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Abstract. In this paper, we establish some fixed point results for the sum
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inclusion of fractional order.
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1. Introduction

Recently, many authors were concerned in the study of non-linear inte-

gral inclusion in a Banach algebra via fixed point techniques. Some of these

inclusions can be formulated into non-linear operator inclusion:

x ∈ A(x)B(x) + C(x), x ∈ Ω, (1.1)
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108 A. A. Ali, A. B. Amar

where Ω is a non-empty closed convex subset of a Banach algebra E. Leray-

Schauder’s (resp. Krasnoselskii ) fixed point theorems for the sum and the

product of three operators is one of the most important techniques that gives

the existence of solutions for (1.1). See for example, [14, 15]. In some type of

applications one may encounter the case that the operators A,B and C may

be not continuous, and the product of two weakly convergent sequences is not

necessary weakly convergent. Ben Amar [5] overcame this problem by present-

ing a new class of Banach algebras satisfying a sequential condition (P), see

Definition 2.8. Also, they initiated the study of fixed point theorems for the

sum and the product of weakly sequentially continuous operators, with appli-

cations to a non-linear integral equations under weak topology settings. This

definition plays an important role in many other works and set a major cor-

nerstone in the field. For instance, in [4] there are some non-linear alternatives

of Leray-Schauder type involving three operators in Banach algebra satisfying

a sequential condition (P).

Recall the function (β) was introduced by De Blasi [13] as a measure of

weak non-compactness that can be regarded as the counterpart for the weak

topology of the classical Hausdorff measure of norm non-compactness. A. Ben

Amar and D. O’regan, [8] proved that some fixed point theorems for the sum

and product of three non-linear weakly sequentially continuous operators, in

a certain Banach algebra satisfying sequential condition (P), via the measure

of weak non-compactness. Moreover, the single-valued mapping
(
I−C
A

)
and its

invertibility play a fundamental role in that argument, where the single-valued

mapping A is quasi-regular. An extension of these results to establish some

non-linear alternatives of Leray-Schauder type in a Banach algebra satisfying

the sequential condition (P) is found in [2].

The multivalued mapping with weak topology has a wide interest in many ar-

eas of application. On one hand, in [17], there are some fixed point theorems in

Banach algebras for the multivalued mapping AB, where A is Lipschitzian and

B is compact and upper semi-continuous. Ben Amar, Boumaiza and O’Regan

[10] introduce a new class of multivalued mappings of the form
(
I−C
A

)
where

A and C are multivalued mappings acting on Banach algebras. They also use

the properties of D−Lipschitzian and D−set-Lipschitzian with respect to the

De Blasi measure of weak non-compactness for the mapping A and C. These

results generalize, extend and improve that the well known results for weakly

sequentially single-valued mappings in [5, 7, 8]. On the other hand, O’Regan

and Taoudi [20] give some versions of the Krasnoselskii fixed point theorems in

the framework of weak topologies for multivalued mapping (I −B)−1A, where

A is a multivalued mapping with weakly sequentially closed graph, and B is a

weakly sequentially continuous single-valued map. In addition, Ben Amar in
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[9] gives some multivalued analogues of Krasnoselskii fixed point theorem for

mappings of the form T + S on a non-empty closed convex set of a Banach

space, where T is weakly completely continuous and S is weakly condensing

(resp. 1-set weakly contractive) mapping with weakly sequentially closed graph.

The authors in [1] extend these results to obtain new multivalued analogues of

Leray-Schauder alternatives (or Krasnoselskii fixed point theorems) for the sum

of two mappings A+ B, where A is weakly compact with weakly sequentially

closed graph and B is Φ−condensing (or hemi-weakly compact) with weakly

sequentially closed graph.

In this paper, we establish some new fixed point results to obtain new multi-

valued analogues of Leray-Schauder alternative (or Krasnoselskii ) fixed point

theorems in a Banach algebras that satisfies a sequential condition (P), for

the sum and the product of three multivalued mappings AB + C, where A,

B and C are weakly sequentially closed graphs. We also use the properties

of Φ− condensing, Φ-non-expansive and hemi-weakly compact. These results

complement the recent literature [1, 2, 4, 5, 7, 8, 9, 10, 17, 20]. The main

condition in our results is formulated in terms of axiomatic measures of weak

non-compactness. Finally, we apply these fixed point results to study the ex-

istence of a solution for the following non-linear integral inclusion of fractional

order α.

x(t) ∈ F (t, x(t)) +K(t, x(t))

∫ t

0

(t− s)α−1

Γ(α)
G(s, x(s))ds, (1.2)

where F,K and G : J ×X −→ P (X), t ∈ J = [0, T ] and α ∈ (0, 1).

2. Preliminaries

Throughout this section, we shall introduce some necessary notations and

definitions which will be needed to achieve our work. Let E be a Hausdorff

linear topological space. Now

P (E) =

{
D ⊂ E : D is non-empty

}
,

Pbd(E) =

{
D ⊂ E : D is non-empty and bounded

}
,

Pcv(E) =

{
D ⊂ E : D is non-empty and convex

}
,

Pcl,bd(E) =

{
D ⊂ E : D is non-empty closed and bounded

}
,

Pcl,bd,cv(E) =

{
D ⊂ E : D is non-empty closed, bounded and convex

}
.
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Let Z be a non-empty subset of Banach space Y and F : Z → P (E) be a

multivalued mapping. We denote

R(F ) =
⋃
y∈Z

F (y), and GrF = {(z, x) ∈ Z × E : x ∈ F (z)}

the range and the graph of F respectively, moreover, for every subset A of E,

we put

F−1(A) = {z ∈ Z : F (z) ∩A ̸= ϕ}.

Suppose that E is a Banach space with θ and Z is weakly closed in Y . Now F

is said to have weakly sequentially closed graph if for every sequence {xn} ⊂ Z

with xn ⇀ x ∈ Z and for every sequence {yn} with yn ∈ F (xn) for all n ∈ N,
yn ⇀ y in E implies y ∈ F (x); here ⇀ denotes weak convergence. F is

called weakly compact, if F (A) is a relatively weakly compact subset of E for

every bounded subset A ∈ Pbd(Z), in addition, F is called weakly upper semi-

continuous if and only if F−1(A) is weakly closed for all weakly closed sets

A ⊂ E. If F is single-valued mapping, then F is said to be weakly sequen-

tially continuous if for every sequence {xn} ⊂ Z with xn ⇀ x ∈ Z, we have

F (xn) ⇀ F (x). Now F is said to be sequentially weakly upper semi-compact

in Z, s.w.u.sco for short, if for any weakly convergent sequence {xn} in Z and

an arbitrary yn ∈ F (xn), the sequence {yn} has a weakly convergent subse-

quence in E. If F is a single-valued mapping, F is sequentially weakly upper

semi-compact if for any weakly convergent sequence {xn} in Z the sequence

{Fxn} has a weakly convergent subsequence in E.

Lemma 2.1 ([10]). If F : Z → P (X) is a s.w.u.sco. multivalued mapping in

Z and Z is relatively weakly compact then,

1- The set F (x) is relatively weakly compact for each x ∈ Z,

2- The set F (Z) is relatively weakly compact.

Definition 2.2. Let X be a Banach space and C a lattice with a least element,

which is denoted by 0. By a measure of weak non-compactness (MWNC) on

X we mean a function Φ defined on a set of all bounded subsets of X with

values in C, such that for any Ω1,Ω2 ∈ Pbd(X) :

(1) Φ(co(Ω1)) = Φ(Ω1), where co denotes the closed convex hull of Ω1,

(2) Ω1 ⊆ Ω2 implies Φ(Ω1) ≤ Φ(Ω2),

(3) Φ(Ω1 ∪ {a}) = Φ(Ω1), for all a ∈ X,

(4) Φ(Ω1) = 0 if and only if Ω1 is relatively weakly compact in X.

If the lattice is a cone of vector space, then the (MWNC) Φ is said to posi-

tive homogeneous provided Φ(λΩ) = λΦ(Ω) for all λ > 0 and Ω ∈ Pbd(X), and

it is called semi-additive iff Φ(Ω1+Ω2) ≤ Φ(Ω1)+Φ(Ω2) for all Ω1,Ω2 ∈ Pbd(X).

