[ Downloaded from ijmsi.ir on 2026-02-04 ]

[ DOI: 10.61186/ijmsi.19.1.71]

Iranian Journal of Mathematical Sciences and Informatics
Vol. 19, No. 1 (2024), pp 71-83
DOLI: 10.61186/ijmsi.19.1.71

A Study of Metric Spaces of Interval Numbers in n-Sequences
Defined by Orlicz Function

Sabiha Tabassum®, Ruqaiyya Fatma

Department of Applied Mathematics, Aligarh Muslim University,
Aligarh-202002, India

E-mail: sabiha.mathO8Q@gmail.com; sabiha.am@amu.ac.in
E-mail: ruqaiyyafatma@rediffmail.com

ABSTRACT. In recent years, a variety of work has been done in the field of
single, double and triple sequences. Study on n-tuple sequence is new in
this field. The main interest of this paper is to explore the idea of n-tuple
sequences & = (T, iy,...,i,, ) il metric spaces. We introduce the concept of
n-sequence space of interval number and discussed its arithmetic proper-
ties. Furthermore, we combined the concept of Orlicz function, statistical
convergence, interval number and n-sequence to construct some new n-
sequence spaces and discussed their properties. Some suitable examples

for these spaces have been constructed.

Keywords: n-sequence, Statistical convergence, Interval number, Orlicz func-
tion.
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1. INTRODUCTION

The Banach space gave birth to many useful concepts in mathematics, Orlicz
space is no different. After the development of Lebesgue theory of integration,
Z. W Birnbaum and W. Orlicz [2] introduced Orlicz space as the generalization
of L? spaces, 1 < p < co. In the definition of LP space, they replaced xP by
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a more general convex function ¢. Later Orlicz used this idea to construct the
space LM. A comprehensive study of Orlicz space was done by Lindenstrauss
and Tzafriri [10] as they construct the sequence space M

v {eew En () |

M=<(zr)ew: > — ), for some p >0,

k=1 P

and proved that it contains a subspace isomorphic to I? (1 < p < 00). Many
others had introduced different classes of sequence spaces defined by Orlicz
function, (see [11, 15, 17]). The sequence space M (¢) was introduced by Sargent
[18] giving its relationship with [. Some other work related to sequence spaces
can be seen in [1, 16, 24, 23].

Statistical convergent was introduced by Fast [6] and Steinhaus [21] in 1951
and later developed by Schoenberg [20]. Over the last few decades several au-
thors have explored statistical convergence in various directions using sequence
spaces (see [4, 7, 8, 9] and many more).

A single sequence & = (zy)ken is said to be statistically convergent to a
number L, if for a given € > 0,

1
limﬁ|{k§n:|xk—L\ > e} =0,

where the vertical bar indicates the number of elements.

In 1951, P.S. Dwyer [3] suggested the arithmetic interval, whose proper
structure was provided by Moore [12] in 1959. Later, Moore and Yang [13]
provided its computational methods. Further work related to interval numbers
has been done in [5] and [19].

An interval number is a set consisting of a closed interval of real numbers
x, where a < z < b; a,b € R. [19] investigated some properties of interval
numbers. The set of all real valued closed interval is denoted by IR. i.e.,
IR = {Z : Z is a closed interval}. Thus an interval number is a closed subset of
real numbers.

Let x; and z; are first and last points of Z, respectively. For all Z1,Z2 € IR
following properties satisfies:

T1 = Ty & xp =5 and 21, = T4,

Ty 4+ To={reR:izy 4y <ax<az,+a,l;
ifa > 0, thenaz={zeR:azy <z <oar,}and
ifa < 0, thenaz ={z eR:ax;, <z <axpl;

Z1Z2 = {zeR:min{zy .xp,, 2 .21, T, Ty, Ty Ty

<z < max{xzys .Tf,, T Ty, Ty Ty, Tl Tiy } -
IR is a complete metric space with respect to the metric given by

d(flvié) = ma’x{‘xfl - xf2|a |xl1 - .%12‘}.

