θ.

Theorem 2.13. Let F : [a, b] → X be a SLΦ-function. Suppose that F
′(x) = θ

almost everywhere on [a, b]. Then F is a constant function.

Proof. Let f : [a, b] → X be the zero function. Since F ′(x) = θ = f(x) almost

everywhere on [a, b], D(F, f) has measure zero. Thus, ∆Φ(U,F, f) is of measure

zero for each θ-nbd U . By Theorem 2.10 and by Example 2.12,

θ = (SLΦ)

∫ b

a

f = F (b)− F (a).

Hence, F (b) = F (a). We know that F is a SLΦ function on [a, x] by Theorem

2.3 and that F ′(x) = θ almost everywhere on [a, x] for all x ∈ (a, b]. By

replacing b with x ∈ (a, b] in the proof above, we have F (x) = F (a). Therefore,

F is a constant function. □

Theorem 2.14. A function f : [a, b] → X is SH1 integrable on [a, b] if and

only if there exists a function F : [a, b] → X with the property that for every θ-

nbd U and ε > 0, there is a gauge δ on [a, b] such that for every δ-fine partition

D = {([u, v], t)} we have

(D)
∑

ΦU (F (u, v)− f(t)(v − u)) < ε.

In this case,

(SH1)

∫ b

a

f = F (a, b).

Proof. Let f : [a, b] → X be SH1-integrable on [a, b] and let F be its SH1-

primitive. Let U be a θ-nbd and ε > 0. Then there is an absorbing, balanced

and convex θ-nbd V ⊆ U . By the definition of SH1-integral applied to εV ,

there is a gauge δ on [a, b] such that for every δ-fine partition D = {([ui, vi], ti) :

1 ≤ i ≤ n} of [a, b], there is a unitary sequence ⟨ri⟩ni=1 such that

F (ui, vi)− f(ti)(vi − ui) ∈ riεV

for each i ∈ {1, 2, · · · , n}. Since V is balanced, convex and absorbing,

ΦV (F (ui, vi)− f(ti)(vi − ui)) ≤ ΦV (F (ui, vi)− f(ti)(vi − ui)) < riε

for each i ∈ {1, 2, · · · , n}. Hence,

(D)
∑

ΦU (F (u, v)− f(t)(v − u)) <

n∑
i=1

riε = ε.
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Conversely, suppose f and F satisfy the condition. Let U be a θ-nbd. Then

by assumption there is a gauge δ on [a, b] such that for every δ-fine partition

D = {([u, v], t)} we have

(D)
∑

ΦU (F (u, v)− f(t)(v − u)) < 1.

Choose α > 0 so that α + (D)
∑

ΦU (F (v) − F (u) − f(t)(v − u)) = 1 and let

ri =
α
n + ΦU (F (vi) − F (ui) − f(ti)(vi − ui)) for each i ∈ {1, 2, · · · , n}. Then∑n

i=1 ri = 1 and

F (ui, vi)− f(ti)(vi − ui) ∈ riU for each i ∈ {1, 2, · · · , n}.

Therefore, f is SH1 integrable with SH1 primitive F . □

Theorem 2.15. Let f : [a, b] → X. If ΦU ◦ f = 0 almost everywhere on

[a, b] for each θ-nbd U , then f is SH1 integrable and (SH1)
∫ b

a
f = θ. In

particular, if f(t) = θ almost everywhere on [a, b], then f is SH1 integrable

and (SH1)
∫ b

a
f = θ.

Proof. Let F : [a, b] → X with F (t) = θ for all t ∈ [a, b]. Let V be a θ-nbd

and let ε > 0. Choose any balanced, convex and absorbing θ-nbd U ⊆ V . Let

S = {t ∈ [a, b] : ΦU (f(t)) ̸= 0} and Ek = {t ∈ S : k − 1 < ΦU (f(t)) ≤ k} for

each positive integer k. Then m(S) = 0 and m(Ek) = 0 for each k > 0. Thus,

there exists an open setGk such that Ek ⊆ Gk andm(Gk) <
ε

k2k
. Also, {Ei}∞i=1

is a pairwise disjoint collection whose union is S. Define δ(t) = 1 if t ∈ [a, b]\S
and δ(t) > 0 be a real number such that t ∈ (t− δ(t), t+ δ(t)) ⊆ Gk if t ∈ Ek.

