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1. Introduction

Let E be a Banach space with dual E∗. The pairing between E and E∗ is

denoted by 〈., .〉 and norm both in E and E∗ is designed by ‖.‖. We denote by R,

R+ and N the set of all real numbers, the set of all nonnegative real numbers and

the set of all positive integers, respectively. The normalized duality mapping

J : E ⇉ E∗ is defined by

J(x) = {x∗ ∈ E∗|〈x, x∗〉 = ‖x‖2 = ‖x∗‖2}.

If E is a Hilbert space, then the duality mapping is identity. We denote the

strong convergence and the weak convergence of a sequence {xn} to x in E by

xn → x and xn ⇀ x, respectively. The duality mapping J is said to be weakly

sequentially continuous if {Jxn} converges to Jx in the weak* topology of E∗

whenever {xn} is a sequence of E such that xn ⇀ x. A Banach space E is

strictly convex if and only if x 6= y and ‖x‖ = ‖y‖ = 1 together imply that

‖x + y‖ < 2. A Banach space E is uniformly convex if for any ε > 0 there

exists some δ > 0 so that for any two vectors with ‖x‖ = 1 and ‖y‖ = 1, the

condition ‖x − y‖ ≥ ε implies that ‖x+y
2 ‖ ≤ 1 − δ. Also a Banach space E is

uniformly smooth if limt→0
ρE(t)

t
= 0, where,

ρE(t) = sup{
‖x+ y‖+ ‖x− y‖

2
− 1 : ‖x‖ = 1, ‖y‖ = t},

is modulus of smoothness of E. Let q > 1. A Banach space E is said to be

q-uniformly smooth if there exists a fixed constant c > 0 such that ρE(t) ≤ ctq.

Here, some notes in [7, 18] is recalled:

(1) If E is an arbitrary Banach space, then J is monotone and bounded.

(2) If E is smooth, then J is single-valued and semi-continuous.

(3) If E is uniformly smooth, then J is uniformly norm-to-norm continuous on

each bounded subset of E and E is smooth and reflexive.

(4) If E is strictly convex, then J is one-to-one and strictly monotone.

(5) If E is reflexive, then J is surjective.

(6) If E is reflexive, smooth and strictly convex, then J is single valued, one-

to-one and onto.

(7) If E is uniformly convex, then it is reflexive.

(8) If E is uniformly smooth, then E is smooth and reflexive.

(9) E is uniformly smooth if and only if E∗ is uniformly convex.

A set-valued operator T : E ⇉ E∗ is

• monotone if

〈x− y, x∗ − y∗〉 ≥ 0 ∀ (x, x∗), (y, y∗) ∈ G(T ),
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• strictly monotone if

〈x− y, x∗ − y∗〉 = 0 (x, x∗), (y, y∗) ∈ G(T ) ⇒ x = y.

Also a single-valued operator T : E → E∗ is α-inverse-strongly monotone if

there exists a constant α > 0 such that

〈Tx− Ty, x− y〉 ≥ α‖Tx− Ty‖2, ∀ (x, Tx), (y, Ty) ∈ G(T ),

where G(T ) := {(x, y) ∈ E × E∗; y ∈ Tx}. The domain of T is D(T ) :=

{x ∈ E; Tx 6= ∅}, range of T is denoted by R(T ) := T (E) and F (T ) := {x ∈

E;Tx = x} is the set of fixed points of T . A point p in closed and convex subset

C of E is called an asymptotic fixed point of T [14] if C contains a sequence

{xn} which converges weakly to p such that limn→∞ ‖xn − Txn‖ = 0. The set

of asymptotic fixed points of T is denoted by F̂ (T ). A monotone operator T

is called maximal monotone, if its graph has no monotone extension graph in

the sense of inclusion. Minty surjectivity theorem indicates R(T + J) = E∗ for

maximal monotone operator T in reflexive Banach space E. Resolvent operator

of T on Banach space E denotes by Jr
T = (J + rT )−1J for all r > 0. For any

r > 0, the Yosida approximation of T is defined by Tr =
(J−JJT

r )
r

. Notice that

Tr(x) ∈ T (Jr
T (x)) for any x ∈ E. The graph of maximal monotone operator

T : E ⇉ E∗ is demiclosed, i.e., if {xk} ⊂ E converges weakly to x0, {uk ∈ Txk}

converges strongly to u0, then u0 ∈ Tx0.

Assume E is smooth and consider the functional φ : E × E → R defined

by

φ(x, y) = ‖x‖2 − 2 < x, Jy > +‖y‖2 for x, y ∈ E,

the above function was studied in [1, 9, 14]. It is comprehensible from the

definition of φ that

(‖y‖ − ‖x‖)2 ≤ φ(y, x) ≤ (‖y‖+ ‖x‖)2, ∀x, y ∈ E. (1.1)

Let C be a nonempty, closed and convex subset of E. A mapping T : C → C

is called:

(D1) quasi-φ-nonexpansive [13, 23] if F (T ) 6= ∅ and

φ(p, Sx) ≤ φ(p, x), ∀x ∈ C p ∈ F (T );

(D2) relatively nonexpansive [2, 4] if F̂ (T ) = F (T ) and

φ(p, Tx) ≤ φ(p, x), ∀ x ∈ C, p ∈ F (T ).

The mapping ΠC : E → C that assigns to an arbitrary point x ∈ E the
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minimum point of the functional φ(x, y), i.e.,

φ(x, x) = infy∈Cφ(y, x),

is called generalized projection.

From the properties of the functional φ(y, x) and the strict monotonicity of

the mapping J we conclude the existence and uniqueness of the operator ΠC

[18, 7, 9]. If E be a Hilbert space, then ΠC reduce into metric projection.

Let fi : C × C → R be a bifunction, φi : C → R be a real valued func-

tion and Ai : C → E∗ be a nonlinear mapping for i = 1, 2, ...,m. The system

of generalized mixed equilibrium problems is as follows:

find x ∈ C such that for all y ∈ C,





f1(x, y) + 〈y − x,A1x〉+ φ1(y)− φ1(x) ≥ 0,

f2(x, y) + 〈y − x,A2x〉+ φ2(y)− φ2(x) ≥ 0,
...

fm(x, y) + 〈y − x,Amx〉+ φm(y)− φm(x) ≥ 0.

(1.2)

We denote by Ω(fi, Ai, φi) the solutions set of (1.2).

If fi = f , Ai = A and φi = φ for all i = 1, 2, ...,m the problem (1.2) reduce

into generalized mixed equilibrium problem, i.e., finding x ∈ C such that

f(x, y) + 〈y − x,Ax〉+ φ(y)− φ(x) ≥ 0, ∀y ∈ C. (1.3)

The solutions set of the problem (1.3) is denoted by Ω. If f = 0 and φ = 0 the

problem (1.3) reduce into variational inequality problem, denoted by V I(C,A),

i.e., finding x ∈ C such that

〈y − x,Ax〉 ≥ 0, ∀y ∈ C.

If Ai = 0 for all i = 1, 2, ...,m the problem (1.2) reduce into the system of

mixed equilibrium problem for f , i.e., finding x ∈ C such that





f1(x, y) + φ1(y)− φ1(x) ≥ 0,

f2(x, y) + φ2(y)− φ2(x) ≥ 0,
...

fm(x, y) + φm(y)− φm(x) ≥ 0.

If fi = 0 for all i = 1, 2, ...,m the problem (1.2) reduce into the system of mixed

variational inequality of Browder type, i.e., finding x ∈ C such that





〈y − x,A1x〉+ φ1(y)− φ1(x) ≥ 0,

〈y − x,A2x〉+ φ2(y)− φ2(x) ≥ 0,
...