These notations is a generalization of the important well known De Blasi mea-

sure of weak non-compactness β [13] which was defined on each bounded set Ω
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of X by

β(Ω) = inf{r > 0 : there exists a weakly compact set D such that Ω ⊆ D+Br(0)},

where Br(0) is the closed ball with radius r and center 0.

It is well known that β enjoys these properties: for any Ω1,Ω2 ∈ Pbd(E),

(5) β(Ω1 ∪ Ω2) = max{β(Ω1), β(Ω2)},
(6) β(λΩ1) = λβ(Ω1) for all λ > 0,

(7) β(Ω1 +Ω2) ≤ β(Ω1) + β(Ω2).

Definition 2.3. Let F : Ω → P (X), Ω be a non-empty subset of Banach space

X and Φ a (MWNC) on X, we can say that

A- F is Φ-condensing if F is bonded and Φ(F (D)) < Φ(D) for all bounded

sets D ⊆ Ω with Φ(D) ̸= 0.

B- F is Φ-non-expansive if F is bonded and Φ(F (D)) ≤ Φ(D) for all

bounded sets D ⊆ Ω with Φ(D) ̸= 0.

C- F is hemi-weakly compact if for each sequence {xn} has a weakly

convergent subsequence whenever there exists yn ∈ F (xn) such that

the sequence {xn − yn} is weakly convergent.

In the sequel, we shall need the following theorems.

Theorem 2.4 ([6]). Let Ω be a non-empty, closed, convex subset of Banach

space E. Suppose that F : Ω → Pcv(Ω) has a weakly sequentially closed graph

and F (Ω) is relatively weakly compact. Then F has a fixed point.

Theorem 2.5 ([6]). Let Ω be a non-empty, closed, convex subset of Banach

space E. and Φ is (MWNC) on E. Suppose that F : Ω → Pcv(Ω) has a weakly

sequentially closed graph, is Φ-condensing and F (Ω) is bounded. Then F has

a fixed point.

Theorem 2.6 ([1]). Let Ω be a non-empty closed convex subset of a Banach

space E and U be a weakly open subset of Ω with θ ∈ U . Assume F : Uw →
Pcv(Ω) has weakly sequentially closed graph. In addition, suppose that F (Uw)

is relatively weakly compact. Then, either

A1- F has a fixed point, or

A2- there is a point x ∈ ∂ΩU (the weak boundary of U in Ω ) and λ ∈ (0, 1)

with x ∈ λF (x).

Theorem 2.7 ([11]). Eberlien-Šmulian’s Theorem. In the weak topology

on a normed space, compactness and sequential compactness coincide. That

is, a subset D of a normed space X is relatively weakly compact (respectively,

weakly compact) if and only if every sequence in D has a weakly convergent

subsequence in X (respectively, in D).

An algebra is any vector space X equipped with an associative binary op-

eration of multiplication satisfying the condition (αx)(βy) = (αβ)(xy) for any
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elements x, y ∈ X and any scalars α, β. A norm algebra is an algebra which is

norm, as a vector space, and in which

∥xy∥ ≤ ∥x∥.∥y∥

for all x, y. A complete norm algebra is called Banach algebra.

Definition 2.8 ([5]). We call that the Banach algebra E satisfies a sequential

condition (P), if for any sequences {xn} and {yn} in E such that xn ⇀ x and

yn ⇀ y implies that xnyn ⇀ xy.

Note that, every finite dimensional Banach algebra satisfies condition (P).

If X satisfies condition (P) and K is a hausdorff compact space then C(K,X)

is also a Banach algebra satisfying condition (P). This consequence from Do-

brokov’s Theorem, see [[18] Theorem (9)].

A Banach space X is said to have the Dunford-Pettis property if for each Ba-

nach space Y , every weakly compact linear operator F : X → Y takes weakly

compact sets in X into norm compact sets of Y. It was proved in [3] that every

Banach algebra having the Dunford-Pettis property satisfies condition (P).

Remark 2.9. Let E be a Banach algebra with the condition (P), and suppose

that A1 and A2 be two arbitrary weakly compact subsets of E. Then the

product A1A2 is weakly compact.

Lemma 2.10 ([7]). Let E be a Banach algebra with a condition (P). Then

for any bounded subset D of E and weakly compact subset K of E, we have

β(D.K) ≤ ∥K∥β(D), where ∥K∥ = sup{∥x∥, x ∈ K}.

Definition 2.11 ([10]). Let E be a Banach algebra and A,C : E → P (E)

be multivalued mappings. We say that the mapping
(
I−C
A

)
is well defined on

x ∈ E and we write y ∈
(
I−C
A

)
(x) if x ∈ yA(x) + C(x).

3. Krasnoselskii type fixed point theorems

Throughout this section we present some existence results for the following

non-linear operator inclusion x ∈ A(x)B(x) + C(x).

Theorem 3.1. Let Ω be a non-empty closed convex subset of a Banach algebra

E satisfying condition (P) and Φ a semi-additive (MWNC) on E. Let A,B,C :

Ω → P (E) be three multivalued mappings satisfying the following conditions:

(i)- A, B and C have weakly sequentially closed graphs,

(ii)- A and B are weakly compacts, and C is Φ−condensing,

(iii)- For all x ∈ Ω, A(x)B(x) + C(x) ∈ Pcv(Ω),

(iv)- (AB + C)(Ω) is bounded.

Then there exists x ∈ Ω with x ∈ A(x)B(x) + C(x).
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Proof. Let F := AB + C : Ω → Pcv(Ω). We show that F has weakly sequen-

tially closed graph. Let xn ⇀ x and yn ∈ F (xn) such that yn ⇀ y. There exists

un ∈ A(xn), vn ∈ B(xn) and wn ∈ C(xn) such that yn = un.vn + wn. Since A

and B are weakly compacts with weakly sequentially closed graphs and {xn} is

bounded, it follows that by the Eberlien-Šmulian’s Theorem unk
⇀ u ∈ A(x)

and vnk
⇀ v ∈ B(x). Since E satisfies a sequential condition (P), and C has

a weakly sequentially closed graph. Then

wnk
= ynk

− unk
.vnk

⇀ y − u.v ∈ C(x).

Hence y ∈ A(x).B(x) + C(x). Consequently, F has weakly sequentially closed

graph.

Now, we claim that F is Φ−condensing. Let D be arbitrary bounded subset of

Ω with Φ(D) ̸= 0. By using Remark 2.9

Φ(F (D)) ≤ Φ(A(D)w.B(D)w) + Φ(C(D)) < Φ(D).

Apply Theorem 2.5 to deduce that F := AB + C has a fixed point in Ω. □

Theorem 3.2. Let Ω be a non-empty closed convex subset of a Banach al-

gebra E satisfying condition (P) and Φ a positive homogeneous semi-additive

(MWNC) on E. Let A,B,C : Ω → P (E) be three multivalued mappings

satisfying the following conditions:

(i)- A, B and C have weakly sequentially closed graphs,

(ii)- A and B are weakly compacts, and C is Φ−non-expansive hemi-weakly

compact,

(iii)- There exists a bounded set Ω0 of E and a sequence {λn} ⊆ (0, 1) such

that λn → 1, for all x ∈ Ω, (AB + λnC)(x) ∈ Pcv(Ω) and (AB +

λnC)(Ω) ⊂ Ω0 for all n.

Then there exists x ∈ Ω with x ∈ A(x)B(x) + C(x).

Proof. Define Fn := AB + λnC, for all n ∈ N. Then by assumption (iii),

Fn : Ω → Pcv(Ω) is well defined and Fn(Ω) is bounded. In view of Theorem

3.1, Fn has weakly sequentially closed graph. Let D be an arbitrary bounded

subset of Ω with Φ(D) ̸= 0. By using Remark 2.9, and C is Φ−non-expansive

then,

Φ(Fn(D)) ≤ Φ(A(D)w.B(D)w) + λnΦ(C(D)) < Φ(D).

Therefore, Fn is Φ− condensing. Theorem 2.5 guarantees that Fn has fixed

point xn ∈ Ω. That is,

xn ∈ A(xn).B(xn) + λnC(xn).