Let D = {([u, v], t)} be a δ-fine partition of [a, b]. Let D0 = {([u, v], t) ∈ D :

t ∈ [a, b] \ S} and let Dk = {([u, v], t) ∈ D : t ∈ Ek} for each k > 0. Since U

is convex, ΦU (f(t)) < j for each t ∈ Ej . Also, since
⋃
{[ui, vi] : ti ∈ Ej} ⊆ Gj

for integer j > 0,
∑

ti∈Ej
(vi − ui) ≤ m(Gj) <

ε
j2j . Hence,

(D)
∑

ΦV (F (u, v)− f(t)(v − u)) ≤ (D)
∑

ΦU (F (u, v)− f(t)(v − u))

= (D0)
∑

ΦU (F (u, v)− f(t)(v − u)) + (D \D0)
∑

ΦU (F (u, v)− f(t)(v − u)).

Since f(t) = θ for all t /∈ S and F (t) = θ for all t ∈ [a, b], we have

(D)
∑

ΦV (F (u, v)− f(t)(v − u)) ≤ 0 +

∞∑
j=1

∑
t∈Ej

(vi − ui)ΦU (−f(ti))

≤
∞∑
j=1

∑
ti∈Ej

(vi − ui)j <

∞∑
j=1

ε

j2j
j = ε.

By Theorem 2.14, f is SH1 integrable with SH1 primitive F and

(SH1)

∫ b

a

f = F (b)− F (a) = θ.

The second assertion directly follows. □
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Theorem 2.16. Let f : [a, b] → X be SLΦ-integrable on [a, b] with SLΦ-

primitive F . Then f is SH1-integrable on [a, b] with SH1 primitive F and

(SH1)

∫ b

a

f = (SLΦ)

∫ b

a

f.

Proof. Let V be a θ-nbd and let ε > 0. Let U be an absorbing, balanced,

and convex θ-nbd with U ⊆ V . Since f is SLΦ-integrable with SLΦ-primitive

F , there is a tight gauge δ1 such that for any δ1-fine partial partition D1 =

{([u, v], t)} of [a, b],

(D1)
∑

ΦU (F (u, v)− f(t)(v − u)) <
ε

3
.

Let Z = {t ∈ [a, b] : δ1(t) = 0}. Then Z has measure zero. Define f0 = f · 1Z .
Then f0 is zero almost everywhere on [a, b] and hence, f0 is SH1-integrable with

primitive F0 : [a, b] → X given by F0 = θ by Theorem 2.15. Thus by Theorem

2.14, there exists a gauge δ2 such that for any δ2-fine partition D2 = {([u, v], t)}
of [a, b],

(D2)
∑

ΦU (−f0(t)(v − u)) <
ε

3
.

In particular, if D2 = {([u, v], t)} is a δ2-fine partition of [a, b] with t ∈ Z for

each ([u, v], t) ∈ D2, then

(D2)
∑

ΦU (−f(t)(v − u)) <
ε

3
.

Since F is a SLΦ function, there is a gauge γ such that for every γ-fine partial

partition D3 = {([u, v], t)} of [a, b] with t ∈ Z,

(D3)
∑

ΦU (F (u, v)) <
ε

3
.

Define

λ(t) =

{
δ1(t) if t ∈ [a, b] \ Z
min{δ2(t), γ(t)} otherwise.

Then λ is a gauge on [a, b]. Let D = {([u, v], t)} be a λ-fine partition of [a, b].

Write D as a disjoint union of D′
1 and D′

2, where D′
1 = {([u, v], t) ∈ D : t ∈

[a, b] \ Z} and D′
2 = D \D′

1. Then D′
1 is δ1-fine partial partition of [a, b] and

D′
2 is both a δ2-fine and a γ-fine partial partition of [a, b]. Thus,

(D)
∑

ΦU (F (u, v)− f(t)(v − u)) ≤ (D′
1)

∑
ΦU (F (u, v)− f(t)(v − u))

+(D′
2)

∑
ΦU (−f(t)(v − u)) + (D′

2)
∑

ΦU (F (u, v))

<
ε

3
+

ε

3
+

ε

3
= ε.

Consequently,

(D)
∑

ΦV (F (v)−F (u)−f(t)(v−u)) ≤ (D)
∑

ΦU (F (v)−F (u)−f(t)(v−u)) < ε.
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Therefore, f is SH1-integrable with primitive F and

(SH1)

∫ b

a

f = F (b)− F (a) = (SLΦ)

∫ b

a

f.

This proves the assertion. □

Theorem 2.17. Let f : [a, b] → X be SH1-integrable with SH1 primitive F .