〈y − x,Amx〉+ φm(y)− φm(x) ≥ 0.
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If φi = 0 for all i = 1, 2, ...,m the problem (1.2) reduce into the system of

generalized equilibrium problems denoted by GEP(fi, Ai), i.e., finding x ∈ C

such that





f1(x, y) + 〈y − x,A1x〉 ≥ 0,

f2(x, y) + 〈y − x,A2x〉 ≥ 0,
...

fm(x, y) + 〈y − x,Amx〉 ≥ 0.

If Ai = 0 and φi = 0 for all i = 1, 2, ...,m the problem (1.2) reduce into the

system of equilibrium problem for fi, i.e.,





f1(x, y) ≥ 0,

f2(x, y) ≥ 0,
...

fm(x, y) ≥ 0.

One of the main problems in the theory of monotone operators is

find x ∈ E such that 0 ∈ Tx,

where T : E ⇉ E∗ is a maximal monotone operator.

For this problem, first Martinet [11] presented proximal point algorithm and

then Rockafellar [15] generalized it in a framework of maximal monotone op-

erators in a Hilbert space.

In 2012 Wattanawitoon and Kumam [19] considered the the following itera-

tive method for a maximal monotone operator T on a 2-uniformly convex and

uniformly smooth Banach space E: x1 = x ∈ C and

un = Krnxn,

zn = ΠCJ
−1(J − λnA)un,

γn = J−1(βnJxn + (1− βn)JSJrnzn),

xn+1 = ΠCJ
−1(αnJx+ (1− αn)Jγn),

for all n ∈ N , where ΠC is the generalized projection from E onto C, S is a

relatively nonexpansive mapping from C into itself, B : C → E∗ is a continuous

and monotone operators, φ : C → R is convex and lower semicontinuous,

f : C × C → R is a bifunction and

Kr(x) = {u ∈ C : f(x, y)+〈Bu, y−u〉+φ(y)−φ(u)+
1

r
〈y−u, Ju−Jx〉 ≥ 0, ∀y ∈ C}

for all x ∈ E. They proved the sequence {xn} converges strongly to ΠFx,

where F = F (Kr) ∩ V I(C,A) ∩ T−10 ∩ F (S).
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In 2013 Saewan and et al. [16] introduced the following algorithm: x1 ∈ C and

zn = JBl

λl,n
◦ J

Bl−1

λl−1,n
◦ ... ◦ JB1

λ1,n
xn,

un = KΦm
rm,n ◦KΦm−1

rm−1,n
◦ ... ◦KΦ1

r1,n
zn,

Cn+1 = {z ∈ Cn : φ(z, un) ≤ φ(z, xn)},

xn+1 = ΠCn+1
x1, ∀n ≥ 1,

where fi : C × C → R for any i = 1, 2, 3, ...,m is a bifunction, {Ai} is a finite

family of continuous and monotone mappings from C to E∗, Bj ⊂ E ×E∗ for

all j ∈ {1, 2, ..., l} is maximal monotone operator and

KΦi
ri

(x) = {z ∈ C : Φi(z, y) +
1

ri
〈y − z, Jz − Jx〉 ≥ 0, ∀y ∈ C} ∀ x ∈ C,

where Φi(z, y) = fi(z, y) + 〈y − z,Aiz〉. They showed the sequence {xn} con-

verges strongly to a point p ∈ F = (
⋂m

i=1 GEP (fi, Ai) ∩ (
⋂l

j=1 B
−1
j 0), where

p = ΠFx1.

Also Cai and Bu [3] in 2013 investigated the sequence {xn} generated from the

following scheme: u1 ∈ C and

xn ∈ C such that f(xn, y) + 〈Bxn, y − xn〉+
1

rn
〈y − xn, Jxn, Jun〉 ≥ 0, ∀y ∈ C,

zn = ΠCJ
−1(Jxn − λnAxn), (1.4)

un+1 = J−1(αnJxn + βnJTnzn + γnJSnzn), ∀n ≥ 1,

where f : C×C → R is a bifunction, B : C → E∗ is a β-inverse strongly mono-

tone operator, A : C → E∗ is an α-inverse strongly monotone operator, {Tn}

and {Sn} are two sequences of relatively nonexpansive mappings from C into

C. They proved {xn} converges weakly to z ∈ F =
⋂∞

i=1 F (Ti) ∩
⋂∞

i=1 F (Si) ∩

GEP (f,A) ∩ V I(C,A), where z = limn→∞ ΠFxn.

There is the fact that projection method and its different kinds including

the Wiener-Hopf equations can not be expanded and improved to solve mixed

equilibrium-variational inequalities due to the nature of the problem. This

truth motivated us to study the auxiliary flexible methods. With this moti-

vation, we present two iteration methods which converges weakly to common

point of the solutions set of the system of generalized mixed equilibrium prob-

lems, solutions set of the variational inequality for an inverse-strongly mono-

tone operator, common fixed points set of two infinite sequences of relatively

nonexpansive mappings and common zero points set of two finite sequences of

maximal monotone operators.

2. Preliminaries

Following lemmas and notations are necessary for proof of our main results.
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Lemma 2.1. [17] If {an} and {bn} are two real nonnegative sequences satis-

fying

an+1 ≤ an + bn ∀n ≥ 1,

∞∑

n=1

an < ∞,

then {an} is convergent.

Lemma 2.2. [20] If E be a 2-uniformly convex Banach space, then for all

x, y ∈ E we have

‖x− y‖ ≤
2

c2
‖Jx− Jy‖,

where J is the normalized duality mapping of E and 1
c
(0 < c ≤ 1) is the

2-uniformly convex constant of E.

Lemma 2.3. [6] Let E be a uniformly convex Banach space and Br(0) = {x ∈

E : ‖x‖ ≤ r} be a closed ball of E. Then there exists a continuous strictly

increasing convex function g : [0,∞) → [0,∞) such that g(0) = 0 and

‖λx+ µy + γz‖2 ≤ λ‖x‖2 + µ‖y‖2 + γ‖z‖2 − λµγg(‖x− y‖),

for all x, y, z ∈ Br(0) and λ, µ, γ ∈ [0, 1] with λ+ µ+ γ = 1.

We see important consequences that are proved by Kamimura and Taka-

hashi.

Lemma 2.4. [9] Let E be a smooth and uniformly convex Banach space. Let

{xn} and {yn} be sequences in E such that either {xn} or {yn} is bounded. If

limn→∞ ϕ(xn, yn) = 0, then limn→∞ ‖xn − yn‖ = 0.

Lemma 2.5. [9] Let E be a smooth and uniformly convex Banach space and let

r > 0. Then there exists a strictly increasing, continuous and convex function

g : [0, 2r] → R such that g(0) = 0 and g(‖x− y‖) ≤ φ(x, y) for all x, y ∈ Br(0),

where Br(0) = {z ∈ E : ‖z‖ ≤ r}.

Lemma 2.6. [9] Let E be a strictly convex, smooth and reflexive Banach space

and T : E ⇉ E∗ be a maximal monotone operator. If T−1(0) 6= ∅, then for any

r > 0,

φ(u, JT
r x) + φ(JT

r x, x) ≤ φ(u, x),

where u ∈ T−1(0) and x ∈ E.

We now record famous consequences of Alber:

Lemma 2.7. [1] Let E be a smooth Banach space, let C be a nonempty closed

convex subset of E, and let x ∈ E and x0 ∈ C. Then x0 = ΠCx if and only if

〈y − x0, Jx− Jx0〉 ≤ 0 for all y ∈ C.
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Lemma 2.8. [1] Let E be a reflexive, strictly convex and smooth Banach space,

let C be a nonempty closed convex subset of E and let x ∈ E. Then

φ(y,ΠCx) + φ(ΠCx, x) ≤ φ(y, x), ∀y ∈ C.