The sequence of interval numbers is a transformation f from N to IR defined
by f(m) = T = Z,,, where Z,, is the m*” term of the sequence (Z,,). The set of
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all such sequences is denoted by w’. [5] defined the sequence of double interval
numbers and discuss its properties.

Moricz [14] and Tripathy et al. [22] found some interesting results related
to n-sequence.

Definition 1.1. An n-sequence is a function whose domain is either N™ or
subset of N™.

In the sequel, N stands for N X N x ... X N(;, 4jmes). Throughout the article
the set of all n-sequence will be denoted by w,,.

Take N” as an ordered set, it can easily be proven by using the lexicograph-
ical order on N", i.e. to compare component-wise. The reason is that one can
only take limit over a monotonic set.

In this paper, we have combined the concept of Orlicz function, statistical
convergence, interval number and n-sequences to construct the spaces ,w(M),
20(M,p), nwo(M,p), n0eo(M,p) and discuss their properties. Some examples
have also been given to show that n-sequences are bounded, convergent, etc.
with respect to the suitable metric.

2. SOME SEQUENCE SPACES OF INTERVAL NUMBERS DEFINED BY ORLICZ
FUNCTION

In this section, we construct some sequence spaces defined by Orlicz func-
tion. We start with some basic concepts for n-sequences like boundedness and
convergence with respect to the metric

A(Tiy iy Yinsineosin) = Ty sigoi = Yig iz |-

Definition 2.1. An n-sequence = (24, 4,,...i,,) Such that i1,ia,...,4, € N, is
said to be bounded if sup  d(w, is,...,i,, ) < 00. The space of all bounded

11,025 0yln,
n-sequence is denoted by ,l., and is a metric space with respect to the metric

defined by

d(‘rlllea-“ﬂn?y117127--<71n) = Ssup ‘xh,Zz,-u,zn yzl7127---aln|'
11,225--+5tn

im0y

ExXAMPLE 2.2. Consider an n-sequence « = (;, i,,....;,,) defined by

1, if all 4;'s are even;
Tiyig,...sin = § 2, if all 4;'s are odd;
3, otherwise.

Then © = (Zi, i5,....in) € nloo @8 sup  d(iy 4,1, 0) = 3.

91,82,+4y0n

n

Definition 2.3. Consider an n-sequence x = (4, i,.... i, ) Such that i1,42, ..., 1, €
N. If for a given € > 0, 3 ng = ng(e) € N such that

d($i17i2,_”’in,$o) < €, A i177;2, ,’Ln > Ny,
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then ¢ is called the limit of (z;, ;,,... 4, ) in Pringsheim’s sense and we say that
n-sequence x is convergent in Pringshiem’s sense to the limit xg and we write
P— lim x=ux.
11,82,.00y0n
The space of all convergent n-sequence and all null sequence in Pringsheim
sense is denoted by ¢, and ,cg respectively.

ExXAMPLE 2.4. Consider an n-sequence « = (z;, i,,...,i,,) defined by

1

Liyyig,eesin = “n
IT 4
ij=1

Let € > 0,
1 .. .
d($i17i27,__,in,0) =\ < €, v 11,12, .0yl > No = Z
I 4
ij=1

Then P— lim z=0.

11,225--5n

Definition 2.5. Let £ C N™. Then F is said to have a n-density d,,(E), if
. 1 LS C ST o .
on(F) = lim — | X > .. > XE(zl,ZQ,...,zn)
mi,ma,...,my i=lig=1 in=1
H m; 1 2 n
j=1
exists, where x g is a characteristic function of E. So,
1
5n(E): hrn T |{(i1,i2,...7in) EE:il §m1,i2 S’fﬁg,...,in S
mM1,M2,...,My
[T m;
j=1
My -

EXAMPLE 2.6. Let E = {(i1,i2,...,1,) : i; is odd, Vj = 1,2,...,n}. Then

1
) = m L (mme
mi1,m2,...,Mnp 2 2 2
[1 m;
i=1
1
= o
Definition 2.7. An n-sequence x = (zy, 4,,.,) is said to be statistically

convergent to a number zy in Pringsheim sense, if for a given € > 0,
571 ({(il, 12, ,Zn) e N . d(Ii17i27,,,)in,$0) > € }) =0.