Then f is SLΦ-integrable with SLΦ-primitive F and

(SLΦ)

∫ b

a

f = (SH1)

∫ b

a

f.

Proof. Let S ⊆ [a, b] be of measure zero, V a θ-nbd, and ε > 0. Let U be

balanced, convex, and absorbing θ-nbd with U ⊆ V . Let f0 = f · 1S . Since

f0 = θ almost everywhere, f0 is SH1-integrable with primitive F0 = θ by

Theorem 2.15. Hence by Theorem 2.14, there exists a gauge δ1 such that for

any δ1-fine partition D1 = {([u, v], t)} on [a, b],

(D1)

n∑
i=1

ΦU (−f0(ti)(vi − ui)) = (D∗
1)

n∑
i=1

ΦU (−f(ti)(vi − ui)) <
ε

2
,

where D∗
1 = {([u, v], t) ∈ D1 : t ∈ S}. Since f is SH1-integrable, there exists a

gauge δ2 such that for every δ2-fine partition D2 = {([u, v], t)} of [a, b],

(D2)
∑

ΦU (F (u, v)− f(t)(v − u)) <
ε

2
.

Let δ(t) = min{δ1(t), δ2(t)}. Then δ is a gauge. If D = {([u, v], t) : 1 ≤ i ≤
n} is a partial partition of [a, b] for which the tags are in S, then D is both a

δ1-fine and a δ2-fine partial partition of [a, b]. Thus,

(D)
∑

ΦU (−f(t)(v − u)) <
ε

2

and

(D)
∑

ΦU (F (u, v)− f(t)(v − u)) <
ε

2
.

This implies that

(D)
∑

ΦV (F (u, v)) ≤ (D)
∑

ΦU (F (u, v))

≤ (D)
∑

ΦU (f(t)(v − u)) + (D)
∑

ΦU (F (u, v)− f(t)(v − u)) < ε.

This shows that F is a SLΦ function. Finally, let V be a θ-nbd and ε > 0.

Let U be a balanced, convex and absorbing θ-nbd with U ⊆ V . Since f is

SH1 integrable on [a, b], there is a gauge δ on [a, b] such that for every δ-fine

partition D = {([u, v], t)} of [a, b], we have

(D)
∑

ΦU (F (u, v)− f(t)(v − u) < ε.

Clearly, δ is a tight gauge and for each δ-fine partial partition D′ = {([u, v], t)}
of [a, b],

(D′)
∑

ΦV (F (u, v)− f(t)(v − u) ≤ (D′)
∑

ΦU (F (u, v)− f(t)(v − u) < ε.
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Accordingly, f is SLΦ-integrable with SLΦ-primitive F on [a, b] and

(SLΦ)

∫ b

a

f = F (b)− F (a) = (SH1)

∫ b

a

f.

This completes the proof of the theorem. □

Theorem 2.18. Let F, f : [a, b] → X be functions. Then the following state-

ments are equivalent:

(i) f is SH1-integrable with SH1 primitive F .

(ii) f is SLΦ-integrable with SLΦ-primitive F .

(iii) F is a SLΦ and ∆Φ(U,F, f) is of measure zero for each θ-nbd U .

In this case, (
SLΦ

) ∫ b

a

f =
(
SH1

) ∫ b

a

f.

Proof. The equivalence of (i) and (ii) follows immediately from Theorems 2.16

and 2.17. By Theorem 2.10, (iii) implies (ii). It remains only to show that (ii)

implies (iii) and we only need to prove that ∆Φ(U,F, f) is of measure zero for

all θ-nbd U . Assume (ii) and let U be a θ-nbd. Then f is SH1-integrable with

SH1 primitive F .

Let ε > 0. By Theorem 2.14, there is a gauge δ on [a, b] such that for every

δ-fine partition D = {([ui, vi], ti) : 1 ≤ i ≤ n} we have

n∑
i=1

ΦU

(
F (vi)− F (ui)− f(ti)(vi − ui)

)
<

ε

2
.