Also another concept used in this paper which was studied by Alber [1] is

mapping V : E × E∗ → R:

V (x, x∗) = ‖x‖2 − 2〈x, x∗〉+ ‖x∗‖2,

for all x ∈ E and x∗ ∈ E∗. It is easy to see that V (x, x∗) = φ(x, J−1(x∗))

for each x ∈ E and x∗ ∈ E∗. Further, it is noteworthy that V is continuous

and convex respect to second component. More mention on functional V is in

order.

Lemma 2.9. [10] Let E be a strictly convex, smooth and reflexive Banach

space. Then

V (x, x∗) + 2〈J−1(x∗)− x, y∗〉 ≤ V (x, x∗ + y∗),

for all x ∈ E and x∗, y∗ ∈ E∗.

To solve the equilibrium problem for a bifunction f : C × C → R, suppose

that f satisfies the following conditions:

(C1) f(x, x) = 0 for all x ∈ C;

(C2) f is monotone, i.e., f(x, y) + f(y, x) ≤ 0 for all x, y ∈ C;

(C3) for each x, y, z ∈ C,

lim
t↓0

f(tz + (1− t)x, y) ≤ f(x, y);

(C4) for each x ∈ C, y 7→ f(x, y) is convex and lower semicontinuous.

The following results for solving the different types of equilibrium problems

are noteworthy and important.

Lemma 2.10. [15] Let C be a nonempty closed convex subset of a Banach

space E and let A be a monotone operator from C to E∗ such that D(A) = C

and t → A(tx + (1 − t)y) for all x, y ∈ C, is continuous with respect to the

weak* topology of E∗. Let B ⊂ E × E∗ be an operator defined as follows:

Bv =

{
Av +NC(v), v ∈ C,

∅, v 6= C,

where NC(v) := {x∗ ∈ E∗ : 〈v, y − x〉 ≥ 0, ∀y ∈ C} is the normal cone for C

at a point v ∈ C. Then B is maximal monotone and B−1(0) = V I(C,A).

Lemma 2.11. [21]Let C be a closed convex subset of a smooth, strictly convex

and reflexive Banach space E. Let A : C → E∗ be a continuous and monotone

mapping, φ : C → R is convex and lower semi-continuous and f be a bifunction

 [
 D

O
I:

 1
0.

75
08

/ij
m

si
.2

01
7.

2.
00

5 
] 

 [
 D

ow
nl

oa
de

d 
fr

om
 ij

m
si

.ir
 o

n 
20

25
-0

6-
13

 ]
 

                             8 / 27

http://dx.doi.org/10.7508/ijmsi.2017.2.005
https://ijmsi.ir/article-1-666-en.html


Common Zero Points of Two Finite Families of Maximal Monotone Operators· · · 81

from C ×C to R satisfying (C1)-(C4). For r > 0 and x ∈ E, then there exists

u ∈ C such that

f(u, y) + 〈Au, y − u〉+ φ(y)− φ(u) +
1

r
〈y − u, Ju− Jx〉 ≥ 0, ∀y ∈ C.

Define a mapping KΘ
r : C → C as follows:

KΘ
r (x) = {u ∈ C : Θ(u, y) +

1

r
〈y − u, Ju− Jx〉 ≥ 0, ∀y ∈ C} ∀x ∈ C, (2.1)

where Θ(u, y) = f(u, y)+ < Au, y − u > +φ(y) − φ(u) for all u, y ∈ C. Then

the followings hold:

(a) KΘ
r is single-valued;

(b) KΘ
r is firmly nonexpansive, i.e., for all x, y ∈ E,

〈KΘ
r x−KΘ

r y, JKΘ
r x− JKΘ

r y〉 ≤ 〈KΘ
r x−KΘ

r y, Jx− Jy〉;

(c) F (KΘ
r ) = Ω;

(d) Ω is closed and convex;

(e) φ(p,KΘ
r z) + φ(KΘ

r z, z) ≤ φ(p, z), ∀p ∈ F (KΘ
r ), z ∈ E.

Hereinafter, we define KΘi
ri

(x) : C → C by

KΘi
ri

(x) = {u ∈ C : Θi(u, y) +
1

ri
〈y − u, Ju− Jx〉 ≥ 0, ∀y ∈ C} ∀x ∈ C,

where Θi(u, y) = fi(u, y) + 〈Aiu, y − u〉+ φi(y)− φi(u).

Remark 2.12. [21] It follows from Lemma 2.11 that the mapping KΘ
r : C → C

defined by (2.1) is a relatively nonexpansive mapping. Thus, it is quasi-φ-

nonexpansive.

During the last three decades, many researchers have been achieved the

number of results on common fixed point of different types of mappings, see

[5, 8, 12, 13]. A few consequences follow.

Lemma 2.13. [12] Let E be a strictly convex Banach space whose norm is

Frechét differentiable, let C be a nonempty closed convex subsets of E, and let

{Tn} be a countable family of relatively nonexpansive mappings from C into E

such that Tx = limn→∞ Tnx for all x ∈ C. Then F (T ) is closed and convex.

Lemma 2.14. [12] Let C be a nonempty subset of a Banach space E and let

{Tn} be a sequence of mappings from C into E. Suppose that for any bounded

subset B of C there exists a continuous increasing function hB from R
+ into R

+

such that hB(0) = 0 and limk,l→∞ ρkl = 0, where ρkl := sup{hB(‖Tkz − Tlz‖) :

z ∈ B} < ∞ for all k, l ∈ N . Then

lim sup
n→∞

{hB(‖Tz − Tnz‖) : z ∈ B} = 0.
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Lemma 2.15. [12] If
∑∞

n=1 sup{hB(‖Tn+1z − Tnz‖) : z ∈ B} < ∞ and hB :

R
+ → R

+ is a continuous, increasing function such that hB(0) = 0, then

lim sup
n→∞

{hB(‖Tkz − Tlz‖) : z ∈ B} = 0.

Lemma 2.16. [13] Let E be a strictly convex and smooth Banach space, C be

a nonempty closed convex subset of E and T : C → C be a relatively quasi-

nonexpansive mapping. Then F (T ) is a closed convex subset of C.

Lemma 2.17. [22] Let C be a nonempty closed and convex subset of a real uni-

formly convex Banach space E. Let Tj : C → E, j = 1, 2, ... be closed relatively

quasi-nonexpansive mappings such that
⋂∞

j=1 F (Tj) 6= ∅. Then the mapping

T := J−1(
∑∞

j=0 ξjJTj) : C → E is closed relatively quasi-nonexpansive and

F (T ) =
⋂∞

j=1 F (Tj), where
∑∞

j=0 ξj = 1 and T0 = I.

3. Main Results

In this section we will present present our main results.

Theorem 3.1. Let E be a 2-uniformly convex and smooth Banach space, let

C be a nonempty closed convex subset of E. For any i = 1, 2, 3, ...,m, let fi

be a bifunction from C × C to R satisfying (C1) − (C4) and let {Ai} be a

finite family of continuous and monotone mappings from C to E∗ and {φi}

be a finite family of proper lower semicontinuous and convex functions from

C to R. Let A : C → E∗ be an α-inverse strongly monotone operator. Let

Tj , Sk ⊂ E × E∗ be maximal monotone operators satisfying D(Tj), D(Sk) ⊂ C

and J
Tj
ρj,n = (J + ρj,nTj)

−1J for all ρj,n > 0 and j = 1, 2, ..., l, also JSk

ρ′

k,n

=

(J + ρ′k,nSk)
−1J for all ρ′k,n > 0 and k = 1, 2, ..., l′. Let {T ′

n} and {S′
n} be

two sequences of relatively nonexpansive mappings from C into itself such that

F :=
⋂∞

i=1 F (T ′
i ) ∩

⋂∞

i=1 F (S′
i) ∩

⋂l

i=1 T
−1
i 0 ∩

⋂l′

i=1 S
−1
i 0 ∩

⋂m

i=1 Ω(fi, Ai, φi) ∩

V I(C,A) 6= ∅ and ‖Ax‖ ≤ ‖Ax−Av‖ for all x ∈ C and v ∈ F .

