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ABSTRACT. In the present investigation, we study the reflection of plane
waves, that is, Longitudinal displacement wave(P-Wave), Thermal wave(T-
Wave) and Mass Diffusive wave(MD-Wave) in thermodiffusion elastic-half
medium which is subjected to impedence boundary condition in context
of one relaxatioon time theory given by Lord and Shulman theory (L-S)
and the Coupled theory (C-T) of thermoelasticity. The expressions of
amplitude ratios are obtained numerically and their variation with angle
of incidence is presented graphically for a particular model to emphasize
on the impact of impedence parameter, relaxation time and diffusion.

Some special cases are also deduced.
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1. INTRODUCTION

Thermodiffusion is an active area of research since last decade due to its wide
application in oil extraction field. Diffusion is defined as the spontaneous move-
ment of the particles from a high concentration region to the low concentration
region and it occurs in response to a concentration gradient, which is expressed
as the change in the concentration due to change in position. The phenomenon
of coupling of the fields of temperature, mass diffusion and that of strain in an
elastic solid causes the thermodiffusion. Nowacki [1, 2, 3, 4] in series of paper
introduced the concept of thermodiffusion by using the coupled thermoelastic
model.

The phenomenon of reflection of P and SV waves from free surface of an elastic
soild in generalized thermodiffusion elastic medium is studied by Singh [5].
Singh [6] also discussed the reflection phenomena of SV-wave from free surface
of an elastic solid with generalized thermoelastic diffusion. Aouadi [7] studied
the uniqueness and reciprocity theorems in generalized theory of thermoelastic
diffusion medium.

Aouadi [8] invesitgated a problem for an infinite elastic body with spherical
cavity in generalized thermoelastic diffusion medium. Sharma et.al. [9] stud-
ied the propagation of surface waves in heat conducting material in elasto-
thermodiffusive medium. Abo Dahab and Singh [10] studied the influence
of magnetic field in an elastic solid half-space under thermoelastic diffusion.
Kumar and Panchal [11] investigated the problem of propagation of axial sym-
metric cylindrical surface waves in a cylindrical bore through a homogeneous
isotropic thermoelastic diffusion medium in the context of theories of general-
ized thermoelasticity. Kumar and Kansal [12] studied the propagation of plane
waves and also obtained fundamental solutions in the theory of thermoelastic
diffusion.

Impedence boundary conditions are defined as linear combination of unknown
functions and their derivtives described on the boundary. It is commonly used
in the fields of acoustics, electromagnetism and in the area of seismology. Tier-
sten [13] discussed the effect of thin layer of different materials over an elastic
half space with the help of impedence boundary conditions. The propagation
of Rayleigh waves is investigated by Malischewsky [14] using impedence bound-
ary conditions. Vinh and Hue [15] discussed propagation of Rayleigh waves in
an incompressible elastic half-space with impedence boundary conditions and
derived explicit secular equations of the wave. Singh [16] discussed the prob-
lem on the reflection of elastic waves at a plane surface of an elastic half-space
subjected to impedance boundary conditions. Singh et al. [17] investigated
the coupled partial differential equations governing a rotating thermoelastic
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medium in context of Lord and Shulman theory and are solved for plane wave
solutions which is subjected to impedance boundary conditions.

As the propagation of thermoelastic waves in such a medium have been con-
tinued interest due to its importance in various fields such as oil extraction,
soil dynamics and geophysics. Keeping in view of this, the present paper is
devoted to the study of propagation of plane waves at free space in thermod-
iffusion elastic medium to determine the impact of relaxation times, diffusion
and impedence parameter on amplitude ratio of reflected waves and also some
particular cases are deduced.

2. BASIC EQUATIONS

Following Sherief et.al [18], the governing equations for isotropic homogeneous
heat conductive diffusion elastic half-space in absence of body forces, heat
sources and diffusive mass sources are:
The constitutive relation is defined as:

tij = 2pe; + dij[Aenp — 51T — B2, (2.1)
Stress equation of motion:
pi g+ A+ iy — FiTi — aCla = pii, (2.2)
Equation of heat conduction:

0.0T d ., Oe 0 .,0C
1 — )= To(1 — )= To(1 —)——=K"Ty, (2.