We write stat — lim = . The space of such sequences is denoted by

11,2124..44Tn
Sh.
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EXAMPLE 2.8. Consider an n-sequence « = (i, ,,...,i,,) defined by

Liyia,...in

)i tigt+ .+, V) =1,2,..,n, i; is a perfect square ;
2, otherwise.

Let € > 0. Then,
on ({(i17i2, ey in) €N v d(m 4y,04,,2) > € })
< 5n<{(i1,z’2, win) €N? 2 V5 =1,2,...,n, i, is a perfect square})

1
< lim - My /Mo . /My,

M1,1M2,.., M
[1 m;
J=1

=0.

Thus, stat — lim z =2.
11,225--+5tn
This example also shows that even if an n-sequence is unbounded, it can

still converge statistically.

We now define n-sequence of interval number together with their arithmetic
properties and give its boundedness and convergence.

Definition 2.9. Define a transformation A from N™ to IR so that h(i1, 2, ..., 7,) =
Z, T = (Ziy 4y,...i,)- Then T will be n-sequence of interval numbers (or sequence
of m-interval numbers) and Z;, 4, ;, is called the (i1, g, ...,i,)"" term of the
sequence ().

n

Clearly Z;, ..., is a closed interval of real number. The first and last
and Z;, , . and the set of all

such sequence of n-number is denoted by w? . w! is a metric space with respect
to the metric

d(xi17i27---,in7yihiz,n-,in) = ma‘X{|xfi1,i2 ..... in  Yfiiig..in ‘7 ‘Ilil,iz ..... in Yl ig,. i

Further, some algebraic properties of elements of w? is given. Let 7 =
(Ziyin....in) and § = (Y, ip....4, ) are two sequence in w?, and o > 0. Then

Tiyin,esin T Yirsin,osin = [xfil,iz,...,in + Yfipin

and
Oy iy, iy = [ai'fil,iQ ..... in? ailil,iQ,...,in]‘
As TR is a quasivector space, w! is also a quasivector space with the null
element being 0 = (6;, 4,...:.) = ([0,0]) and unity being ([1,1]).
Our next example explains the structure of n-interval numbers and the al-
gebraic properties of w? .

ExaMpPLE 2.10. Let T and 4 are two sequences such that
Eil,iz,...,in = [ihil + 1] + [ig, ig + 1} + ...+ [Zn,’Ln + 1}, then
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Tiyig,in = |01 + 12, ... +in, 1 +i2 + ... + i, +n] and let
y¢17i27_“71‘n = [min{il,ig, ...,in},max{il,ig, ,Zn}], then

Z+7) = ([i1 + i2,... + ip + min{iy, i, ...,in}, i1 + iz + ... +ip +n +
max{il,ig,...,in}]).

Definition 2.11. An n-interval sequence & = (%, 4y,...4, ) Such that iy, ia, ..., i, €
N, is said to be bounded if there exists a positive number H such that

d(xil,iz,_“,inﬁ) < H, A4 il,i27 .../in € N.

The set of all such sequences is denoted by I .
EXAMPLE 2.12. Let

[4,5], if > d; is even;

ljil

[3,6], if > ¢; is odd.

ljil

Liy iz, in

Then V il, ig, ,’Ln c N7
d(Tiy iy, in,0) = max{|zy,
= max{4,6}
= 6.
Thus, (4, ,i,,....i,,) € .

in 0|7 |xlil,1:2,..-,in - O|}

Let M be an Orlicz function and p = (piy,iy,...i,,) be an n-sequence of
bounded positive real numbers such that 0 < p;, i, < SUD  Diyin,..i =

21432244430

D < oo and H = max(1,2P71). Then the real number sequences (i, i, i,)
and (Yi, i,,....i,, ) satisfy the following

DPiqig,..., i . . |Piyig,.. i,
| 1:i2 nHYiy ig,.in [PI172 n).