Assume that for any bounded subset B of C there exists an increasing, contin-

uous and convex function hB from R
+ into R+ such that hB(0) = 0 and

lim sup
k,l→∞

{hB(‖T
′
kz − T ′

l z‖) : z ∈ B)} = 0, lim sup
k,l→∞

{hB(‖S
′
kz − S′

lz‖) : z ∈ B)} = 0.(3.1)

Let T ′, S′ : C → E such that T ′x = limn→∞ T ′
nx, S′x = limn→∞ S′

nx for

all x ∈ C and suppose that F (T ′) =
⋂∞

i=1 F (T ′
i ) =

⋂∞

i=1 F̂ (T ′
i ) = F̂ (T ′) and

F (S′) =
⋂∞

i=1 F (S′
i) =

⋂∞

i=1 F̂ (S′
i) = F̂ (S′).

Assume that u ∈ E is given, {αn}, {µn}, {βn}, {γn}, {ηn} ⊆ [0, 1] and {rn} is

a sequence in (0,∞) such that

i. αn + βn + γn + ηn = 1, ii.
∑∞

n=1 µnαn < ∞, iii.
∑∞

n=1 µnβn <

∞,

iv. lim infn→∞ ηnµn(1− µn) > 0, v. lim infn→∞ µnγn(1− µn) > 0,

vi. lim infn→∞ ρj,n > 0 for each j ∈ {1, 2, ..., l},
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vii. lim infn→∞ ρ′j,n > 0 for each j ∈ {1, 2, ..., l′},

viii. {ri,n} ⊂ [a,∞) for some a > 0 and for any i ∈ {1, 2, ...,m},

ix. {λn} ⊂ [d, e] for some d, e with 0 < d < e < c2α
2 , where 1

c
is the 2-uniformly

convexity constant of E,

x. the sequence {en} ⊂ E is bounded.

For arbitrary u ∈ E generate a sequence {xn} by following method

xn = KΘm
rm,n ◦KΘm−1

rm−1,n
◦ ...KΘ1

r1,n
un,

zn = ΠCJ
−1(Jxn − λnAxn),

un+1 = JTl
ρl,n

◦ JTl−1

ρl−1,n
◦ ...JT1

ρ1,n
J−1[µn(αnJu+ βnJen

+ γnJS
′
nJ

Sl′

ρ′

l′
,n

◦ J
Sl′−1

ρ′

l′−1
,n

◦ ...JS1

ρ′

1
,n
zn + ηnJT

′
nzn) + (1− µn)Jxn].

If J is weakly sequentially continuous, then the sequence {xn} converges weakly

to a point x∗ ∈ F .

Proof. The proof will be accomplished in 10 steps.

Step 1. First, we will prove {xn} is bounded. From Lemmas 2.8 and 2.9 and

for u∗ ∈ F ,

φ(u∗, zn) = φ(u∗,ΠCJ
−1(Jxn − λnAxn))

≤ φ(u∗, J−1(Jxn − λnAxn))

= V (u∗, Jxn − λnAxn)

≤ V (u∗, Jxn − λnAxn + λnAxn)− 2〈J−1(Jxn − λnAxn)− u∗, λnAxn〉

= V (u∗, Jxn)− 2〈J−1(Jxn − λnAxn)− u∗, λnAxn〉 (3.2)

= φ(u∗, xn)− 2λn〈xn − u∗, Axn〉+ 2〈J−1(Jxn − λnAxn)− xn,−λnAxn〉.

Since u ∈ V I(C,A) and A is α-strongly monotone,

−2λn〈xn − u∗, Axn〉 = −2λn〈xn − u∗, Axn −Au∗〉 − 2λn〈xn − u∗, Au∗〉

≤ −2αλn‖Axn −Au∗‖2. (3.3)

By Lemma 2.2 and condition ‖Ay‖ ≤ ‖Ay −Au∗‖ for all y ∈ C and u∗ ∈ F ,

2〈J−1(Jxn − λnAxn)− xn,−λnAxn〉 = 2〈J−1(Jxn − λnAxn)

− J−1Jxn,−λnAxn〉 ≤ 2‖J−1(Jxn − λnAxn)− J−1Jxn‖‖λnAxn‖

≤
4

c2
‖JJ−1(Jxn − λnAxn)− JJ−1Jxn‖‖λnAxn‖

=
4

c2
λ2
n‖Axn‖

2

≤
4

c2
λ2
n‖Axn −Au∗‖2. (3.4)

By (3.2), (3.3) and (3.4) and assumption (ix),

φ(u∗, zn) ≤ φ(u∗, xn) + 2λn(
2λn

c2
− α)‖Axn −Au∗‖2 ≤ φ(u∗, xn). (3.5)
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For u∗ ∈ F , by (3.5), condition (x), Lemmas 2.11 and 2.1 and relatively non-

expansivity of mappings T ′
n and S′

n for any n ∈ N,

φ(u∗, xn+1) = φ(u∗,KΘm

rm,n+1 ◦K
Θm−1

rm−1,n+1 ◦ ...K
Θ1

r1,n+1un+1) ≤ φ(u∗, un+1)

= φ(u∗, JTl
ρl,n

◦ JTl−1

ρl−1,n
◦ ...JT1

ρ1,n
J−1[µn(αnJu+ βnJen

+ γnJS
′
nJ

Sl′

ρ′

l′
,n

◦ J
Sl′−1

ρ′

l′−1
,n

◦ ...JS1

ρ′

1
,n
zn + ηnJT

′
nzn) + (1− µn)Jxn])

≤ φ(u∗, J−1[µn(αnJu+ βnJen + γnJS
′
nJ

Sl′

ρ′

l′
,n

◦ J
Sl′−1

ρ′

l′−1
,n

◦ ...JS1

ρ′

1
,n
zn

+ ηnJT
′
nzn) + (1− µn)Jxn])

= V (u∗, µn(αnJu+ βnJen + γnJS
′
nJ

Sl′

ρ′

l′
,n

◦ J
Sl′−1

ρ′

l′−1
,n

◦ ...JS1

ρ′

1
,n
zn

+ ηnJT
′
nzn) + (1− µn)Jxn)

≤ µnαnφ(u
∗, u) + µnβnφ(u

∗, en) + µnγnφ(u
∗, S′

nJ
Sl′

ρ′

l′
,n

◦ J
Sl′−1

ρ′

l′−1
,n

◦ ...JS1

ρ′

1
,n
zn)

+ µnηnφ(u
∗, T ′

nzn) + (1− µn)φ(u
∗, xn)

≤ µnαnφ(u
∗, u) + µnβnφ(u

∗, en) + µnγnφ(u
∗, J

Sl′

ρ′

l′
,n

◦ J
Sl′−1

ρ′

l′−1
,n

◦ ...JS1

ρ′

1
,n
zn)

+ µnηnφ(u
∗, zn) + (1− µn)φ(u

∗, xn)

≤ µnαnφ(u
∗, u) + µnβnφ(u

∗, en) + (µnγn + µnηn)φ(u
∗, zn) + (1− µn)φ(u

∗, xn)

≤ µnαnφ(u
∗, u) + µnβnL+ (1− µn(1− γn − ηn))φ(u

∗, xn)

≤ µnαnφ(u
∗, u) + µnβnL+ φ(u∗, xn), (3.6)

where φ(u∗, en) ≤ L. From (ii), (iii) and Lemma 2.1, we obtain that limn→∞ φ(u∗, xn)

exists. Without any loss of generality we assume that limn→∞ φ(u∗, xn) = p.