PCp(L+o5) 5 + AT+ Tog) 5 +aTo(l+705) % i (2:3)

Equation of mass diffusion:
0,0C
Dpse i+ DaT i+ (1 + TOE)E — DbC;; = 0. (2.4)

where
1
eij = 5luig +uia),  (0,j=1,2,3)
B = (BA+2u)ar, B2 = (3X+2p)ac,

A, p- Lame’s constants, az- coefficient of linear thermal expansion, o, - co-
efficient of diffusion expansion, p- density , K*- thermal conductivity, t;; -
components of stress tensor,e;;- components of strain tensor, e = e, 0;;-
kronecker delta, u;- displacement component, C-concentration, Cg-specific
heat at constant strain, a,b- constants, t-time, T-absolute temperature, Ty-
temperature of medium in its natural state assumed to be such that |Tlo| <1,
D-thermoelastic diffusion constant, 7p- thermal relaxation time, 7°-diffusion
relaxation time.

For L-S Theory 0 > 710> 0.
For C-T Theory 79 =7"=0.
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3. FORMULATION AND SOLUTION OF THE PROBLEM

We have taken a homogeneous, isotropic with diffusion in elastic half-space.
The rectangular cartesian co-ordinate system (x1,z2,23) having origin at the
interface x3=0 is considered along with x3-axis pointing normally into the
medium as shown in figure 1. Plane waves in zizs-plane with wave front
parallel to zs-axis, therefore all the field variables depend only on x1, x3, and
t.

Thermostshic difusion
solid haf-space

't

F1GURE 1. Geometry of the problem.

The problem considered here is two dimensional, therefore we take

U = (u1,0,us). (3.1)
To facilitate the solution, following dimensionless quantities are introduced:
’ ’ w1 ’ ’ pclwl

P 1
— == tag,ta1) = —— (33,1
(9317I3) 1 (z1,3) , (Uhug) 5:To (u1,u3), ( 339 31) ﬁlTo( 33,131) ,

, /62 / /61 ’ o 0
C :TC%C, T :ET’ (TOaT 7t):w1(7-0’7- ,t)7 (32)
where
A+ 2 Cpct
C%< +u) and  w, = PLEAL
p K
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The expression relating displacement components uq (z1, x3,t) and us(x1, x3,t)
to the scalar potential functions ¢(x1,xs,s) and ¥ (x1,x3,s) in dimensionless
form are given by

(u1,08) = 5-(0,0) + o (—0). (3.3)

Making use of equations (3.1)-(3.2) in equations (2.2), (2.3) and (2.4) (sup-
pressing the primes for convenience) and assuming the motion to be harmonic,
we can write

(0.9, T,C) = (4,9, T,C)et"
(omitting the bars), we obtain the following set of equations as:
(14 a1)V? + w?]qg — axT — asC =0,
az[(1 4 Touw)wV2)q + [(1 + Toww)w — VAT + ay[(1 4 Totw)w]C = 0,
asV*iq 4+ ag VAT + [a7(1 + m%w)w — ag V] C = 0,
[a1VZ 4+ w?p =0, (3.4)

where w is the angular frequency and

Wi v — PTG o — WBiTock
LTl 2T BT 5T pdu K T By K+
D1 BoTyw? Dapw? pwics Dbpw?
a5 = ————— ag = , ar= , ag=——.
pci ’ B 65 6

Any one of the waves from (Longitudinal displacement wave, Thermal wave,
Mass diffusive wave and Shear wave) considered to be incident at the free sur-
face z3 = 0 making inclination 6y to the normal of the surface. For each inci-
dent wave, we get reflected Longitudinal displacement wave (P-Wave), Thermal
wave (T-Wave), Mass Diffusive wave (MD-Wave) and Shear wave (SV-Wave)
as shown in figure 1.

For the purpose of solving the equations (3.4), we assume the solution of the
form

(Q7 IZ’: T7 C) = (QO7 1/’07 TOa CO)BLK(CMSZ'HG*IgCOS@‘FUt)7

where x stands for the wave number, ¢ is known as iota, 6 is the angle of
inclination and quantities such as qq, ¥9, 1o, Cp are arbitrary constants. Using
the values of (q,%,T,C) given by above equation in (3.4) yields.