(2.2)

L. . . . |Piqig,..., in (| .
‘m74177427"‘a7'n+y7417127~~77"n.| SH xhﬂmu

in

Definition 2.13. Consider an n-interval sequence T = (%, 4,,...4,) such that

1,92, .., 1, € N. If for a given € > 0, 3 ng = no(¢) € N such that
d(fi17i2,...,in7fo) < €, A i177;2, ,’Ln > Ny,

then we say that n-interval sequence T is convergent in Pringsheim’s sense

to the interval number Z;, and we write P — lim &z = L. The space of all

11,82,.005%n

convergent n-interval sequence in Pringsheim sense is denoted by ¢,. The space
of all null n-interval sequence is denoted by ,,¢.

For the sake of simplicity we will write lim instead of P-limit.

ExXAMPLE 2.14. Consider an n-sequence Z = (&;, 4,,...i, ) defined by
24 1]
i1+ 170 +1]

Liy,ig,ensin
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Now,

A(Ziy ig,..in s [—2,1])

211 11
— —2.1
d([ i1+1’i1+1}’[ ’]>

%, i
- _ _9 1
max{‘ i+ 1 i+ 1 ‘}

b

-2 -1
= max\ |——|,|=

i1 +1| i1 +1
_ 2
o+

Thus for any given € > 0, take a natural number ng > % — 1 such that
ATy ig,ins [—2,1]) <€ Vi, o, .yin > 2 — 1.

Hence,
P— lim z=[-21].

11,225--45tn

Now, we are in the position to introduce following sequence spaces defined
by Orlicz function.

- N i : 1
ZW(M) =< T = (Ziy iy,...in) €W} : P—  lim -
mM1,M2,...,;Mn H m;
j=1

mi ma My =, . X —
XY [M (M)} =0, for somep>0}7

i1=1142=1 ip=1

_ o — = P . . 1
wO(M,p) =< T = (T4, 4y,...i,) €W+ P — lim —_—
M1,M2,...sMn H mj

i=1

21 22 Z" [M (w)]pnuh =0, for some p > 0},

i1=14=1 ip,=1

nWo(M,p) = T = (Tiy 4y,..4,) Ewh : P—  lim o
mi,ma,.sMn ] my
=1

i1=112=1 inp=1

=0, for some p > 0},
and

- N i 1
nWoo(M;p) = 4 T = (Tirin,..in) EWp 0 SUD =
my,mao,...;my, [ mj
j=1

my ma mn = ) Diq,in,....in
PRI {M (M)} ’ < o0, for some p > 0}.

i1=1142=1 ip=1

Remark 2.15. From the definition of these spaces we can write the inequality
2@ (M,p) C nwo(M,p) C nWeo(M,p). Also if we take p = 1, then ,w(M,p) =
nw(M).
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EXAMPLE 2.16. Consider an Orlicz function M (z) = 22

(9:7.1 19,.eeyl ) defined by

and n-sequence T =

_ 1 1

Tirsiayin = | 70T 0 +—= and pi, iy, i, = 2.
> i ORY;
ij=1 i=1

Now,

d(%iy iy, 00> [0 a])

ool

ij=1 ij=1

Il
QU
Y
| — |
|
[S)
|
MH
o~
b
Q
+

1 1
= max<{|— —5 =5
2 .
> i > i

ij=1 ij=1
1
- n

> i
ij=1
. .oz DPiyig,...in
. Tiqig,..., in T
P lim [ <71 2o 0)”
M1,M2,505 My Hmj i1=11i9= 1 1n—1
j=1
2
= P- lim {
mi,ma,..., : z + 99+ ...+1
H m] i1=11i2=1 —— 1 2 n)
j=1
= 0.

Then z € ,w(M,p). From Remark 2.15, it is clear that it will also be in
2Wo(M,p) and ,Weo (M, p).