Then there exists un ∈ A(xn), vn ∈ B(xn) and wn ∈ C(xn) such that xn =

un.vn + λnwn. Since A and B are weakly compacts with weakly sequentially

closed graphs, E satisfies a condition (P), and {xn} is bounded. Then we can
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find subsequences {unk
} with unk

⇀ u ∈ A(x) and {vnk
} with vnk

⇀ v ∈ B(x)

such that unk
.vnk

⇀ u.v. Obviously, the sequence {wn} is bounded and λn →
1, then we get

xnk
− wnk

= unk
.vnk

+ (λn − 1)wnk
⇀ u.v.

By assumption C is a hemi-weakly compact. This implies {xnk
} has a weakly

convergent subsequence, say {xnkj
}. Also, C with weakly sequentially closed

graph. Hence wnkj
⇀ x− u.v ∈ C(x). Therefore x ∈ A(x).B(x) + C(x). □

Remark 3.3. Theorem 3.1 and Theorem 3.2 extends theorem (2.1) and Theo-

rem (2.2) in [9] respectively, for the case of the sum and the product of three

multivalued mappings.

Theorem 3.4. Let Ω be a non-empty closed convex subset of a Banach algebra

E satisfying condition (P). Let A,C : E → P (E) and B : Ω → P (E) be three

multivalued mappings satisfying the following conditions:

(i)- A, B and C have weakly sequentially closed graphs,

(ii)- A and B are weakly compacts, and C is hemi-weakly compact,

(iii)-
(
I−C
A

)−1
exists on B(Ω),

(iv)- For each x ∈ Ω,
(
I−C
A

)−1
B(x) ∈ Pcv(Ω),

(v)-
(
I−C
A

)−1
B(Ω) is bounded.

Then there exists x ∈ Ω with x ∈ A(x)B(x) + C(x).

Proof. From the hypotheses (iii), the multivalued mapping
(
I−C
A

)−1
exists on

B(Ω). Let F =
(
I−C
A

)−1
B. Then by assumption (iv) F : Ω → Pcv(Ω) is well

defined. To show that F has a weakly sequentially closed graph, let xn ⇀ x ∈ Ω

and yn ∈ F (Ω), yn ⇀ y with yn ∈ F (xn). Then
(
I−C
A

)
(yn) ∩ B(xn) ̸= ∅, so

there exists zn ∈ B(xn) such that zn ∈
(
I−C
A

)
(yn). From the definition of the

mapping I−C
A , we have znun = yn−vn where vn ∈ C(yn) and un ∈ A(yn). Since

B is a weakly compact and {xn} is bounded. By Eberlien-Šmulian’s Theorem,

{zn} has a subsequence {znk
} which weakly converges to some z ∈ B(x). Also,

A is a weakly compact and {yn} is bounded, then {un} has a subsequence

{unk
} which weakly converges to some u ∈ A(y). In addition, C has a weakly

sequentially closed graph, and E satisfies a condition (P). Then we get

vnk
= ynk

− znk
unk

⇀ y − zu ∈ C(y).

Hence, z ∈
(
I−C
A

)
(y). Consequently,

(
I−C
A

)
(y)∩B(x) ̸= ∅ and y ∈

(
I−C
A

)−1
B(x).

Hence F has a weakly sequentially closed graph. Now, let D be an arbi-

trary bounded subset of Ω. We claim that F (D) is relatively weakly com-

pact. Let yn ∈ F (D). Choose {xn} ⊂ D such that yn ∈ F (xn), that is

yn ∈ A(yn)B(xn) + C(yn). Thus there exists zn ∈ B(xn), un ∈ A(yn) and

vn ∈ C(yn) such that yn = unzn+vn. Since A and B are weakly compact, and
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E satisfies a condition (P). Tt follows that ynk
− vnk

= unk
znk

⇀ uz. Since C

is a hemi-weakly compact, then {ynk
} has a weakly convergent subsequence.

Hence F (D) is relatively weakly compact. Consequently, F is weakly compact.

From Theorem 2.4, F has a fixed point. Then there exists x ∈ Ω such that

x ∈ A(x)B(x) + C(x). □

Proposition 3.5. Let E be a Banach algebra satisfying condition (P) and

Φ is a (MWNC) on E. Let Ω be a non-empty closed convex subset of E

and A,C : E → Pcv(E) be two multivalued mappings satisfying the following

conditions:

(i)- A and C have weakly sequentially closed graphs,

(ii)- A is a weakly compact, and C is β− condensing,

(iii)- A(E) and C(E) are bounded,

Then the multivalued operator
(
I−C
A

)−1
exists in E.

Proof. Fix z in E. Consider,

Γz : E → Pcv(E), x 7−→ Ax.z + Cx.

Since Ax.z + Cx is convex, it is clear that Γz is well defined. We prove that

the multivalued mapping Γz satisfies all the assumptions in the statement of

Theorem 2.5. Let xn ⇀ x and yn ∈ Axn.z + Cxn such that yn ⇀ y. There

exists un ∈ Axn and vn ∈ Cxn such that yn = un.z + vn. Since A is a weakly

compact with weakly sequentially closed graph, and {xn} is bounded. By

Eberlien-Šmulian’s Theorem, unk
⇀ u ∈ Ax. The right hand multiplication

operator Rz(x) = x.z is a continuous linear operator, so it is weakly continuous.

Accordingly,

vnk
= ynk

− unk
.z ⇀ y − u.z.

The operator C has a weakly sequentially closed graph, we deduce that y−u.z ∈
Cx. Hence y ∈ Ax.z+Cx = Γz(x). Consequently, Γz has a weakly sequentially

closed graph.

Now, let D be an arbitrary bounded subset of E with β(D) ̸= 0. It is clear that

Γx(D) is bounded. From Lemma 2.10, we get

β(Γz(D)) ≤ β(A(D).z) + β(C(D)) ≤ ∥z∥β(A(D)) + β(C(D)) < β(D).

Hence Γz is β−condensing. Moreover, by assumption (iii) Γz(E) is bounded.

Then the multivalued mapping Γz satisfies all the assumptions in the statement

of Theorem 2.5, so there exists x ∈ E such that x ∈ Γz(x) = Ax.z +Cx. Thus

z ∈
(
I−C
A

)
(x). Therefore, the multivalued operator

(
I−C
A

)−1
exists in E. □

Theorem 3.6. Let E be a Banach algebra satisfying condition (P) and Φ

a (MWNC) on E. Let Ω be a non-empty closed convex subset of E and
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A,C : E → Pcv(E) and B : Ω → P (E) be three multivalued mappings satisfying

the following conditions:

(i)- A, B and C have weakly sequentially closed graphs,

(ii)- A and C are weakly compacts, and B is s.w.u.sco.,

(iii)- A(E), B(Ω) and C(E) are bounded,

(iv)- For all y ∈ Ω,
(
I−C
A

)−1
B(y) ∈ Pcv(Ω),

(v)-
(
I−C
A

)−1
B is Φ− condensing.

Then, there exists x ∈ Ω with x ∈ A(x)B(x) + C(x).

Proof. Let y ∈ Ω and fix z ∈ B(y). Consider,

Γz : E → Pcv(E), x 7−→ Ax.z + Cx.

Since every weakly compact operator is β−condensing. It follows that C is β−
condensing, and from Proposition 3.5, the multivalued mapping

(
I−C
A

)−1
exists

on B(Ω). Let F =
(
I−C
A

)−1
B, then by assumption (iv) F : Ω ⇀ Pcv(Ω) is well

defined. We show that F has a weakly sequentially closed graph. Let xn ⇀

x ∈ Ω and yn ∈ F (Ω), yn ⇀ y with yn ∈ F (xn). Then
(
I−C
A

)
(yn)∩B(xn) ̸= ∅.

Accordingly, there exists zn ∈ B(xn) such that zn ∈
(
I−C
A

)
(yn). Hence unzn =

yn − vn where vn ∈ C(yn) and un ∈ A(yn). Since B is s.w.u.sco. and has a

weakly sequentially closed graph, it follows that there exists a subsequence

{znk
} such that znk

⇀ z ∈ B(x). Since A and C are weakly compacts, E

satisfies a condition (P), and {yn} is bounded. By Eberlien-Šmulian’s Theorem,

{un} and {vn} has convergent subsequences unk
⇀ u ∈ A(y) and vnk

⇀ v ∈
C(y) respectively. Hence ynk

= unk
znk

+ vnk
. By the uniqueness of weak

limit we can get y = uz + v ∈ A(y).z + C(y), that is z ∈
(
I−C
A

)
y. Then(

I−C
A

)
(y) ∩ B(x) ̸= ∅. Hence y ∈

(
I−C
A

)−1
B(x), and so F has a weakly

sequentially closed graph. Using,

F (Ω) ⊂ A(F (Ω))B(Ω) + C(F (Ω)),

and taking into account the assumption (iii). We conclude that F (Ω) is bounded.

