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ABSTRACT. In this paper, we study the concepts of Wijsman statistical
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1. INTRODUCTION

Hill [12] was the first who applied methods of functional analysis to double
sequences. Also, Kull [14] applied methods of functional analysis of matrix
maps of double sequences. A lot of useful developments of double sequences in
summability methods in [1,8,13,15,21,30].

The concept of convergence of a sequence of real numbers has been extended
to statistical convergence independently by Fast [9] and Schoenberg [22]. This
concept was extended to the double sequences by Mursaleen and Edely [16].
gakan and Altay [7] presented multidimensional analogues of the results pre-
sented by Fridy and Orhan [11].
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The concept of convergence of sequences of numbers has been extended by
several authors to convergence of sequences of sets (see, [3-5,17,27-29]). Nu-
ray and Rhoades [17] extended the notion of convergence of set sequences to
statistical convergence and gave some basic theorems. Ulusu and Nuray [26]
defined the Wijsman lacunary statistical convergence of sequence of sets and
considered its relation with Wijsman statistical convergence, which was defined
by Nuray and Rhoades. Ulusu and Nuray [27] introduced the concept of Wijs-
man strongly lacunary summability for set sequences and discused its relation
with Wijsman strongly Cesaro summability. Nuray et. al. [18] studied the
concepts of Wijsman Cesaro summability and Wijsman lacunary convergence
of double sequences of sets and investigated the relationship between them.
Talo and Sever [23] examined the relationship between Kuratowski statistical
convergence and Hausdorfl statistical convergence.

In this paper, we study the concepts of Wijsman statistical convergence,
Hausdorff statistical convergence and Wijsman statistical Cauchy double se-
quences of sets and investigate the relationship between them.

2. DEFINITIONS AND NOTATIONS

Now, we recall the basic definitions and concepts (See [1-5,17-19,21,23,24,
27-29]).
For any point x € X and any non-empty subset A of X, we define the
distance from x to A by
A) = inf .
d(z, A) = inf p(z,a)
Throughout the paper, we let (X, p) be a metric space and A, Ay be any
non-empty closed subsets of X.
The sequence {Ag} is Wijsman convergent to A if
lim d(z, Ag) = d(z, A)
k—o0
for each x € X. In this case, we write W — lim A, = A.
The sequence {Ay} is Hausdorff convergent to A if
lim sup |d(z, Ag) —d(z, A)| =0
k—o0 zeXx
In this case, we write H — lim Ay = A.
The sequence {Ay} is Wijsman statistically convergent to A if for each e > 0
and for each x € X,

lim (k< n: |d(z, A) — d(z, A)] > <} = 0.

n—o00 N

In this case, we write st — limy A = A or A — A(WS).
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The sequence {Ay} is Wijsman statistically Cauchy if for each € > 0 there
exists a number N = N(¢) € N such that
11_>m f|{k’ <n:|d(x,Ar) —d(z,An)| >} =0.
n—oo N
The sequence {4} is Hausdorff statistically convergent to A if for each
e >0,

lim f|{k <n: bup |d(x, Ag) — d(z, A)| > e} = 0.

n—oo M
In this case, we write st — 11mH Ak =Aor A, — A(HS).
The sequence {Ay} is Hausdorff statistically Cauchy if for each & > 0 there
exists a number N = N(¢) € N such that for each z € X
lim f|{k <n: sup |d(z, Ag) — d(z, AN)| > €}| = 0.

n—o00 N

A double sequence x = (xkj)k,jeN of real numbers is said to be convergent
to L € R in Pringsheim’s sense if for any € > 0, there exists N € N such that
|zk; — L| < €, whenever k, j > N.. In this case, we write

P— lim zp;=L or lim z =L.
k,j—00 k,j—00

A double sequence & = (xy;) of real numbers is said to be bounded if there
exists a positive real number M such that |zx;| < M for all k,j € N. That is
[2]|lco = sup |zy;| < oo.

k.j

Throughout the paper, we suppose A, Ay; be any non-empty closed subsets
of X.

The double sequence {Ay;} is Wijsman convergent to A if

P— lim d(z,Ay;) =d(z,A) or lim d(z,Ay;) =d(z,A)
k,j—oc0 k,j—o00

for each z € X. In this case, we write W5 —lim Ay; = A.