Theorem 2.17. If 0 < Di; 4,60 < Qiyio,....i
then
n'w(M7p) - n'lf)(M, q)

Proof. It x € n@(M D), then Ip> O such that
. x’L 7 7 ,i’o) Piqig,... in
P— hm Era— Z Z Z 172—’" - 0.
P

mq,m2 m
e Hmj ii=lig=1 i,=1
Jj=1

and (1’11127%) s bounded,

" Qiq,ig,... in

(2.3)
Since, Orlicz function is non-negative, therefore
M (d(iﬁwiz;}-winxio)) <1,

also M is non—decreasing. Thus

11=110= 1 171_1
< My xh,ig,...,ina EO) DPiq,ig,....in 2 4
S S [ (A7) yer

11=112=1 Tn=1
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From Equations (2.3) and (2.4), we get that
. mi Mma mn d(i' Ny 3 ) iy ig,..., in
P lim nl E E Z [M(Mﬂ =0.
mi,Mma,...,My ‘1:[1 mj i =1is—1 in=1 4

Hence, x € ,w(M, q). O

Corollary 2.18. (a) If0 < pi, i,,..i, <1, then ,o0(M,p) C ,0(M), and
(b) Ifl < pil,ig,...,in < 0, then n'[D(M) - /LD(Mvp)

Proof. On taking ¢ = 1 in Theorem 2.17, we get the first part of the corollary

and for second part, take p = 1 in the same theorem. (I

Theorem 2.19. Let My and My be two Orlicz functions. Then ,w(My,p)N

nw(M%p)

C nw(Ml + M21p)'

Proof. Let (24, 4y,....ir,) € n@W(M1,p)N ,w(Ma,p). Then

LR S Ti — Diq,ig,..., in
P — lim L Z Z z [Ml (M)] 12 —0,

n
. . . pP1
MMM [T my gy =1ig=1  in=1

P> Oa
and
. 1 w X = A(Ziyig,..., in»20) P20t
Po dim ol 533 M (M) _ o,
M1,M25eMn T my 4,=145=1 =1 P2
j=1
p2 > 0.
Let p = max{p1, p2}. Following from the inequality (1), we get

£ 55 on e (e (888

i1=liog=1 =1 i1=lip=1 ip=1

[Ml (d(iilin;)_l__’in,io))]Pi1,i2 ..... in+ % % 7%1 [Mz (d(iil’iz)”_’inyio))]pil,ig ..... in )

i1=1ia=1 ip=1 P2
Therefore, x € ,,w(M; + M, p). O
Next, the definition of subsequence and K-step are given, which we require
to define monotone spaces in n-sequences.

Definition 2.20. Let © = (zi,i5,...4, ), 91,%2,-..,in, € N be an n-sequence.
Choose

K = {((ml)il, (mg)iz, ey (mn)i") c N™: (il,ig, ,Zn) § Nn},
such that K is a strictly increasing subset of N™ and §"(K) > 0, then the
sequence (x(ml)il7(m2)i27--~7(7nn)in) OF (Ziy in,... in ) (i1 iz, in)ek 15 called a subse-
quence of .

Remark 2.21. Since we need an increasing subset of N in many definitions
such as subsequence and hence K-step, canonical preimage and monotone, etc.
We take N™ as an ordered set.

Definition 2.22. Let K = {((m1)i;, (M2)ig,s -, (Mn)i, ) € N™ 1 (31,42, ...,0,) €
N™}, be an increasing subset of N® and E be a sequence space. A K-step of E
is a sequence space
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A = {Z 1)y (ma)ig veos(mn)en, € Wa 2 (M1)iys (M2)iys ory (M), € E}.

Definition 2.23. A canonical preimage of a sequence {m(ml)il (M2)ig e (M )i, } e
AE is a sequence y = (yi, 4,... i, ) € wy defined by

Tiyigvins (11,102, .0 1p) € K;

Yivyiz,ooyin = .
0, otherwise.

The set of preimages of all elements in step space A% is known as canonical
preimage of )\g, i.e, y is in canonical preimage of )\f( if and only if z is the
canonical preimage of some z € \E.

Definition 2.24. A sequence space is monotone if it contains the canonical
preimages of its step space.

Definition 2.25. A sequence space F is said to be solid if for all n-sequence of
scalars ((y iy, in )it iz,....ineN With o, i, o | <1 and (T4, 4y, 00 )i sis,....ineN €
E,

(s yig,sin Tiy sio,..in) € E.

Lemma 2.26. [5] Every solid space is monotone.

Theorem 2.27. The n-sequence space pWoo(M,p) is solid and hence mono-
tone.