Now by Theorem 2.5 F has a fixed point x ∈ Ω. □

Theorem 3.7. Let E be a Banach algebra satisfying condition (P) and Φ

a (MWNC) on E. Let Ω be a non-empty closed convex subset of E and

A,C : E → Pcv(E) and B : Ω → P (E) be three multivalued mappings satisfying

the following conditions:

(i)- A, B and C have weakly sequentially closed graphs,

(ii)- A and C are weakly compacts, and B is s.w.u.sco.,

(iii)- A(E), B(Ω) and C(E) are bounded,

(iv)- For all y ∈ Ω,
(
I−C
A

)−1
B(y) ∈ Pcv(Ω),

(v)- ∥A(Ω)∥ ≤ 1, and B is β−condensing.
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Then, there exists x ∈ Ω with x ∈ A(x)B(x) + C(x).

Proof. According to Theorem 3.6, it suffices to show that the operator F :=(
I−C
A

)−1
B is Φ−condensing. To do this, let D be an arbitrary bounded subset

of Ω with β(D) > 0. Clearly,

F (D) ⊆ C(F (D)) +A(F (D)).B(D) ⊆ C(F (D)) +A(F (D))wB(D),

and A(F (D))w is weakly compact. For x ∈ A(F (D))w, Eberlein-Šmulian’s

Theorem says there exists a sequence {xn} ⊂ A(F (D)) with xn ⇀ x. Since for

all n, ∥xn∥ ≤ 1 and ∥x∥ ≤ lim inf ∥xn∥, then ∥x∥ ≤ 1, and hence ∥A(F (D))w∥ ≤
1. By Lemma 2.10 and the hypotheses that C is a weakly compact, we have

β(F (D)) ≤ β(C(F (D)))+β(A(F (D))w.B(D)) ≤ ∥A(F (D))w∥β(B(D)) < β(D).

Hence,
(
I−C
A

)−1
B is β−condensing. The proof is complete. □

Theorem 3.8. Let E be a Banach algebra satisfying condition (P) and Φ

a (MWNC) on E. Let Ω be a non-empty closed convex subset of E and

A,C : E → Pcv(E) and B : Ω → P (E) be three multivalued mappings satisfying

the following conditions:

(i)- A, B and C have weakly sequentially closed graphs,

(ii)- A and B are weakly compacts, and C is β−condensing,

(iii)- A(E), B(Ω) and C(E) are bounded,

(iv)- For all y ∈ Ω,
(
I−C
A

)−1
B(y) ∈ Pcv(Ω),

Then, there exists x ∈ Ω with x ∈ A(x)B(x) + C(x).

Proof. From Proposition 3.5, the multivalued mapping
(
I−C
A

)−1
exists onB(Ω).

Let F =
(
I−C
A

)−1
B. Then by assumption (iv) F : Ω → Pcv(Ω) is well defined.

In view of Theorem 3.4, F has a weakly sequentially closed graph. Using

F (Ω) ⊂ A(F (Ω))B(Ω) + C(F (Ω))

and taking into account the assumption (iii), we conclude that F (Ω) is bounded.

Let D be an arbitrary bounded subset of Ω. We claim that F is a weakly

compact. From Remark 2.9 we have

β(F (D)) ≤ β((A(F (D)))w.(B(D))w) + β(C(F (D))) < β(F (D)),

a contradiction. Hence F (D) is relatively weakly compact. Consequently, F is

weakly compact. From Theorem 2.4, F has a fixed point. □

Recall that, every weakly compact operator is β−condensing, so an inter-

esting special case of Theorem 3.8 in the applicable form is:
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Corollary 3.9. Let Ω be a non-empty closed convex subset of a Banach algebra

E satisfying condition (P). Let A,C : E → Pcv(E) and B : Ω → P (E) be three

multivalued mappings satisfying the following conditions:

(i)- A, B and C have weakly sequentially closed graphs,

(ii)- A, B and C are weakly compacts,

(iii)- A(E), B(Ω) and C(E) are bounded,

(iv)- For each x ∈ Ω,
(
I−C
A

)−1
B(x) ∈ Pcv(Ω).

Then, there exists x ∈ Ω with x ∈ A(x)B(x) + C(x).

Proposition 3.10. Let E be a Banach algebra satisfying condition (P) and

Φ a MWNC on E. Let Ω be a non-empty closed convex subset of E and

A,C : E → Pcv(E) and B : Ω → P (E) be three multivalued mappings satisfying

the following conditions:

(i)- A and C have weakly sequentially closed graphs,

(ii)- C is weakly compact,

(iii)- A(E) and C(E) are bounded,

(iv)- ∥B(Ω)∥ ≤ 1, and A is β−condensing.

Then the multivalued operator
(
I−C
A

)−1
exists on B(Ω).

Proof. Let y ∈ Ω and fix z ∈ B(y). Consider,

Γz : E → Pcv(E), x 7−→ Ax.z + Cx.

Since Ax.z + Cx is convex, it is clear that Γz is well defined. We prove that

the multivalued mapping Γz satisfies all the assumptions in the statement of

Theorem 2.5. Let xn ⇀ x and yn ∈ Axn.z + Cxn such that yn ⇀ y. There

exists un ∈ Axn and vn ∈ Cxn such that yn = un.z + vn. Since C is weakly

compact with weakly sequentially closed graph and {xn} is bounded. Then by

Eberlien-Šmulian’s Theorem vnk
⇀ v ∈ Cx. Accordingly,

unk
.z = ynk

− vnk
⇀ y − v.

Since A has a weakly sequentially closed graph, it follows that (y − v) ∈ Ax.z.

Hence y ∈ Ax.z + Cx = Γz(x). Consequently, Γz has a weakly sequentially

closed graph. Now, let D be an arbitrary bounded subset of E with β(D) ̸= 0.

It is clear that Γx(D) is bounded. From Lemma 2.10, we get

β(Γz(D)) ≤ β(A(D).z)+β(C(D)) ≤ ∥z∥β(A(D))+β(C(D)) ≤ β(A(D)) < β(D).

Hence Γz is β−condensing. Moreover, by assumption (iii), Γz(E) is bounded.

Then the multivalued mapping Γz satisfies all the assumptions in the statement

of Theorem 2.5, it follows that there exists x ∈ Ω such that x ∈ Γz(x) =

Ax.z + Cx. Thus z ∈
(
I−C
A

)
(x), and hence

(
I−C
A

)
(x) ∩ B(y) ̸= ∅. Hence, the

multivalued operator
(
I−C
A

)−1
exists on B(Ω). □
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Theorem 3.11. Let E be a Banach algebra satisfying condition (P) and Φ

a (MWNC) on E. Let Ω be a non-empty closed convex subset of E and

A,C : E → Pcv(E) and B : Ω → P (E) be three multivalued mappings satisfying

the following conditions:

(i)- A, B and C have weakly sequentially closed graphs,

(ii)- B and C are weakly compacts, and A is s.w.u.sco.,

(iii)- A(E), B(Ω) and C(E) are bounded,

(iv)- For all y ∈ Ω,
(
I−C
A

)−1
B(y) ∈ Pcv(Ω),

(v)- ∥B(Ω)∥ ≤ 1, and A is β−condensing.

Then, there exists x ∈ Ω with x ∈ A(x)B(x) + C(x).

Proof. From Proposition 3.10, it follows that
(
I−C
A

)−1
exists on B(Ω). From

assumption (iv) F :=
(
I−C
A

)−1
B : Ω → Pcv(Ω) is well defined. We show that F

has a weakly sequentially closed graph. Let xn ⇀ x ∈ Ω and yn ∈ F (Ω), yn ⇀ y

with yn ∈ F (xn). Then
(
I−C
A

)
(yn)∩B(xn) ̸= ∅, so there exists zn ∈ B(xn) such

that zn ∈
(
I−C
A

)
(yn). Hence yn = unzn+vn where vn ∈ C(yn) and un ∈ A(yn).