The double sequence {Ay;} is said to be Wijsman Cesaro summable to A if
{d(z, A;)} Cesaro summable to {d(z, A)}; that is, for each z € X,

li =

m}g}lw - Z d(z, Aj) = d(z, A).
k,j=1,1

In this case, we write Ag;  — (Wzgl A.

The double sequence {Ag;} is said to be Wijsman strongly Cesaro summable
to A if {d(z, Ayj)} strongly Cesaro summable to {d(x, A)}; that is, for each
e X,

m,n

1
li — g ) — =0.
m,’l}LIE)lOO mn 4 ‘d(ZE, Ak]) d(l'v A)| 0
k,j=1,1
. . [Waa1]
In this case, we write Ap; — A.
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The double sequence {Ag;} is said to be Wijsman strongly p-Cesaro sum-
mable to A if {d(x, Ax;)} strongly p-Cesaro summable to {d(x, A)}; that is, for
each p positive real number and for each x € X

1 m,n

im N — P _
m,l}LIEOO | Zl 1 |d(z, Agj) — d(z, A)|P = 0.
=1,

W
In this case, we write Ay; Weoel 4.,

The double sequence {Ay;} is Hausdorff statistically convergent to A if for
each ¢ > 0,

1
li —NEk < < n: d(x, Ag;) — d(z, A)| > =0.
ik <m < sup (e, Ayy) - d(a, 4)| > <)

In this case, we write sty — limy Ag; = A.

3. MAIN RESULTS

Definition 3.1. The double sequence {Ag;} is Wijsman statistically conver-
gent to A if for each € > 0 and for each x € X,

1
lim — Nk <m,j<n:|dz, Ayj) —d(z,A)| >e}| =0,

m,n—o00 Mn

that is, |d(z,Ar;) — d(z,A)] < e, aa. (kj). In this case, we write
Stg—limwAkZA.

EXAMPLE 3.2. Let X = R? and double sequence {Ay;} be following sequence:
4 {(x, y) eR?: (z— 1)+ (y)? = %} , if k and j is a square integer

k =

! {(0,0)} , otherwise.

This double sequence is bounded and Wijsman statistically convergent to the
set A ={(0,0)} but it is not Wijsman convergent.

EXAMPLE 3.3. Let X = R? and double sequence {Ay;} be following sequence:

s — {(x,y) ER?: (x— k)2 +(y—j)? = 1} , if k and j is a square integer
M {(0,0)} , otherwise.

This double sequence is Wijsman statistically convergent to the set A = {(0,0)}
but it is not Wijsman convergent.

If a double sequence of sets {Ay;} is Wijsman statistically convergent to the
set A, then {A;} need not be Wijsman convergent. Also, it is not necessary
be bounded.

EXAMPLE 3.4. Let X = R? and double sequence {Ay;} be following sequence:

A — {(z,y) eR*: (z —1)*+ (y — 1)2 = kj}, if k and j is a square integer
A {(2,2)} , otherwise.
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This double sequence is Wijsman statistically convergent to the set A = {(2,2)}
but it is neither Wijsman convergent nor bounded.

Theorem 3.5. A double set sequence {Ay;} is Wijsman statistically conver-
gent to the set A if and only if there exists a subset K = {(k,j)} € N x N,
k,7=1,2,..., such that

1
lim —NHk<m,j<n:(kj)eK}=1and kl_im d(z, Agj) = d(z, A),
,]— 00

m,n—o00 MmN
(k,j)eK

for each z € X.

Proof. Let {Ax;} be Wijsman statistical convergent to A. For each x € X, put
1

K(r,z) = {k <m,j <n:|d(z,Ayj) —d(z, A)| > }
r

and

M(r,x) = {k <m,j<n:|dz, Ax;) —d(z, A)| < i} (r=1,2,...).