Proof. Let (x4 iy,....i,) € nWoo(M,p) and (v, is,....4,,) be a scalar sequence such

that ‘ailyiQ;nwin <1 for all 11,12, ...,%, € N. Then B

M (d(ail,iz ,,,,, inTiy,ig,..., imé)) <M (d(fz‘l,ig,m,in,@)).
P S

Hence,
my m2 Mn = ) Piq,ig,...,i
1 Ay ig,...inTiq,ig,...,in0) 1>825 000
sup - D DI [M ( Pt ntn 1R tn

. . . P
mi,ma,...mn [ mj i1=1lix=1 i,=1
=1

my  Mm2 Moy _ _ Pir i

§ E }: A(Ziyig,..., in o0 15825 58n

< sup -~ 1 [M (%)}

mi,ma,....,My ] Mj i1=11i,=1 in=1
j=1

< 0.
Therefore, (i, 4y,....in iy vin,...sin) € nWoo (M, p). Thus the space is solid and by
using Lemma 2.26, it is also monotone. (I

Now, we give the definition of statistical convergence of n-sequence of interval
number and give conditions for inclusion relations with ,,w(M, p).

Definition 2.28. An n-sequence T = (Zj, i,,..:,) 1S said to be statistically
convergent to an interval number Z, if for every e > 0
. 1 . . . . _ _
P — lim ——— i1 < ma,ia < may .y in < My, 2 d(Ziy iy, i To) >
my,Mmz,...;Mn H my
j=1

e} =0,
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we denote it as 5, — lim = %;, 4,4, = Zo. The set of all such sequences

in
11,225--+5tn

is denoted by 5,,.

EXAMPLE 2.29. Let an n-interval sequence defined by Z = (Z;, i,,...4,) such
that
i1%, if 4; is prime, V j = 1,2, ..., m;

fi17i27---ain
0, otherwise.

Like Example 2.8 for n-sequence, the n-interval unbounded sequence can
also be statistically convergent.

Theorem 2.30. Let M be an Orlicz function and0 < h < inf  p; ;.

21,225--45%n

in <

SUD  Piy g, iy = H < 00. Then ,w(M,p) C 3.

1151254500

Proof. Let & = (%, 4,,...5,) € nw(M,p). Then there exists p > 0 such that

i — Tiy i, iy T0) ) |02
P e 3 3 3 [ (MR )T
Hm i1=1lig= in=1
j=1
(2.5)
For a given € > 0, we have
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A(Tiy ig,... inT0) €
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IT my i1=1is=1 4,=1
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j=1 d(Tiy,ig,... in T0)>€
1 mi ma mn . h i
> SN Y mln{M (;) 7M(;) }

n
[T mj ir=lis=1 i,=1
A(Tiy ig,... inT0) €

h H
> L [{(i1,insrrin) € N : d(Tis 4.0, Fo) > €} min {M (5) M (%) }

By taking P —lim mq,ma,...,m,— oo and using Equation (2.5), we get the
result. O
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Theorem 2.31. Let M be an Orlicz function and0 < h < inf = D;, 45,4,

21,225--430n
L SUD Pigjigi, = H < 00 Then, for bounded n-interval sequences T =
21522,5.-43lm

('fi177;2;~~7in)’ Sn C nU)(M,p).

Proof. Let & = (T4, 4,,....i,, ) be a bounded and statistically convergent sequence.
Since T is a bounded sequence, there exists a positive number H’ such that
d(Ziy i, in> To) < H'.

For a given ¢ > 0, we have
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= 35 3 [ (Hetnt)

Il mj iy=1i,=1 i,=1
=t d(Ziy ig,...,in T0)<e€
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+,ﬁ1 ‘ 5 % S maX{M (fg)}M(fj)H}
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max{ a1 ()" ()"}

+ % d {(i1,d2, - in) € N* 1 d(Zi, iy, 00> To) = €}
_Hlmj
i=

On taking P — lim my,mo, ..., m,— 00, we get the result. O

Corollary 2.32. 5, NI% = 12N ,w(M,p).

Proof. The proof of corollary follows directly from Theorem 2.30 and 2.31. [J
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