Making use of above equation in equations (3.4), yields

08 — Fut 4+ Guv? — H =0,

v?—a; =0,
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where v(= #) is the velocity of coupled waves; vy, va, v3 are the velocities of

the coupled waves namely P-wave, T-wave, MD-wave and v, is the velocity of
the SV-wave and

az[l + a1 + agas|tymh + [as — asag)Ty + armh v
F - s Tg =170 — -,
a7TyTh w
(1+a1)[a8fa4a6]7'g+(l+a1)a77'h+a8fGl 0 L
G = , Th=T — —,
a7TgTh w

(1+ a1)ag — azas
a7TgTh '

G1 = as]asas + agas + agag + as|7y, H =

4. BOUNDARY CONDITIONS

The required boundary conditions at the free surface 3 = 0 are
(Z) t3s + wZiugz =0,
(Zl) t31 + wZou; =0,

. oT
(741) o 0,
. oC
(iv) e 0, (4.1)

where Z; and Z5 are proportional coefficients called as Impedence parameters.
The traction free boundary conditions are recovered by setting Z; = 0 and
Z2 =0.
We assume that the values of ¢, T, C and v satisfying the boundary conditions
(4.1) as

[(LT, C] — E(Ldl, fl)(AOIeLm(wlsin00—$300390)+w)t + Aieuﬁ;(1;1sinal+w300591)+Lwt)’(4'2)

1/} _ (BO4€L/{4(931sin007m300590)+bwt + B46Ln4(zlsin04+w300594)+wut)’ (43)

where
las(1+ a1) — azas)k} — [as + az(1 + a1)mh|w?k? + azwhny,

d =
l asarTRW? + asfag + 658}‘”2”? ’
fi= lazas + ag(1 + a1)]k} — a6w22"{127 (1=1,2,3)

asa7Thw? + aslag + aglw?k;
where Ag; are the amplitude of the incident P-wave, T-wave, MD-wave and By
is the amplitude of the incident SV-wave. A; are the amplitude of the reflected
P-wave, T-wave, MD-wave and B, is the amplitude of the reflected SV-wave.
Snell’s Law is given as

sinfy sinf; sinf; sinfs3  sinfy (4.4)
Vo U1 V2 U3 V4 ’ .
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where

K1U1 = KoUz = K3U3 = K4Uy = w,at T3 =0 (4.5)

vy, for incident
vy, for incident
vs, for incident
vy, for incident

LD — wave
T — wave
MD — wave
SV — wave

Considering the phase of the reflected waves can easily write using the equations

(4.4)-(4.5)

2
sty _ | ()" g
Yj Yj ’

1
2

Following Schoenberg [19], if we write

9/
cos 0; _ cos b,

— +t
’Uj ’Uj
’
cos 0j 1
T = 7R€
Uj Vo

(j = ]"2’3)7

2 3 o\ 2
) — sin® 90] , ¢ =2mly, [(t)) — sin? 90] ,
vy

(4.6)

Nl

where v;, the real phase speed and 9;-, the angle of reflection are given by

/ . /
v sin 6 ;

v _ smbj {SiDQ 0o + [Re ([(Uo/v4)2 — sin® 90]%)}2} %1,

vy  sinf

and c;, the attenuation in a depth is equal to the wavelength of incident waves

ie. (2mvg)/w.

Making use of the potential given by equations (3.3) in the boundary conditions
(4.1) and with the help of equations (4.2)-(4.3), we get a system of homogenous
equations which can be written as

where

alj = —2&1,‘{? (

Vg
alg = 72@1/&2
(¥

1
2

Nl=

Z%’Rj =Y;,(j=1,2,3,4),

2 2
Vo .
> l(%) — sin? 90] — agl'i? —agd; — Ay,
r 2
<UO) — SiIl2 00
V4

|

2
v\ .