Since A is s.w.u.sco. and has weakly sequentially closed graph, it follows that

there exists a subsequence {unk
} such that unk

⇀ u ∈ A(y). Since B is a

weakly compact and {xn} is bounded. By Eberlien-Šmulian’s Theorem {zn}
has a convergent subsequence znk

⇀ z ∈ B(x). (Similarly, vnk
⇀ v ∈ C(y)).

Keep in your mined that E satisfies a condition (P), hence, ynk
= unk

znk
+vnk

.

By the uniqueness of weak limit we can get y = uz+ v ∈ A(y).z+C(y), that is

z ∈
(
I−C
A

)
y. Consequently,

(
I−C
A

)
(y) ∩ B(x) ̸= ∅. Hence y ∈

(
I−C
A

)−1
B(x).

Accordingly, F has a weakly sequentially closed graph. Next,

F (Ω) ⊂ A(F (Ω))B(Ω) + C(F (Ω))

and taking into account the assumption (ii). We conclude that F (Ω) is bounded.

Now, we claim that F :=
(
I−C
A

)−1
B is a weakly compact. To do this, let D

be an arbitrary bounded subset of Ω with β(D) > 0. Using

F (D) ⊆ C(F (D)) +A(F (D)).B(D) ⊆ C(F (D)) +A(F (D))(B(D))w

Obviously, (B(D))w is a weakly compact. For x ∈ (B(D))w, Eberlein-Šmulian’s

Theorem implies that there exists a sequence {xn} ⊂ B(D) with xn ⇀ x. We

know that for all n, ∥xn∥ ≤ 1 and ∥x∥ ≤ lim inf ∥xn∥, then ∥x∥ ≤ 1, and hence

∥(B(D))w∥ ≤ 1. By Lemma 2.10 we get,

β(F (D)) ≤ β(C(F (D))) + β(A(F (D)).(B(D))w)

≤ ∥(B(D))w∥β(A(F (D))) < β(F (D)).

A contradiction. Hence,
(
I−C
A

)−1
B is a weakly compact. Therefore, Theorem

2.4 guarantees that F has a fixed point x ∈ Ω. □
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Proposition 3.12. Let E be a Banach algebra satisfying condition (P) and Ω

be a non-empty closed convex subset of E. Assume Φ is a positive homogeneous

semi-additive (MWNC) on E. Let A,C : E → Pcv(E) be two multivalued

mappings satisfying the following conditions:

(i)- A and C have weakly sequentially closed graph,

(ii)- A is weakly compact,

(iii)- A(E) and C(E) are bounded,

(iv)- C is β−non-expansive and hemi-weakly compact,

Then, the multivalued operator
(
I−C
A

)−1
exists in E.

Proof. Fix z in E. Consider for each m ∈ N,

Γm,z : E → Pcv(E), x 7−→ Ax.z + λmCx,

where {λm} ⊆ (0, 1) such that λm → 1. Let m be fixed, and since Ax.z+λmCx

is convex, it is clear that Γm,z is well defined. We prove that the multivalued

mapping Γm,z satisfies all the assumptions in the statement of Theorem 2.5.

Let xn ⇀ x and yn ∈ Axn.z+λmCxn such that yn ⇀ y. There exists un ∈ Axn

and vn ∈ Cxn such that yn = un.z + λmvn. Since A is a weakly compact with

weakly sequentially closed graph and {xn} is bounded. By Eberlien-Šmulian’s

Theorem there exists a subsequence {unk
} such that unk

⇀ u ∈ Ax. It well

known that the right hand multiplication operator Rz(x) = x.z is a continuous

linear operator, consequently, it is weakly continuous. Then we can get

λmvnk
= ynk

− unk
.z ⇀ y − u.z.

From hypotheses C has a weakly sequentially closed graph, then y − u.z ∈
λmCx. Hence y ∈ Ax.z + λmCx = Γm,z(x). Hence Γm,z has a weakly se-

quentially closed graph. Next, we claim that Γm,z is β−condensing. Let D

be an arbitrary bounded subset of E with β(D) ̸= 0. From assumption (iii)

Γm,z(E) is bounded. Thus Γm,z(D) is bounded. By Lemma 2.10 and C is

β−non-expansive we can get

β(Γm,z(D)) ≤ β(A(D).z) + β(λmC(D)) ≤ ∥z∥β(A(D)) + λmβ(C(D)) < β(D).

Hence Γm,z is β− condensing. Then the multivalued mapping Γm,z satisfies all

the assumptions in the statement of Theorem 2.5. Then there exists xm ∈ E

such that xm ∈ Γm,z(xm) = Axm.z + λmCxm. Also, we can find um ∈ A(xm)

and vm ∈ C(xm) such that

xm = um.z + λmvm.

Obviously {xm} is bounded. We can suppose there exists a subsequence {umk
}

with umk
⇀ u. Since {vm} is bounded and λm → 1 we can get

xmk
− vmk

= umk
.z + (λmk

− 1)vmk
⇀ u.z.
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By assumption (iv) C is hemi-weakly compact, this implies {xmk
} has a weakly

convergent subsequence, say {xmkj
}. Hence vmkj

⇀ x − u.z. Also x − u.z ∈
C(x), that is x ∈ A(x).z + C(x). Consequently, z ∈

(
I−C
A

)
(x). Therefore,(

I−C
A

)−1
exists in E. □

Theorem 3.13. Let E be a Banach algebra satisfying condition (P) and Ω be

a non-empty closed convex subset of E. Assume Φ is a positive homogeneous

semi-additive (MWNC) on E. Let A,C : E → Pcv(E) and B : Ω → P (E) be

three multivalued mappings satisfying the following conditions:

(i)- A, B and C have weakly sequentially closed graph,

(ii)- A and B are weakly compacts,

(iii)- A(E), B(Ω) and C(E) are bounded,

(iv)- For all y ∈ Ω,
(
I−C
A

)−1
B(y) ∈ Pcv(Ω),

(v)- C is β−non-expansive and hemi-weakly compact.

Then, there exists x ∈ Ω with x ∈ A(x)B(x) + C(x).

Proof. This is an immediate consequence of Theorem 3.4 and Proposition 3.12.

□

4. Non-linear Leray-Schauder alternatives

Depending on the results of Propositions 3.5, 3.10 and 3.12. We prove some

new versions of Leray-Schauder type fixed point theorem for the sum and the

product of three multivalued mappings.

Theorem 4.1. Let Ω be a non-empty closed convex subset of a Banach algebra

E satisfying condition (P) and U be a weakly open subset of Ω with θ ∈ U .

Assume A,C : E → P (E) and B : Uw → P (E) be three multivalued mappings

satisfying the following conditions:

(i)- A, B and C have weakly sequentially closed graphs,

(ii)- A and B are weakly compacts, and C is hemi-weakly compact,

(iii)-
(
I−C
A

)−1
exists on B(Uw),

(iv)- For each x ∈ Uw,
(
I−C
A

)−1
B(x) is convex,

(v)- x ∈ A(x)B(y) + C(x), y ∈ Uw ⇒ x ∈ Ω,

(vi)-
(
I−C
A

)−1
B(Uw) is bounded.

Then, either

(A1) the equation x ∈ λA(xλ )B(x) + λC(xλ ), has a solution for λ = 1, or

(A2) there is a point u ∈ ∂ΩU and λ ∈ (0, 1) with u ∈ λA(uλ )Bu+ λC(uλ ).

Proof. From the assumption (iii), the multivalued mapping
(
I−C
A

)−1
exists on

B(Uw). First we show that F :=
(
I−C
A

)−1
B : Uw → Pcv(Ω) is well defined.
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Let x ∈
(
I−C
A

)−1
B(y) for y ∈ Uw. Then x ∈ A(x)B(y)+C(x). By assumption

(v) we have x ∈ Ω. Hence
(
I−C
A

)−1
B(y) ⊆ Ω for y ∈ Uw. This together with

(iv) guarantees that F : Uw → Pcv(Ω). Next, we show that F has a weakly

sequentially closed graph. Let xn ⇀ x ∈ Uw and yn ∈ F (Uw), yn ⇀ y with

yn ∈ F (xn). Then
(
I−C
A

)
(yn)∩B(xn) ̸= ∅, so we can find zn ∈ B(xn) such that

zn ∈
(
I−C
A

)
(yn). Chose vn ∈ C(yn) and un ∈ A(yn) such that unzn = yn− vn.