Then (1.1) will let us conclude that {xn} is bounded and there exist a subse-

quence {xnk
} and x∗ ∈ E such that xnk

⇀ x∗ as nk → ∞. By (3.5), we have

{zn} is also bounded.

Step 2. We prove that ‖xn − zn‖ → 0 as n → ∞, so, znk
⇀ x∗ as nk → ∞.

Using (3.5) and (3.6),

φ(u∗, xn+1) ≤ µnαnφ(u
∗, u) + µnβnL+ (1− µn)φ(u

∗, xn)

+ (µnγn + µnηn)φ(u
∗, zn)

≤ µnαnφ(u
∗, u) + µnβnL+ (1− µn)φ(u

∗, xn)

+ (µnγn + µnηn)[φ(u
∗, xn) + 2λn(

2λn

c2
− α)‖Axn −Au∗‖2]

≤ µnαnφ(u
∗, u) + µnβnL+ φ(u∗, xn) + 2λn(

2λn

c2
− α)‖Axn −Au∗‖2.

This gives us

2λn(α−
2λn

c2
)‖Axn −Au∗‖2 ≤ µnαnφ(u

∗, u) + µnβnL+ φ(u∗, xn)− φ(u∗, xn+1).
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By (ii), (iii), (ix) and since {φ(u∗, xn)} is convergent, we have

lim
n→∞

‖Axn −Au∗‖ = 0.

Applying Lemmas 2.2, 2.8 and 2.9 and condition ‖Ax‖ ≤ ‖Ax − Av‖ for all

x ∈ C and v ∈ F , we get

φ(xn, zn) = φ(xn,ΠCJ
−1(Jxn − λnAxn))

≤ φ(xn, J
−1(Jxn − λnAxn))

≤ V (xn, Jxn − λnAxn)

≤ V (xn, Jxn − λnAxn + λnAxn)− 2〈J−1(Jxn − λnAxn)− xn, λnAxn〉

= φ(xn, xn) + 2〈J−1(Jxn − λnAxn)− xn,−λnAxn〉

= 2〈J−1(Jxn − λnAxn)− J−1Jxn,−λnAxn〉

≤ 2‖J−1(Jxn − λnAxn)− J−1Jxn‖‖λnAxn‖

≤
4

c2
‖JJ−1(Jxn − λnAxn)− JJ−1Jxn‖‖λnAxn‖

≤
4

c2
λ2
n‖Axn‖

2

≤
4

c2
λ2
n‖Axn −Au∗‖2

→ 0 as n → ∞.

From Lemma 2.4, we see that

lim
n→∞

‖xn − zn‖ = 0. (3.7)
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Step 3. We show that ‖T ′
nzn − zn‖ → 0 as n → ∞. Since

φ(u∗, xn+1) ≤ φ(u∗, un+1)

≤ φ(u∗, J−1[µn(αnJu+ βnJen + γnJS
′
nJ

Sl′

ρ′

l′
,n

◦ J
Sl′−1

ρ′

l′−1
,n

◦ ...JS1

ρ′

1
,n
zn

+ ηnJT
′
nzn) + (1− µn)Jxn])

= ‖u∗‖2 − 2µnαn〈u
∗, Ju〉 − 2µnβn〈u

∗, Jen〉

− 2µnγn〈u
∗, JS′

nJ
Sl′

ρ′

l′
,n

◦ J
Sl′−1

ρ′

l′−1
,n

◦ ...JS1

ρ′

1
,n
zn〉

− 2µnηn〈u
∗, JT ′

nzn〉 − 2(1− µn)〈u
∗, Jxn〉

+ ‖µn(αnJu+ βnJen + γnJS
′
nJ

Sl′

ρ′

l′
,n

◦ J
Sl′−1

ρ′

l′−1
,n

◦ ...JS1

ρ′

1
,n
zn + ηnJT

′
nzn)

+ (1− µn)Jxn‖
2 − ηnµn(1− µn)g1(‖JT

′
nzn − Jxn‖)

≤ µnαnφ(u
∗, u) + µnβnφ(u

∗, en) + µnγnφ(u
∗, S′

nJ
Sl′

ρ′

l′
,n

◦ J
Sl′−1

ρ′

l′−1
,n

◦ ...JS1

ρ′

1
,n
zn)

+ µnηnφ(u
∗, T ′

nzn) + (1− µn)φ(u
∗, xn)− ηnµn(1− µn)g1(‖JT

′
nzn − Jxn‖)

≤ µnαnφ(u
∗, u) + µnβnφ(u

∗, en) + (µnγn + µnηn)φ(u
∗, zn)

+ (1− µn)φ(u
∗, xn)− ηnµn(1− µn)g1(‖JT

′
nzn − Jxn‖)

≤ µnαnφ(u
∗, u) + µnβnL+ (1− µn(1− γn − ηn))φ(u

∗, xn)

− ηnµn(1− µn)g1(‖JT
′
nzn − Jxn‖)

≤ µnαnφ(u
∗, u) + µnβnL+ φ(u∗, xn)− ηnµn(1− µn)g1(‖JT

′
nzn − Jxn‖).

It is easy to see,

ηnµn(1− µn)g1(‖JT
′
nzn − Jxn‖) ≤ µnαnφ(u

∗, u) + µnβnL+ φ(u∗, xn)− φ(u∗, xn+1).

By (ii), (iii) and (iv), it is obtained that limn→∞ g1(‖JT
′
nzn − Jxn‖) = 0.

From the property of g1

lim
n→∞

‖JT ′
nzn − Jxn‖ = 0, (3.8)

and since J−1 is uniformly norm to norm continuous on bounded sets, we get

lim
n→∞

‖T ′
nzn − xn‖ = 0.

From this, by (3.7) and

‖T ′
nzn − zn‖ ≤ ‖T ′

nzn − xn‖+ ‖xn − zn‖,

it is obtained that

lim
n→∞

‖T ′
nzn − zn‖ = 0. (3.9)

Step 4. We demonstrate that x∗ ∈
⋂l′

j=1 S
−10. Set ∆

′j
n := J

Sj

ρ′

j
,n

◦ J
Sj−1

ρ′

j−1
,n

◦

...JS1

ρ′

1
,n
. By Lemma 2.6 and for j ∈ {1, 2, ..., l′}

φ(u∗,∆
′j
n zn) ≤ φ(u∗,∆

′j−1
n zn)− φ(∆

′j
n zn,∆

′j−1
n zn), (3.10)
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and

φ(u∗,∆
′j
n zn) ≤ φ(u∗, zn)− φ(∆

′j
n zn, zn). (3.11)

From (3.6) and (3.10) for all j ∈ {1, 2, ..., l′},

φ(u∗, xn+1) ≤ µnαnφ(u
∗, u) + µnβnφ(u

∗, en) + µnγnφ(u
∗, J

Sl′

ρ′

l′
,n

◦ J
Sl′−1

ρ′

l′−1
,n

◦ ...JS1

ρ′

1
,n
zn)

+ µnηnφ(u
∗, zn) + (1− µn)φ(u

∗, xn)

= µnαnφ(u
∗, u) + µnβnφ(u

∗, en) + µnγnφ(u
∗,∆

′j
n zn)

+ µnηnφ(u
∗, zn) + (1− µn)φ(u

∗, xn)

≤ µnαnφ(u
∗, u) + µnβnφ(u

∗, en) + µnγn(φ(u
∗,∆

′j−1
n zn)− φ(∆

′j
n zn,∆

′j−1
n zn))

+ µnηnφ(u
∗, zn) + (1− µn)φ(u

∗, xn),

which implies,

µnγnφ(∆
′j
n zn,∆

′j−1
n zn) ≤ µnαnφ(u

∗, u) + µnβnφ(u
∗, en) + µnγnφ(u

∗,∆
′j−1
n zn)

+ µnηnφ(u
∗, zn) + (1− µn)φ(u

∗, xn)− φ(u∗, xn+1)

≤ µnαnφ(u
∗, u) + µnβnφ(u

∗, en) + µnγnφ(u
∗,∆

′j−2
n zn)

+ µnηnφ(u
∗, zn) + (1− µn)φ(u

∗, xn)− φ(u∗, xn+1)

≤ ...