+ wZiky | — | sinfp,
vo

+ wZsk; (?) sin 6y,
0
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1
)2 ) % ?
4 . 4 0 .
o= —ami () sin? 0y — 1w Zoky () () —sin?6y|
Vo Vo V4
1
v U 2 2
j 0 .
as; = djb/ij <J> <> — SlIl2 (90 : azq = 0,
Vo Uj

2 2
U v
J 0 s 2
a4y = fjLk; (U0> () —sin“fy| aqq =0,

1
2 2
Aj =aofj + wZik; (UO> — sin? 901 .
Uy

5. PARTICULAR CASES

5.1 Neglecting Diffusion Effect(a=b=D=0):
We obtain the corresponding expression for thermoelastic half space are given
as:
(14 a1)V? 4+ w?]qg — asT =0,
az[(1 + row)wV3]g + [(1 + Toww)iw — V3T = 0,
[a1V? + w?]y =0

5.2 Neglecting Relaxation Times(7o=7"=0):
We obtain the corrsponding expressions for thermodiffusion elastichalf space
are given as:
(14 a1)V? + w?]q — aeT — axC = 0,
azwV3q + [w — VT + agwC = 0,
asViq + agV2T + [aqiw — agV?]C = 0,
[a1V? +w?p =0

6. NUMERICAL RESULTS AND DISCUSSION

In order to illustrate theoretical results pbtained in the proceeding section, we
now present some numerical results.
Following Sherief and Saleh [20] copper material is choosen:

A=T7.76 x 101°Kgm™s72, 1 =3.86x10"°Kggm~1s™2 p=8954Kgm 3,

Ks=1.0x10°"Wm 'K~!, Ty,=293K, Cgp=3831JK¢ 'K« !
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Following Thomas [21], diffusion parameter are:

a;r =178 x107°K1, a.,=198x10""m3Kg™!, a=12x10'm?s 2Kt

b=10.9x10°n°Kg~'s72, D =0.85x10"8Kgm 3,
The thermal relaxation times and the diffusion relaxation times are taken as:
70=02s, 7°=0.1s.

The variations of amplitude ratios for plane waves in thermodiffusion elastic
half-space along with impedance conditions are shown graphically in Figures
2-13 with angle of incidence 0° < 6y < 90° for incident P-wave, T-wave and
MD-wave. The solid line and dashed line corresponds to the case of coupled
theory of thermoelasticity for impedance parameter (Z;=10 and Z5=10) and
non-impedance parameter (Z;=0 and Z>=0) and whereas the solid line with
center symbol ’diamond’ and the dashed line with center symbol ’triangle’ rep-
resents the case of L-S theory of thermoelasticity with impedance parameter
(Z1=10 and Z»=10) and non-impedance parameter (Z;=0 and Z>=0).

6.1 Incident P-Wave:

Amplitude ratio IR,

FIGURE 2

Fig.2 depicts the variation of amplitude ratio |R;| along with the angle of
incidence 6. It is observed that in first half of range the values of amplitude
ratio |R;| in case of CT-Theory are greater in magnitude as compared to those
observed for LS-Theory whereas trends are reversed in later half.
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015 —

CTI

Amplitude ratio [R,|

0 18 36 54 72 90
Angle of incidence

FIGURE 3

Fig.3 shows that the amplitude ratio |Rz| for LST and LSNI shows steady state
in the range 0° < 6y < 54, as fy increases values tends to approach zero
value. It is also noticed that values of CTI and CTNI increases in the range
0° < fy < 45% with greater magnitude as compared to those observed for L-S
theory and as 6 increases, values tends to approaches to origin with decreasing
magnitude, revealing the impact of relaxation time.

Fig.4 is a plot of amplitude ratio |R3| along with the angle of incidence 6y. It
is observed that a trend of variation of amplitude ratio |R3| is similar to those
observed for |Rq| with significant difference in their values.

Fig.5 depicts that the variation of amplitude ratio |R4|. It is noticed that there
is decrease in trends of curves for both theories of thermoelastic in case of
non-impedance boundary while opposite trends are noticed for impedence pa-
rameter. It is also observed that values of amplitude ratio for CTNI are greater
as compared to those noticed for LSNI.