Since B is a weakly compact and {xn} is bounded. The Eberlien-Šmulians

Theorem implies that {zn} has a subsequence {znk
} which weakly converges to

some z ∈ B(x). Since A is a weakly compact and {yn} is bounded, {un} has

a subsequence {unk
} which weakly converges to some u ∈ A(y). Also, C has a

weakly sequentially closed graph and E satisfies the condition (P). It follows

that

vnk
= ynk

− znk
unk

⇀ y − zu ∈ C(y),

that is, z ∈
(
I−C
A

)
(y). Then

(
I−C
A

)
(y) ∩ B(x) ̸= ∅ and consequently, y ∈(

I−C
A

)−1
B(x). Hence F has a weakly sequentially closed graph. Finally, we

claim that F (Uw) is a relatively weakly compact. Let yn ∈ F (Uw). Choose

{xn} ⊂ Uw such that yn ∈ F (xn), that is yn ∈ A(yn)B(xn) + C(yn). Thus

there exists zn ∈ B(xn), un ∈ A(yn) and vn ∈ C(yn) such that yn = unzn+vn.

Since A and B are weakly compact and E satisfies a condition (P). It follows

that ynk
− vnk

= unk
znk

⇀ uz. Since C is hemi-weakly compact, then {ynk
}

has a weakly convergent subsequence, say {ynkj
}. Hence F (Uw) is relatively

weakly compact. From Theorem 2.6, either F has a fixed point or there exists

u ∈ ∂ΩU and λ ∈ (0, 1) with u ∈ λF (u). The proof is complete. □

Theorem 4.2. Let Ω be a non-empty closed convex subset of a Banach algebra

E satisfying condition (P) and Φ a (MWNC) on E. Let U be a weakly open

subset of Ω with θ ∈ U . Assume A,C : E → Pcv(E) and B : Uw → P (E) are

three multivalued mappings satisfying the following conditions:

(i)- A, B and C have weakly sequentially closed graphs,

(ii)- A and C are weakly compacts, and B is s.w.u.sco.,

(iii)- For each x ∈ Uw,
(
I−C
A

)−1
B(x) is convex,

(iv)- x ∈ A(x)B(y) + C(x), y ∈ Uw ⇒ x ∈ Ω,

(v)- A(E), C(E) and B(Uw) are bounded,

(vi)-
(
I−C
A

)−1
B(Uw) is relatively weakly compact.

Then, either

(A1) the equation x ∈ λA(xλ )B(x) + λC(xλ ), has a solution for λ = 1, or

(A2) there is a point u ∈ ∂ΩU and λ ∈ (0, 1) with u ∈ λA(uλ )Bu+ λC(uλ ).

Proof. From Proposition 3.5, it follows that the multivalued mapping
(
I−C
A

)−1

exists onB(Uw). By assumption (iii) and (iv), F :=
(
I−C
A

)−1
B : Uw → Pcv(Ω)
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is well defined. In view of Theorem 3.6, it easy to see that F has weakly

sequentially closed graph. Using,

F (Uw) ⊆ A(F (Uw))B(Uw) + C(F (Uw)).

Hence assumption (v) guarantees that F (Uw) is bounded. Applying Theorem

2.6. The proof is complete. □

Theorem 4.3. Let Ω be a non-empty closed convex subset of a Banach algebra

E satisfying condition (P) and Φ a (MWNC) on E. Let U be a weakly open

subset of Ω with θ ∈ U . Assume A,C : E → Pcv(E) and B : Uw → P (E) are

three multivalued mappings satisfying the following conditions:

(i)- A, B and C have weakly sequentially closed graphs,

(ii)- A and B are weakly compacts,

(iii)- C is Φ− condensing,

(iv)- For each x ∈ Uw,
(
I−C
A

)−1
B(x) is convex,

(v)- x ∈ A(x)B(y) + C(x), y ∈ Uw ⇒ x ∈ Ω,

(vi)- A(E), C(E) and B(Uw) are bounded.

Then, either

(A1) the equation x ∈ λA(xλ )B(x) + λC(xλ ), has a solution for λ = 1, or

(A2) there is a point u ∈ ∂ΩU and λ ∈ (0, 1) with u ∈ λA(uλ )Bu+ λC(uλ ).

Proof. From Proposition 3.5, and as the same argument of the proof of the

Theorem 4.1, F :=
(
I−C
A

)−1
B : Uw → Pcv(Ω) is well defined and has a

weakly sequentially closed graph. Now we show that F (Uw) is a relatively

weakly compact. By assumptions (vi) we see that F (Uw) is bounded. Let

{yn} ⊂ F (Uw) and choose {xn} ⊂ Uw such that yn ∈ F (xn). Accordingly,

yn ∈ A(yn)B(xn)+C(yn), and hence (I−C)yn ∈ AynBxn. Taking into account

assumption (ii) and the condition (P). We can get a subsequence {ynk
} of {yn}

such that (I−C)ynk
⇀ z in E. Let D = {ynk

} and put D ⊆ (I−C)D+CD ⊆
(I − C)Dw + CD, hence

Φ(D) ≤ Φ(((I − C)D)w) + Φ(C(D)).

Obviously, ((I − C)D)w is a weakly compact. Since C is Φ-condensing. then

we get D = {ynk
} is a relatively weakly compact. Accordingly, {ynk

} has a

subsequence {ynkj
} which converges weakly to some y0 in Ω. Hence F (Uw) is

relatively weakly compact. From Theorem 2.6, either F has a fixed point or

there exists u ∈ ∂ΩU and λ ∈ (0, 1) with u ∈ λF (u). □

Theorem 4.4. Let Ω be a non-empty closed convex subset of a Banach algebra

E satisfying condition (P) and Φ a (MWNC) on E. Let U be a weakly open

subset of Ω with θ ∈ U . Assume A,C : E → Pcv(E) and B : Uw → P (E) are

three multivalued mappings with weakly sequentially closed graph and satisfying

the following conditions:
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(i)- A, B and C have weakly sequentially closed graphs,

(ii)- B and C are weakly compacts,

(iii)- ∥B(Uw)∥ ≤ 1, and A is Φ− condensing,

(iv)- For each x ∈ Uw,
(
I−C
A

)−1
B(x) is convex,

(v)- x ∈ A(x)B(y) + C(x), y ∈ Uw ⇒ x ∈ Ω,

(vi)- A(E), C(E) and B(Uw) are bounded.

Then, either

(A1) the equation x ∈ λA(xλ )B(x) + λC(xλ ), has a solution for λ = 1, or

(A2) there is a point u ∈ ∂ΩU and λ ∈ (0, 1) with u ∈ λA(uλ )Bu+ λC(uλ ).

Proof. From Proposition 3.10 the multivalued operator
(
I−C
A

)−1
exists on

B(Uw). Using the same argument of the proof of the Theorem 3.11 we can get(
I−C
A

)−1
B(Uw) is a relatively weakly compact. Then applying Theorem 2.6.

The proof is complete. □

Theorem 4.5. Let Ω be a non-empty closed convex subset of a Banach algebra

E satisfying condition (P) and Φ a MWNC on E. Let U be a weakly open

subset of Ω with θ ∈ U . Assume A,C : E → Pcv(E) and B : Uw → P (E) are

three multivalued mappings with weakly sequentially closed graph and satisfying

the following conditions:

(i)- A, B and C have weakly sequentially closed graphs,

(ii)- A and B are weakly compacts,

(iii)- C is Φ−non-expansive and hemi-weakly compact,

(iv)- For each x ∈ Uw,
(
I−C
A

)−1
B(x) is convex,

(v)- x ∈ A(x)B(y) + C(x), y ∈ Uw ⇒ x ∈ Ω,

(vi)- A(E) C(E) and B(Uw) are bounded.

Then, either

(A1) the equation x ∈ λA(xλ )B(x) + λC(xλ ), has a solution for λ = 1, or

(A2) there is a point u ∈ ∂ΩU and λ ∈ (0, 1) with u ∈ λA(uλ )Bu+ λC(uλ ).