≤ µnαnφ(u
∗, u) + µnβnL+ (1− µn + µnγn + µnηn)φ(u

∗, xn))

− φ(u∗, xn+1)

≤ µnαnφ(u
∗, u) + µnβnL+ φ(u∗, xn))− φ(u∗, xn+1).

Conditions (ii), (iii) and (v) and convergence of {φ(u∗, xn)} follow that

lim
n→∞

φ(∆
′j
n zn,∆

′j−1
n zn) = 0.

From this and Lemma 2.4, it is easy to see

lim
n→∞

‖∆
′j
n zn −∆

′j−1
n zn‖ = 0. (3.12)

Also from (3.6) and (3.11) for all j ∈ {1, 2, ..., l′} and by similar path, we have

lim
n→∞

‖∆
′j
n zn − zn‖ = 0. (3.13)

This term and (3.7) affirm that

lim
n→∞

‖∆
′j
n zn − xn‖ = 0 and ∆

′j
nk
znk

⇀ x∗ as nk → ∞. (3.14)
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Since J is uniformly norm to norm continuous on bounded subsets of E,

∆
′j
n zn = J

Sj

ρ′

j,n
∆

′j−1
n zn and by (3.12) and (vi), it is obtained that

lim
n→∞

‖Sρ′

j,n
∆

′j−1
n zn‖ = lim

n→∞

‖J∆
′j−1
n zn − JJ

Sj

ρ′

j,n

∆
′j−1
n zn‖

ρ′j,n

= lim
n→∞

‖J∆
′j−1
n zn − J∆

′j
n zn‖

ρ′j,n
= 0. (3.15)

For any (v, v∗) ∈ G(Sj), (∆
′j
nk
znk

, Sρ′

j,nk

∆
′j−1
nk

zn) ∈ G(Sj) for each j ∈ {1, 2, ..., l′}

and by monotonicity of G(Sj)

〈v −∆
′j
nk
znk

, v∗ − Sρ′

j,nk

∆
′j−1
nk

znk
〉 ≥ 0,

for any j ∈ {1, 2, ..., l′}. Tending nk → ∞ at the above inequality, from (3.14),

(3.15) and demiclosedness of G(Sj) for all j ∈ {1, 2, ..., l′}, we get

〈v − x∗, v∗〉 ≥ 0.

Maximality of G(Sj) for all j ∈ {1, 2, ..., l′} indicates that x∗ ∈
⋂l′

j=1 S
−1
j 0.

Step 5. We assert that x∗ ∈
⋂l

j=1 T
−1
j 0. By (3.6)

φ(u∗, xn+1) ≤ µnαnφ(u
∗, u) + µnβnφ(u

∗, en) + µnγnφ(u
∗, S′

nJ
Sl′

ρ′

l′
,n

◦ J
Sl′−1

ρ′

l′−1
,n

◦ ...JS1

ρ′

1
,n
zn)

+ µnηnφ(u
∗, T ′

nzn) + (1− µn)φ(u
∗, xn)

− γnµn(1− µn)g2(‖JS
′
nJ

Sl′

ρ′

l′
,n

◦ J
Sl′−1

ρ′

l′−1
,n

◦ ...JS1

ρ′

1
,n
zn − Jxn‖)

= µnαnφ(u
∗, u) + µnβnφ(u

∗, en) + µnγnφ(u
∗, S′

n∆
′l′

n zn)

+ µnηnφ(u
∗, T ′

nzn) + (1− µn)φ(u
∗, xn)

− γnµn(1− µn)g2(‖JS
′
n∆

′l′

n zn − Jxn‖),

so

γnµn(1− µn)g2(‖JS
′
n∆

′l′

n zn − Jxn‖) ≤ µnαnφ(u
∗, u) + µnβnφ(u

∗, en)

+ µnγnφ(u
∗, S′

n∆
′l′

n zn) + µnηnφ(u
∗, T ′

nzn)

+ (1− µn)φ(u
∗, xn)− φ(u∗, xn+1)

≤ µnαnφ(u
∗, u) + µnβnL− φ(u∗, xn+1)

+ (1− µn + µnγn + µnηn)φ(u
∗, xn)

≤ µnαnφ(u
∗, u) + µnβnL

+ φ(u∗, xn)− φ(u∗, xn+1).

By (ii), (iii), (v), convergence of {φ(u∗, xn)} and property of g2, we have

lim
n→∞

‖JS′
n∆

′l′

n zn − Jxn‖ = 0. (3.16)
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Set for any j ∈ {1, 2, ..., l}

∆j
n := JTj

ρj ,n
◦ JTj−1

ρj−1,n
◦ ...JT1

ρ1,n
J−1,

tn := J−1[µn(αnJu+ βnJen + γnJS
′
n∆

′l′

n zn + ηnJT
′
nzn) + (1− µn)Jxn].

Then un+1 = ∆l
ntn. By Lemma 2.2, nonexpansivity of resolvent operator and

triangular inequality,

‖∆l
ntn −∆l

nxn‖ ≤ ‖JTl
ρl,n

∆l−1
n tn − JTl

ρl,n
∆l−1

n xn‖

≤ ... ≤ ‖tn − xn‖ ≤
2

c2
‖Jtn − Jxn‖

≤
2

c2
‖J [J−1[µn(αnJu+ βnJen + γnJS

′
n∆

′l′

n zn + ηnJT
′
nzn)

+ (1− µn)Jxn]− JJ−1Jxn‖

≤
2

c2
[µnαn‖Ju− Jxn‖+ µnβn‖Jen − Jxn‖

+ µnγn‖JS
′
n∆

′l′

n zn − Jxn‖+ µnηn‖JT
′
nzn − Jxn‖].

From (ii), (iii), (3.8), (3.16) and boundedness of {xn} and {en}, we will find

that

lim
n→∞

∆l
ntn = lim

n→∞
∆l

nxn. (3.17)

By (3.6), conditions (ii) and (iii) and convergence of {φ(u∗, xn)}, we can find

lim
n→∞

φ(u∗, un+1) = p. (3.18)

From (3.17) and (3.18) and for all j ∈ {1, 2, ..., l}

p = lim
n→∞

φ(u∗, un+1) = φ(u∗, lim
n→∞

un+1) = φ(u∗, lim
n→∞

∆l
ntn)

= φ(u∗, lim
n→∞

∆l
nxn) = lim

n→∞
φ(u∗,∆l

nxn)

≤ ... ≤ lim
n→∞

φ(u∗,∆j
nxn) ≤ ...

≤ lim
n→∞

φ(u∗,∆1
nxn) ≤ lim

n→∞
φ(u∗, xn) = p.