6.2 Incident T-Wave:
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Armnplitude ratio [Rg|

Amplitude ratio IR,

36 54 72 90
Angle of incidence

FIGURE 4

— .
\ ‘ I \ \
36 54 72 90
Angle ofincidence

FIGURE 5

11

Fig.6 depicts that the trend of values of amplitude ratio |Ry| for CT-Theory
with impedance parameter and non-impedance parameter are similar in nature
in the entire range with significant difference in their magnitude and ultimately
the values approaches to zero. Also LSI and LSNI shows steady behaviour in
the range 0° < 0y < 63° and with the increase in , values of |R;| decreases.
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Amplitude ratio [R,|

0 18 36 54 72 90
Angle of incidence

FIGURE 6

Amplitude ratio R,|

36 5 72 90
Angle ofincidence

FIGURE 7

Fig.7 is a plot of amplitude ratio |Rg| with the angle of incidence y. It is
observed that trends for both cases of thermoelasticity are similar in nature.
It is also observed that for both cases of impedence parameter the values of
|R2| for CT-Theory, are greater as compared to those observed for LS-Theory
in 09 < @y < 65° and vice-versa trends are observed with increase in 6.
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24 —

Amplitude ratio R,

0 18 36 54 72 90
Angle of incidence

FIGURE 8

Fig.8 shows the considerable effect of impedence parameter on the amplitude
ratio |Rs| for CT-Theory. Also CTI and CTNI shows similar kind of variations
in entire range. For L-S theory values of | R3] in absence of impedence parameter
(LSNI) are greater than those observed for LSI in entire range and with increase
in 6y values tend towards origin.

8 —

Amplitude ratio IR,

0 18 36 54 72 9
Angle of incidence

FIGURE 9
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The variation of amplitude ratio |R4| with the angle of incidence 6y is shown
in Fig.9. It is noticed that initially the amplitude ratio for CTNI and LSNI
decreases sharply and later on shows small variations about zero value. Also
the trends of curves for CTI in case of impedance parameter shows an opposite
behaviour to those observed for LSI, reveals the impact of relaxation time.

6.3 Incident MD-Wave:

CcTl

Amplitude ratio [R,|

0 18 36 54 72 900
Angle ofincidence

FIGURE 10

Fig.10 is a plot of amplitude ratio |R;| along with the angle of incidence 6.
It is noticed that the values for LSI and LSNI shows steady state about 1.5 in
the range 0° < 0y < 27° and decreases towards origin in the remaining range.
Also the values of |R;| for CTI and CTNI shows staedy state initially and for
the left over interval it approaches towards the origin.

Fig.11 depicts the variations of | Ry| for CT-theory and L-S theory. The impact
of relaxation time is noticable for both values of impedence parameters. It
is observed that values of |Rg| for L-S theory increases sharply in the range
0% < 6y < 30°, whereas values of |Ry| for CT theory shows staedy state and
with increase in 6y values of |Rz| approaches to zero value.
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Amplitude ratio [R,|

0 18 36 54 72 900
Angle ofincidence

FIGURE 11

Amplitude ratio R,

0 18 36 54 72 90
Angle of incidence

FIGURE 12

Fig.12 is the variation of amplitude ratio of |R3| along with the angle of inci-
dence. It is observed that initially the values for L-S theory and CT-theory with
impedance and non-impedance parameter increases in the range 0° < 6y < 27°
and with further increase in 6y the values of |R3| for L-S theory shows steady
state about 1.5 whereas the values for CT theory decreases in entire range,
which reveals the impact of relaxation time.
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\ CTI
4 — —  CTNI

—e— LS|

—_— LSNI

Amplitude ratio [R,|

0 18 36 54 72 900
Angle ofincidence

FIGURE 13

Fig.13 shows the variation of amplitude ratio |R4|. the impact of impedence
parameter is clearly noticable on both theories of thermoelasticity. It is noticed
that LSI and CTI with Z; = 10 and Z5 = 10 shows an opposite behaviour to
each other in the whole range whereas there is an overall decrease in trends of
curves for LSNIT and CTNI with Z; = 0 and Zy = 0, revealing the impact of
impedance paramter on amplitude ratio.

7. CONCLUSION

The most significant conclusion which emerges out of numerical discussion is
that impedence parameter and relaxation time plays a vital role in propgation
of waves . It is also observed that impedence parameter plays predominant
role in case of CT-theory of thermoelasticity than that observed for L-S theory.
The model presented in the problem is useful in investigations concerned with
earthquake and other phenomenon in seismology. It is also concluded that
reflection is influenced by the presence of diffusion parameter, which is useful
for more realstic model of elastic diffusion present in the earth interior.
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