Proof. This is an immediate consequence of Proposition 3.12, Theorem 3.4 and

Theorem 2.6. □

5. Functional integral inclusion of fractional order

In this section, we prove an existence theorem for the quadratic integral

inclusion 1.2. Let J = [0, T ] be a closed and bounded interval subset of R,
L1(J,X) the space of all integrable X-valued functions with norm

∥x∥L1 =

∫ T

0

|x(t)|dt.
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E := C(J,X) denote the Banach algebra of all continuous X-valued functions

defined on J endowed with the norm

∥x∥ = sup
t∈J

|x(t)|.

Throughout this section X will be a finite dimensional Banach algebra which

satisfying a sequential condition (P). Assume that (X,Σ, µ) is a measurable

space The multivalued map F : X → P (Y ) (where Y is a separable metric

space) with closed values is called measurable if F−1(V ) ∈ Σ for each open

subset V ⊆ Y, and is called weakly measurable if F−1(U) ∈ Σ for each closed

subset U ⊆ Y . Furthermore, F is weakly measurable if and only if the dis-

tance functions fy : X → R, fy = dist(y, F (x)) = inf{|y − z| : z ∈ F (x)} is

measurable for all y ∈ Y.

Definition 5.1. Amultivalued map F : J×X → P (X) is called L1
X -carathéodory

if

(i)- For each x ∈ X, Fx = F (., x) is weakly measurable,

(ii)- For each t ∈ J , Ft = F (t, .) is weakly upper semi-continuous,

(iii)- There exists a function α ∈ L1(J,X) such that ∥F (t, x)∥ ≤ α(t), a.e

t ∈ J and for all x ∈ X, where α is the growth function of F on J ×X.

For a function x defined on J we define the set SF (x) = {u ∈ L1(J,X) :

u(t) ∈ F (t, x(t)) for a.e t ∈ J} which is known as the set of selection functions.

Also, denote that ∥F (t, x(t))∥ = sup{|u(t)| : u(t) ∈ F (t, x(t))}.

Lemma 5.2 ( [16]). Let X be a Banach space, if dim(X) < ∞ and F : J×X →
Pcl,bd(X) is L1

X-carathéodory , then SF (x) ̸= ϕ for all x ∈ X.

Lemma 5.3 ( [12]). Let F : X → P (Y ), where X,Y be any topological vector

space and D be a subset of X then the graph of F is convex if and only if the

set D is convex and λF (x) + (1− λ)F (y) ⊆ F (λx+ (1− λ)y) for all x, y ∈ D

and λ ∈ (0, 1).

Now to discus the functional integral inclusion 1.2 we list the following hy-

potheses,

(H1) A multivalued mapping G : J ×X → Pcl,bd,cv(X) is L1
X -carathéodory

with a growth function η ∈ L1(J,X) such that ∥G(t, x(t))∥ ≤ η(t) a.e

t ∈ J for all x ∈ E.

(H2) For each t ∈ J , Kt = K(t, .) : X −→ Pcl,bd,cv(X) is L1
X -carathéodory,

and there exist a bounded function β ∈ L1(J,X) with bound ∥β∥ such

that for all x, y ∈ E,

∥K(t, x(t))−K(t, y(t))∥ ≤ β(t)|x(t)− y(t)| a.e. t ∈ J.

(H3) For each t ∈ J , Ft = F (t, .) : X −→ Pcl,bd,cv(X) is L1
X -carathéodory,

and there exist a bounded function ξ ∈ L1(J,X) with bound ∥ξ∥ such
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that for all x, y ∈ E,

∥F (t, x(t))− F (t, y(t))∥ ≤ ξ(t)|x(t)− y(t)| a.e. t ∈ J.

(H4) For each t ∈ J , Ft = F (t, .) and Kt = K(t, .) have convex graph.

(H5) For each x ∈ X, Kx = K(., x) and Fx = F (., x) are continuous.

Consider Q = {u ∈ E : ∥u∥ ≤ r}. Clearly Q is a non-empty, closed, bounded

and convex set. Let us consider the operators A, B and C defined on Q by

Ax(t) = K(t, x(t)),

Cx(t) = F (t, x(t)),

Bx(t) = IαG(t, x(t)) =

∫ t

0

(t− s)α−1

Γ(α)
G(s, x(s))ds.

Accordingly, the inclusion 1.2 is equivalent to the operator inclusion

x(t) ∈ Ax(t)Bx(t) + Cx(t).

By Lemma 5.2 it is clear that SK(x), SF (x), and SG(x) are non-empty sets

then A, B and C are well defined.

Theorem 5.4. Assume that the hypotheses (H1) − (H5) holds. Suppose that

there is a real number r > 0 such that

r =
F1Γ(α+ 1) +K1T

α∥η∥L1

(1− ∥ξ∥)Γ(α+ 1)− ∥β∥Tα∥η∥L1
,

where F1 = supt∈J |F (t, 0)|, K1 = supt∈J |K(t, 0)|, and ∥β∥Tα∥η∥L1

1−∥ξ∥ < Γ(α+1).

Then the inclusion 1.2 has a solution on J .

Proof. Since X is a Banach algebra with a sequential condition (P), then E =

C(J,X) is also Banach algebra satisfying the condition (P) [4]. Now, we claim

that the mappings A,B and C satisfy all the assumptions of Corollary 3.9. To

this end, we split the proof into sequence of steps.

Step1: A has weakly sequentially closed graph and A(Q) is relatively weakly

compact. First, we show that A has weakly sequentially closed graph. Let

{xn} ⊂ Q and xn ⇀ x ∈ Q, yn ∈ A(xn) for all n ∈ N, yn ⇀ y. Then we get

yn(t) ⇀ y(t) (similarly, xn(t) ⇀ x(t)) [18]. Now for yn ∈ A(xn) there exists

vn ∈ SK(xn) such that

yn(t) = vn(t).

Fix t ∈ J . Without loss of generality we may assume that yn(t) ̸= 0. In view

of Hahn-Banach theorem there exists f ∈ X∗ such that f(yn(t)) = |yn(t)| and
|f |∗ = 1. Since vn(t) ∈ K(t, (xn(t))) a.e. t ∈ J, and K with bounded values.

By the reflexivity of X there exists a subsequence {vnk
(t)} converges weakly to

some v(t). i.e. f(vnk
(t)) → f(v(t)). Then y(t) = v(t). Moreover, by hypotheses

(H2) K(t, .) is weakly upper semi-continuous, so K(t, .) has a weakly closed

graph [19]. Then vnk
(t) ∈ K(t, xnk

(t)) implies that v(t) ∈ K(t, x(t)). Hence

v ∈ SK(x) and therefore y ∈ A(x) consequently A has a weakly sequentially
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closed graph.

Next, we show that A(Q) is relatively weakly compact. Let t ∈ J be fixed, and

{un} be a sequence in A(Q). Thus there exists xn ∈ Q such that un ∈ A(xn),

and hence there exists vn ∈ SF (xn) such that un(t) = vn(t). Thus

|un(t)| = |vn(t)| ≤ ∥K(t, xn(t))∥
≤ ∥K(t, xn(t))−K(t, 0)∥+ ∥K(t, 0)∥
≤ ∥β∥r +K1.

Therefore {un(t)} is weakly equi-bounded. For all t ∈ J, the reflexivity of X

implies that the set {un(t) : n ∈ N} is relatively weakly sequentially compact

[22]. Now we show that A(Q) is weakly equi-continuous. Let t1, t2 ∈ J and

assume that un(t1) ̸= un(t2). Then there exists f ∈ X∗ such that

f(un(t1)− un(t2)) = |un(t1)− un(t2)| and |f |∗ = 1. Thus

|un(t1)− un(t2)| = |vn(t1)− vn(t2)| ≤ |K(t1, xn(t1))−K(t2, xn(t2))|
≤ |K(t1, xn(t1))−K(t2, xn(t1))|
+ |K(t2, xn(t1))−K(t2, xn(t2))|
≤ |K(t1, xn(t1))−K(t2, xn(t1))|
+ β(t)|xn(t1)− xn(t2)|.

SinceKx = K(., x) is continuous and so as t1 → t2, we get |un(t1)−un(t2)| → 0.

Hence A(Q) is weakly equi-continuous. By Arzela Ascoli theorem, unj
⇀

u ∈ A(Q), and hence by Eberlien-Šmulian theorem we conclude that A(Q) is

relatively weakly compact.