Let F = {[u, v] ⊆ [a, b] : ∃t ∈ [a, b],ΦU

(
F (v) − F (u) − f(t)(v − u)

)
≥ (v −

u) and |v − u| < δ(t)}. Let t ∈ ∆Φ(U,F, f) and η > 0. Then by the defintion

of ∆Φ(U,F, f), there is [u, v] ⊆ [a, b] with t ∈ [u, v], m(I) = v − u < η and

ΦU

(
F (v) − F (u) − f(t)(v − u)

)
≥ (v − u). Hence, F is a Vitali cover for

∆Φ(U,F, f). By Vitali’s theorem, there is a finite collection of non-degenerate

close intervals {Ii}ni=1 ⊆ F such that m∗(∆Φ(U,F, f) \
⋃n

i=1 Ii
)
< ε

2 . Let

ti ∈ Ii so that Ii ∈ F and Ii ⊆
(
ti − δ(ti), ti + δ(ti)

)
for each i ∈ {1, 2, . . . , n}.

Let D = {([xi, yi], si) : 1 ≤ i ≤ n} be a δ-fine partition so that for each

i ∈ {1, 2, . . . , n}, (Ii, ti) ∈ D. Thus,

m∗(∆Φ(U,F, f)
)
< m∗

( n⋃
i=1

Ii

)
+m∗

(
∆Φ(U,F, f) \

n⋃
i=1

Ii

)
≤

n∑
i=1

m(Ii) +
ε

2

≤
n∑

i=1

ΦU

(
F (vi)− F (ui)− f(ti)(vi − ui)

)
+

ε

2

≤ ε.
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Since ε was arbitrary, it follows that ∆Φ(U,F, f) is of measure zero. □

Corollary 2.19. Let X be a first countable LCTVS and let f : [a, b] → X be

a function. Then f is SLΦ-integrable on [a, b] if and only if there is a SLΦ

function F : [a, b] → X such that F ′ = f almost everywhere on [a, b].

Proof. Suppose f is SLΦ-integrable with SLΦ-primitive F : [a, b] → X. By

Theorem 2.18, ∆Φ(U,F, f) is of measure zero for each θ-nbd U . Since X is first

countable, there is a countable local basis B at θ for the topology associated

with X. By Theorem 2.11,

D(F, f) ⊆
⋃
U∈B

∆Φ(U,F, f),

implying that D(F, f) is of measure zero. Thus, F ′(x) = f(x) almost every-

where on [a, b].

Conversely, if F is a SLΦ function such that F ′(x) = f(x) almost everywhere

on [a, b], then D(F, f) is of measure zero. By Theorem 2.11,

D(F, f) =
⋃

θ-nbd U

∆Φ(U,F, f).

Therefore, ∆Φ(U,F, f) is of measure zero for each θ-nbd U . □

Example 2.20. The collection R[a,b] of all functions from [a, b] to R is a real

vector space with respect to the usual addition and scalar multiplication of

functions. For each α ∈ [a, b], define the evaluation map ρα : R[a,b] → R by

ρα(f) = |f(α)|. Note that for every f, g ∈ R[a,b] and c ∈ R,

ρα(f + g) = |f(α) + g(α)| ≤ |f(α)|+ |g(α)| = ρα(f) + ρα(g)

ρα(cf) = |cf(α)| = |c||f(α)| = |c|ρα(f).

This shows that each evaluation map ρα is a semi-norm on R[a,b] making the

real vector space R[a,b] into a locally convex space with absorbing, balance, and

convex θ-nbds V (ρα) = {f ∈ R[a,b] : ρα(f) < 1}.
Now, from the family of functions {eα : α ∈ [a, b]} ⊆ R[a,b], where

eα(x) =

{
1 if x = α

0 otherwise,

define the function Θ : [a, b] → R[a,b] by Θ(t) = et for each t ∈ [a, b]. Then

ρα
(
Θ(t)

)
= 0 for all α ̸= t ∈ [a, b]. Here we find that Θ satisfies the assumption

of Theorem 2.15. Hence, the zero function F (t) = θ on [a, b] is a SH1-primitive

of Θ. Notice that F has a derivative equal to itself everywhere on [a, b] and F

is not equal to Θ at every point on [a, b]. Thus, the second condition in (iii)

of Theorem 2.18 is not equivalent to F ′(t) = Θ(t) almost everywhere on [a, b]

as stated in Corollary 2.19.
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12. L. P. Yee, R. Výborný, Integral: An Easy Approach after Kurzweil and Henstock, Cam-

bridge University Press, New York, 2000.

 [
 D

ow
nl

oa
de

d 
fr

om
 ij

m
si

.ir
 o

n 
20

26
-0

5-
29

 ]
 

Powered by TCPDF (www.tcpdf.org)

                            18 / 18

https://ijmsi.ir/article-1-2219-en.html
http://www.tcpdf.org