Then,
. 1 . 1
lim — {kgm,jSn:|d(x,Akj)—d(x,A)2H:O
m,n—o00 MmN r
and
M1,z) DM2,z) D---DM(i,z) DM@E+1,2)--- (3.1)
and
1
li — <m,j<n: Api) — A)< -3 =1 =1,2,...).
i e <o <o Ay - de ) < T} =1 =12,

(3.2)
Now, we have to show that for (k,j) € M(r,x), {Ag;} is Wijsman convergent
to A. Suppose that {Ay;} is not Wijsman convergent to A. Therefore, there
is a number € > 0 such that for each x € X,

|d(z, Aj) —d(z, A)| > ¢
for infinitely many terms. For each z € X let
M(e,z) ={k <m,j <n:|d(z,Ar;) —d(z,A) <e} and € > % (r=1,2,...).
Then,

1
lim —
m,n—00 MN

and by (3.1), M (r,x) C M(e,z). Hence

Hk <m,j<n:l|dz,As;) —d(z, A)| <e| =0,

1
lim —
m,n—oco MnN

1
{kgm,j <n:l|d(z,Ag;) — d(z, A) < TH =0

which contradicts (3.2). Therefore, {Ay;} is Wijsman convergent to A.
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Conversely, suppose that there exists a subset K = {(k,j)} € N x N such
that

1
k,j—o00 k]

and
lim d(x,Ag;) = d(z, A)

k,j—o0

i.e., there exists IV € N such that for every £ > 0 and for each =z € X,
|d(z, Ap; —d(x,A)| <e,  Vk,j>N.
Now,

K(e,z) ={k <m,j <n:|d(z, Ag;) — d(z, A)| > €}

CNXN—{(knt1,in41)s (kng2, in+2), -} -

Therefore,

1
lim — [{k<m,j<n:|dz, Ay)—d(z,A)| > <1-1=0.

m,n—o0 MN

Hence, {A;} is Wijsman statistically convergent to A. O

If {Ag;} is convergent but unbounded then {Ay;} is Wijsman statistically
convergent but {Ay;} need not be Wijsman Cesaro summable nor strongly
Wijsman Cesaro summable.

EXAMPLE 3.6. Let X = R? and double sequence {Ay;} be defined as:

{(z,y) eR?: (x —1)>+ (y—1)2 =k} , j=1, forallk,
A =X {(z,y) eR?:(z -1+ (y—1)?=4} , k=1, forallj,
{(0,0)} , otherwise.

Then, {Ag;} is Wijsman convergent to {(0,0)} but

1

m — 4

lim Z d(z, Arj)
k,j=1,1

does not tend to a finite limit. Hence {Ay;} is not Wijsman Cesaro summable.
Also, {Ag;} is not strongly Cesaro summable but

1
i R < < n: i) — >
Jim |k <mj < s |d(e, Ag) - d(@ {0,001 2 ¢}
. m+n—1
= lim — =
m,n—00 mn

0,
that is, {Ag;} is Wijsman statistically convergent to {(0,0)}.

Theorem 3.7. If {Ag;} is Wijsman strongly p-Cesaro summable to A, then
it is Wijsman statistically convergent to A.
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Proof. For any {Ay;}, fix an € > 0. Then
> ld(a, Aiy) = d(z, )" > eP[{k <m,j < n:ld(z, Ayy) — d(@, A)| > e}
k,j=1,1
and it follows that if {A;} is Wijsman strongly p—Cesaro summable to A then
{Aj;} is Wijsman statistically convergent to A. a

Theorem 3.8. If {A;;} is Wijsman statistically convergent to A and bounded,
then it is Wijsman strongly p-Cesaro summable to A.

Proof. Let {Ag;} be bounded and Wijsman statistically convergent to A. Since
{Aj;} is bounded, set
sup {d(z, Axj)} + d(z, A) = M.
k"’j
Since {Ag;} is Wijsman statistically convergent to A, for given € > 0 we can
select N. such that for each z € X,
1 »
{k<m<n: it ) - e )= (5)}] < 55

mn 2

for all m,n > N, and set

L(e,z) = {k <m,j<n:ld@, Ay) — dz, A)| > (6)}

2
Then,
LY dw A —d@ AP = — [T (e, Ay) — d(, AP
—_ €T, Akj) — €, = T, Agy) — z,
MmN g j=1,1 ! mn \ k<m,j<n !
k,jEL(e,x)
+ X ld(z, Axy) — d(z, AP
k<m,j<n
k,j¢L(e,x)
1 mn.e 1 mn.e
_ MP 4+ —.
< mn 2MP +mn 2
_ e,
2 2 7
Hence, {A;} is Wijsman strongly p-summable to A. O