Hence for all j ∈ {1, 2, ..., l}

lim
n→∞

φ(u∗,∆j
nxn) = p. (3.19)

Applying Lemma 2.6 for all j ∈ {1, 2, ..., l}

φ(∆j
nxn, xn) ≤ φ(u∗, xn)− φ(u∗,∆j

nxn),

so by (3.19), we get

lim
n→∞

φ(∆j
nxn, xn) = 0.

From Lemma 2.4, we derive

lim
n→∞

‖∆j
nxn − xn‖ = 0. (3.20)
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It follows that

∆j
nk
xnk

⇀ x∗ as nk → ∞. (3.21)

Nonexpansivity of resolvent operator and (3.20) allows us to conclude that

‖∆j
nxn −∆j−1

n xn‖ ≤ ‖∆j−1
n xn −∆j−2

n xn‖

≤ ... ≤ ‖∆1
nxn − xn‖ → 0, as n → ∞, (3.22)

for all j ∈ {1, 2, ..., l}. Since J is uniformly norm to norm continuous on

bounded subset of E and (3.22) we achieve to

lim
n→∞

‖J∆j
nxn − J∆j−1

n xn‖ = 0. (3.23)

From condition (vi) and (3.23), we are able to deduce that

lim
n→∞

‖Tρj,n
∆j−1

n xn‖ = lim
n→∞

‖J∆j
nxn − J∆j−1

n xn‖

ρj,n
= 0. (3.24)

For any (w,w∗) ∈ G(Tj), (∆j
nk
xnk

, Tρj,nk
∆j−1

nk
xnk

) ∈ G(Tj) for each j ∈

{1, 2, ..., l} and by monotonicity of G(Tj)

〈v −∆j
nk
xnk

, v∗ − Tρj,nk
∆j−1

nk
xnk

〉 ≥ 0,

for any j ∈ {1, 2, ..., l}. When nk → ∞ at the above inequality, from (3.21),

(3.24) and demiclosedness of G(Tj) for all j ∈ {1, 2, ..., l}, we get

〈w − x∗, w∗〉 ≥ 0.

Maximality of G(Tj) for all j ∈ {1, 2, ..., l} indicate that x∗ ∈
⋂l

j=1 T
−1
j 0.

Step 6. We indicate limn→∞ ‖S′
n∆

′l′

n zn−∆
′l′

n zn‖ = 0. By (3.16) and since J−1

is uniformly norm to norm continuous on bounded subset of E∗, we see

lim
n→∞

‖S′
n∆

′l′

n zn − xn‖ = 0.

From this, (3.14) and

‖S′
n∆

′l′

n zn −∆
′l′

n zn‖ ≤ ‖S′
n∆

′l′

n zn − xn‖+ ‖xn −∆
′l′

n zn‖,

we derive the desired conclusion.

Step 7. Here, we observe that x∗ ∈
⋂∞

i=1 F (S′
i) ∩

⋂∞

i=1 F (T ′
i ). We know {zn}

is bounded, then there exists a bounded subset B of C such that {zn} ⊂ B.

From

1

2
‖zn − T ′zn‖ ≤

1

2
‖zn − T ′

nzn‖+
1

2
‖T ′

nzn − T ′zn‖,

and since hB is an increasing, continuous and convex function from R+ into

R+ such that hB(0) = 0, we see that

hB(
1

2
‖zn − T ′zn‖) ≤

1

2
hB(‖zn − T ′

nzn‖) +
1

2
hB(‖T

′
nzn − T ′zn‖)

≤
1

2
hB(‖zn − T ′

nzn‖) +
1

2
sup{hB(‖T

′
nz − T ′z‖) : z ∈ B}.
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Assumption of (3.1), continuity of hB , Lemma 2.14 and (3.9), imply that

lim
n→∞

hB(
1

2
‖zn − T ′zn‖) = 0.

From this and the properties of hB , we are able to derive that

lim
n→∞

‖zn − T ′zn‖ = 0. (3.25)

The statement

lim
n→∞

‖∆
′l′

n zn − S′∆
′l′

n zn‖ = 0, (3.26)

follows from the similar path. Since subsequences {∆
′l′

nk
znk

} of {∆
′l′

n zn} and

{znk
} of {zn} converges weakly to x∗ ∈ C and from (3.25), (3.26),

F (T ′) =

∞⋂

i=1

F (T ′
i ) =

∞⋂

i=1

F̂ (T ′
i ) = F̂ (T ′),

and

F (S′) =
∞⋂

i=1

F (S′
i) =

∞⋂

i=1

F̂ (S′
i) = F̂ (S′),

we conclude that x∗ ∈ F (T ′) ∩ F (S′) =
⋂∞

i=1 F (T ′
i ) ∩

⋂∞

i=1 F (S′
i).

Step 8. We show that x∗ ∈
⋂m

i=1 Ω(fi, Ai, φi). Denote Ψi
n = KΘi

ri,n
◦K

Θi−1

ri−1,n ◦

...KΘ1
r1,n

, for any i ∈ {1, 2, ..,m}, so xn = Ψm
n un. By (3.6), we see for any

i ∈ {1, 2, ...,m}

φ(u∗, xn) = φ(u∗,Ψm
n un) ≤ ... ≤ φ(u∗,Ψi

nun)

≤ ... ≤ φ(u∗,KΘ1

r1,n
un) ≤ φ(u∗, un)

≤ µnαnφ(u
∗, u) + µnβnL+ φ(u∗, xn−1).

From this, conditions (ii) and (iii) and convergence {φ(u∗, xn)} to p, we realize

that for any i ∈ {1, 2, ...,m},

lim
n→∞

φ(u∗,Ψi
nun) = p. (3.27)

Let r′i = supn≥1{‖Ψ
i
nun‖, ‖Ψ

i−1
n un‖}. By Lemma 2.5 there exists continuous

straictly increasing and convex function g′i with g′i(0) = 0 such that g′i(‖x −

y‖) ≤ φ(x, y), ∀x, y ∈ Br′
i
(0) and i ∈ {1, 2, ...,m}. By Lemma 2.11 and for

u∗ ∈ F we have

g′i(‖Ψ
i
nun −Ψi−1

n un‖) ≤ φ(Ψi
nun,Ψ

i−1
n un) ≤ φ(u∗,Ψi−1

n un)− φ(u∗,Ψi
nun).

Now (3.27) gives us limn→∞ g′i(‖Ψ
i
nun−Ψi−1

n un‖) = 0. Then from the property

of g′i, for any i ∈ {1, 2, ...,m} we have

lim
n→∞

‖Ψi
nun −Ψi−1

n un‖ = 0. (3.28)
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Since J is uniformly norm to norm continuous on bounded subset of E and

{ri,n} ⊂ [a,∞) for i ∈ {1, 2, ...,m} we obtain

lim
n→∞

‖JΨi
nun − JΨi−1

n un‖

ri,n
= 0. (3.29)

From (3.28) and since for i ∈ {1, 2, ...,m}

‖Ψi
nun − xn‖ = ‖Ψi

nun −Ψm
n un‖ ≤ ‖Ψm

n un −Ψm−1
n un‖

+ ‖Ψm−1
n un −Ψm−2

n un‖+ ....+ ‖Ψi+1
n un −Ψi

nun‖,

it is clear that limn→∞ ‖Ψi
nun − xn‖ = 0. Since subsequence {xnk

} converges

weakly to x∗, so

Ψi
nk
unk

⇀ x∗ as nk → ∞. (3.30)