Step2: As an argument similar to that in Step 1, C(Q) is relatively weakly

compact and C has a weakly sequentially closed graph.

Step3: B has weakly sequentially closed graph and B(Q) is relatively weakly

compact. First, we show that B has weakly sequentially closed graph. Let

{xn} ⊂ Q and xn ⇀ x ∈ Q, yn ∈ B(xn) for all n ∈ N, yn ⇀ y. Then we get

yn(t) ⇀ y(t) (similarly, xn(t) ⇀ x(t)) [18]. Now for yn ∈ B(xn) there exists

vn ∈ SG(xn) such that

yn(t) =

∫ t

0

(t− s)α−1

Γ(α)
vn(s)ds.

Fix t ∈ J . Without loss of generality we may assume that yn(t) ̸= 0. In view

of Hahn-Banach theorem there exists f ∈ X∗ such that f(yn(t)) = |yn(t)| and
|f |∗ = 1. Since vn(t) ∈ G(t, (xn(t))) a.e. t ∈ J, and G with bounded values.

Then by the reflexivity of X there exists a subsequence {vnk
(t)} converges

weakly to some v(t). i.e. f(vnk
(t)) → f(v(t)). An application of Lebesgue

dominated convergence theorem [21] yields

|yn
k
(t)| = f

(∫ t

0

(t− s)α−1

Γ(α)
vnk

(s)ds

)
→ f

(∫ t

0

(t− s)α−1

Γ(α)
v(s)ds

)
.
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Then

y(t) =

∫ t

0

(t− s)α−1

Γ(α)
v(s)ds.

Moreover, by hypotheses (H2), K(t, .) is weakly upper semi-continuous, so

K(t, .) has a weakly closed graph [19]. Then vnk
(t) ∈ G(t, xnk

(t)) implies that

v(t) ∈ G(t, x(t)). Hence v ∈ SG(x) and therefore y ∈ B(x) consequently B has

a weakly sequentially closed graph.

Next we show that B(Q) is relatively weakly compact. Let t ∈ J be fixed, and

{un} be a sequence in B(Q). Thus there exists xn ∈ Q such that un ∈ B(xn),

and hence there exists vn ∈ SG(xn) such that

un(t) =

∫ t

0

(t− s)α−1

Γ(α)
vn(s)ds.

Thus

|un(t)| = f

(∫ t

0

(t− s)α−1

Γ(α)
vn(s)ds

)
≤

∫ t

0

(t− s)α−1

Γ(α)
|vn(s)|ds ≤

∫ t

0

(t− s)α−1

Γ(α)
∥G(s, xn(s))∥ds

≤
∫ t

0

(t− s)α−1

Γ(α)
|η(s)|ds ≤ Tα∥η∥L1

Γ(α+ 1)
.

Therefore {un(t)} is weakly equi-bounded. For all t ∈ J, the reflexivity of X

implies that the set {un(t) : n ∈ N} is relatively weakly sequentially compact

([22] P.782). Now we show that B(Q) is weakly equi-continuous. Let t1, t2 ∈
J and assume that un(t1) ̸= un(t2). Then there exists f ∈ X∗ such that

f(un(t1)− un(t2)) = |un(t1)− un(t2)| and |f |∗ = 1. Thus

|un(t1)− un(t2)|

= f

(∫ t1

0

(t1 − s)α−1

Γ(α)
vn(s)ds−

∫ t2

0

(t2 − s)α−1

Γ(α)
vn(s)ds

)
≤

∣∣∣∣∫ t1

t2

(t1 − s)α−1

Γ(α)
vn(s)ds−

∫ t2

0

(t2 − s)α−1 − (t1 − s)α−1

Γ(α)
vn(s)ds

∣∣∣∣
≤

∫ t1

t2

(t1 − s)α−1

Γ(α)
∥G(s, xn(s))∥ds

+

∫ t2

0

(t2 − s)α−1 − (t1 − s)α−1

Γ(α)
∥G(s, xn(s))∥ds

≤ ∥η∥L1

Γ(α)

(∫ t1

t2

(t1 − s)α−1ds+

∫ t2

0

((t2 − s)α−1 − (t1 − s)α−1)ds

)
≤ ∥η∥L1

Γ(α+ 1)
(2(t1 − t2)

α + tα2 − tα1 ).

As t1 → t2, we get |un(t1) − un(t2)| → 0. Hence B(Q) is weakly equi-

continuous. By (Arzela Ascoli Theorem ), unj ⇀ u ∈ B(Q) and hence by
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Eberlien-Šmulian’s Theorem, we conclude that B(Q) is relatively weakly com-

pact.

Step4: If y ∈ AyBx+Cy, x ∈ Q then y ∈ Q. Let y ∈ AyBx+Cy. Then there

exists k ∈ SK(y), f ∈ SF (y) and g ∈ SG(x) such that

y(t) = k(t)Iαg(t) + f(t).

Now

|y(t)| ≤ |k(t)|
∫ t

0

(t− s)α−1

Γ(α)
|g(s)|ds+ |f(t)|

≤ ∥K(t, y(t))∥
∫ t

0

(t− s)α−1

Γ(α)
∥G(s, x(s))∥ds+ ∥F (t, y(t))∥

≤ (∥K(t, y(t))−K(t, 0)∥+ ∥K(t, 0)∥)
∫ t

0

(t− s)α−1

Γ(α)
|η(t)|ds

+ ∥F (t, y(t))− F (t, 0)∥+ ∥F (t, 0)∥

≤ (∥β∥|y(t)|+K1)(
∥η∥L1

Tα

Γ(α+ 1)
) + ∥ξ∥|y(t)|+ F1,

and we can do this for all t ∈ J. Then

∥y∥ ≤ (∥β∥∥y∥+K1)(
∥η∥L1

Tα

Γ(α+ 1)
) + ∥ξ∥∥y∥+ F1.

Hence,

∥y∥ ≤ F1Γ(α+ 1) +K1T
α∥η∥L1

(1− ∥ξ∥)Γ(α+ 1)− ∥β∥Tα∥η∥L1
.

Therefore y ∈ Q. Thus
(
I−C
A

)−1
B(Q) ⊂ Q.

Step5:
(
I−C
A

)−1
B(x) is convex for each x ∈ Q. Let u1, u2 ∈

(
I−C
A

)−1
B(x).

Then u1 ∈ A(u1)B(x)+C(u1) and u2 ∈ A(u2)B(x)+C(u2). Thus there exists

k1 ∈ SK(u1), k2 ∈ SK(u2), f1 ∈ SF (u1), f2 ∈ SF (u2) and g ∈ SG(x) such that

for all t ∈ J

u1(t) = k1(t)I
αg(t) + f1(t),

u2(t) = k2(t)I
αg(t) + f2(t).

For all λ ∈ [0, 1],

λu1(t) + (1− λ)u2(t) = λk1(t)I
αg(t)

+ λf1(t) + (1− λ)k2(t)I
αg(t) + (1− λ)f2(t)

= [λk1(t) + (1− λ)k2(t)]I
αg(t)

+ [λf1(t) + (1− λ)f2(t)]

= k(t)Iαg(t) + f(t).

Note that

k(t) = λk1(t) + (1− λ)k2(t) ∈ λK(t, u1(t)) + (1− λ)K(t, u2(t)),

f(t) = λf1(t) + (1− λ)f2(t) ∈ λF (t, u1(t)) + (1− λ)F (t, u2(t)).
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From (H4) K(t, .) and F (t, .) have convex graph and so

λK(t, u1(t)) + (1− λ)K(t, u2(t)) ⊆ K(t, λu1(t) + (1− λ)u2(t)),

λF (t, u1(t)) + (1− λ)F (t, u2(t)) ⊆ F (t, λu1(t) + (1− λ)u2(t)).

Obviously, k = λk1+(1−λ)k2 ∈ L1(J,X) and f = λf1+(1−λ)f2 ∈ L1(J,X).

Then k ∈ SK(λu1 + (1− λ)u2) and f ∈ SF (λu1 + (1− λ)u2). Hence

λu1 + (1− λ)u2 ∈ A(λu1 + (1− λ)u2)B(x) + C(λu1 + (1− λ)u2),

and therefore

λu1 + (1− λ)u2 ∈
(
I − C

A

)−1

B(x).

□
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