Definition 3.9. The double sequence {Ay;} is Wijsman statistically Cauchy
if for each € > 0 there exist numbers r = r(¢), s = s(e) € N such that for each
zeX,
1
lim —Nk<m,j<n:ldlz,Ar;) —d(z, Ars)| > e} = 0.

m,n—o0 MN

Theorem 3.10. A double sequence {Ay;} is Wijsman statistically convergent
if and only if {Ay;} is Wijsman statistically Cauchy.
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Proof. Suppose that sty — limy Ap; = A and € > 0. Then, we get

|d(z, Akj) — d(z, A)| < a.a. (k,j).

| ™

If r, s is chosen so that |d(x, Ays) — d(z, A)

< £, then we have for each x € X,

N|m

|d(z, Ag;) —d(z, Ars)| < |d(z, Ag;) — d(z, A)| + |d(z, Ars) — d(x, A)|

+ % =¢, aa. (kj).

<

| ™

Hence, {Ag;} is a Wijsman statistically Cauchy double sequence.

Conversely let Ay; is a Wijsman statistically Cauchy double sequence, then
choose r, s so that the band I = [d(z, Ays) — 1, d(x, Ays) + 1] contains d(x, Ag;)
a.a. (k,j) for each (fixed) z € X. Now choose ry, s; such that I’ = [d(x, Ay s,)—
3.d(z, Ars,) + 3] contains d(z, Ay;) a.a. (k,j) for each (fixed) z € X. We
assert that I; = I NI’ contains d(x, Ax;) a.a. (k,j) for each (fixed) z € X,
then

{k<m,j<n:d(z,Ar;)) ¢} = {k<m,j<n:d(x,Ax;) ¢ I}
Uk <m,j <n:d(z, Ag) € 1'}

for each (fixed) x € X, so

lim i{k <m,j<n:d(z,Ax;) € i}

m,n—oo MmN

1
= lim —{k<m,j<n:d(z, Ay) &1}

m,n—o00 MmN

. 1 . y
—1—1%171111)1Oo %{k <m,j<n:d(z A) ¢I'}
for each (fixed) z € X.

Therefore I is a closed band of height less than or equal to 1 that contains
d(z, Agj) a.a. (k,j) for every € X. Now we proceed by choosing 7, s2 so
that I” = [d(z, Ar,s,) — +,d(z, Ay,s,) + 1] contains d(z, Ay;) a.a. (k,j) and
by the preceding argument I, = I N 1" contains d(x, Ag;) a.a. (k,j) for each
(fixed) # € X and I has height less than or equal to 3. Continuing inductively
we construct a sequence {I,}5°; of closed band such that for each p, I}, 2 I11,
the height of I,, is not greater than 2! =7 and d(x, Ax;) € I, a.a. (k,j) for each
(fixed) x € X. Thus, there exists d(x, A), defined on X, that {d(z, A)} is equal
to (= Ip-

Now, we show that {d(x, Ax;)} is statistically convergent to d(z, A) on X.
Let £ > 0 be given, then there exist ¢ such that £ > 2'~9. Then from the above
construction it follows that d(x, Ax;) € I; a.a. (k,j) for each (fixed) z € X.
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‘We have
1 .
—|{k <m0, Arg) — d(z, A)| 2 €}

1
< - <m,i<n: A I} — 0.
< mnHk_ J <nid(x, Agj) & I} — 0

for each (fixed) € X. Thus, the proof of the theorem is completed.
O

Theorem 3.11. If {A;;} is Hausdorff statistically convergent to A, then it is
Wijsman statistically convergent to A.

Proof. For any {Ax;}, each € > 0 and = € X, since
[{k <m,j <n:ld(z,Ag;) — d(z, A)| > e}|

<

)

zeX

{k <m,j <n:sup|d(z,A;) —d(z,A)| > 5}

then we have the result. O

Definition 3.12. The sequence {Ay;} is Hausdorff statistically Cauchy if for
each € > 0 there exist numbers r = r(g), s = s(¢) € N such that

1
li —Hk < < n: d(x, Ag;) — d(x, Ars)| > =0.
i ik < m.j < nsup (e, Ai) — d(x An)] 2 <)

Theorem 3.13. A double sequence {Ay;} is Hausdorff statistically convergent
if and only if {Ay;} is Hausdorff statistically Cauchy.

Proof. The proof is similar to the proof of Theorem 3.10 (]
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