From Lemma 2.11 we can quickly deduce that for any i ∈ {1, 2, ...,m}

Θi(Ψ
i
nk
unk

, y) +
1

ri,nk

〈y −Ψi
nk
unk

, JΨi
nk
unk

− JΨi−1
nk

unk
〉 ≥ 0, ∀ y ∈ C,

where Θi(xnk
, y) = fi(xnk

, y)+〈Aixnk
, y−xnk

〉+φi(y)−φi(xnk
) for all xnk

, y ∈

C. By monotonicity of fi and Ai for any i ∈ {1, 2, ...,m}, we see

1

ri,nk

〈y −Ψi
nk
unk

, JΨi
nk
unk

− JΨi−1
nk

unk
〉 ≥ Θi(y,Ψ

i
nk
unk

), ∀ y ∈ C. (3.31)

We know since y → fi(x, y) + 〈Aix, y − x〉+ φi(y)− φi(x) is convex and lower

semicontinuous, it is weakly lower semicontinuous. This, (3.29), (3.30) and

(3.31) allow us to deduce that

Θi(y, x
∗) ≤ 0, ∀ y ∈ C. (3.32)

For any t ∈ [0, 1] and y ∈ C, let yt = ty + (1− t)x∗. Therefore yt ∈ C and by

(3.32), it is obtained that for any i ∈ {1, 2, ...,m}

Θi(yt, x
∗) ≤ 0. (3.33)

Then from (C1), convexity of y → Θi(x, y) for any y ∈ C and i ∈ {1, 2, ...,m}

and (3.33) we get

0 = Θi(yt, yt) ≤ tΘi(yt, y) + (1− t)Θi(yt, x
∗) ≤ tΘi(yt, y) ≤ Θi(yt, y). (3.34)

When t → 0 in (3.34) for any i ∈ {1, 2, ...,m} and condition (C3), we derive

that

0 ≤ lim
t→0

Θi(ty + (1− t)x∗, y) ≤ Θi(x
∗, y), ∀ y ∈ C.

It follows that x∗ ∈ Ω(fi, Ai, φi) for all i ∈ {1, 2, ...,m}, i.e., x∗ ∈
⋂m

i=1 Ω(fi, Ai, φi).

Step 9. In this step, we observe that x∗ ∈ V I(C,A). Denote T̃ ⊂ E × E∗ as

follows:

T̃ v =

{
Av +NC(v), v ∈ C;

∅, v 6= C.
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By Lemma 2.10, T̃ is maximal monotone and T̃−1(0) = V I(C,A). For (v, w) ∈

G(T̃ ) we have w ∈ T̃ v = Av +NC(v), hence w − Av ∈ NC(v). From zn ∈ C,

we deduce that

〈v − zn, w −Av〉 ≥ 0. (3.35)

By definition of zn and Lemma 2.7, we find that

〈v − zn, Jzn − (Jxn − λnAxn)〉 ≥ 0 ⇒ 〈v − zn, (
Jxn − Jzn

λn

)−Axn)〉 ≤ 0.(3.36)

Statements (3.35) and (3.36) imply that

〈v − znk
, w〉 ≥ 〈v − znk

, Av〉

≥ 〈v − znk
, Av〉+ 〈v − znk

,
Jxnk

− Jznk

λnk

−Axnk
)〉

= 〈v − znk
, Av −Axnk

〉+ 〈v − znk
,
Jxnk

− Jznk

λnk

〉

= 〈v − znk
, Av −Aznk

〉+ 〈v − znk
, Aznk

−Axnk
〉

+ 〈v − znk
,
Jxnk

− Jznk

λnk

〉

≥ −‖v − znk
‖
‖xnk

− znk
‖

α
− ‖v − znk

‖
‖Jxnk

− Jznk
‖

a

≥ −M(
‖xnk

− znk
‖

α
+

‖Jxnk
− Jznk

‖

a
),

where M := supn≥1{‖v − znk
‖}. By tending nk → ∞ and (3.7), we conclude

that 〈v − x∗, w〉 ≥ 0. Then x∗ ∈ T̃−10 follows from the maximality of T̃ , i.e.,

x∗ ∈ V I(C,A).

Step 10. It need only be demonstrated that x∗ is unique cluster point of {xn}

to complete the proof. Assume that x is another cluster point of {xn}. Let

q(x) = limn→∞ φ(x, xn) and q(x∗) = limn→∞ φ(x∗, xn). It is easy to show that

φ(x, xn) = φ(x∗, xn) + φ(x, x∗) + 2〈x∗ − x, Jxn − Jx∗〉. (3.37)

By tending nj → ∞ in above such that xnj
⇀ x and since J is weakly sequen-

tially continuous, it follows that

q(x)− q(x∗) = φ(x, x∗) + 2〈x∗ − x, Jx− Jx∗〉. (3.38)

Similarly tending nk → ∞ in (3.37) such that xnk
⇀ x∗, we have

q(x)− q(x∗) = φ(x, x∗). (3.39)

Then from (3.38) and (3.39), yields that

〈x∗ − x, Jx∗ − Jx〉 = 0,

so we deduced that x∗ = x, because J is strictly monotone. �
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Example 3.2. The following sequences are satisfied in conditions of Theorem

3.1.

{αn} = {βn} = {
1

4n3
}, {γn} = {

1

3
−

1

4n3
}, {ηn} = {

2

3
−

1

4n3
}, {µn} = {

1

2
}.

It is easy to see

αn + βn + γn + ηn = 1,

∞∑

n=1

µnαn =

∞∑

n=1

µnβn =

∞∑

n=1

1

8n3
< ∞,

lim inf
n→∞

µnγn(1− µn) =
1

4
(
1

3
−

1

4
) =

1

48
> 0,

lim inf
n→∞

µnηn(1− µn) =
1

4
(
2

3
−

1

4
) =

5

48
> 0.

Remark 3.3. If in Theorem 3.1, αn = βn = 0 ∀n ≥ 1, then similar to proof of

Theorem 3.2 [3] we can prove that {xn} converges weakly to x∗ = limn→ ΠFxn.

Proof. Let yn = ΠFxn. By (3.6) and since yn ∈ F we see

φ(yn, xn+1) ≤ φ(yn, xn). (3.40)

From Lemma 2.8 and above inequality, it is obtained that

φ(yn+1, xn+1) = φ(ΠFxn+1, xn+1) ≤ φ(yn, xn+1)− φ(yn, yn+1)

≤ φ(yn, xn).

Then {φ(yn, xn)} is convergent and by (3.40) we have

φ(yn, xn+m) ≤ φ(yn, xn), ∀ m ∈ N.

Since yn+m = ΠFxn+m by Lemma 2.8, one deduce that

φ(yn, yn+m) ≤ φ(yn, xn+m)− φ(yn+m, xn+m)

≤ φ(yn, xn)− φ(yn+m, xn+m).

By Lemma 2.5 there exists a continuous, strictly increasing convex function g̃

with g̃(0) = 0 such that

g̃(‖yn − yn+m‖) ≤ φ(yn, yn+m) ≤ φ(yn, xn)− φ(yn+m, xn+m), ∀yn ∈ Br̃(0),

where r̃ = supn≥1{‖yn‖}. Since {φ(yn, xn)} is convergent, we derive that

limn→∞ g̃(‖yn−yn+m‖) = 0. Now property of g̃ yields limn→∞(‖yn−yn+m‖) =

0, i.e., {yn} is a cauchy sequence, so there exists x̃ ∈ F such that {yn} converges

strongly to x̃ because F is closed. From Lemma 2.7 and since x∗ ∈ F , we see

〈ynk
− x∗, Jxnk

− Jynk
〉 ≥ 0.

J is weakly sequentially continuous, hence tending n → ∞ in above inequality,

we derive that

〈x̃− x∗, Jx∗ − Jx̃〉 ≥ 0. (3.41)
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From the monotonicity of J , we reach

〈x∗ − x̃, Jx∗ − Jx̃〉 ≥ 0. (3.42)

With regard to (3.41) and (3.42), we observe that 〈x∗− x̃, Jx∗−Jx̃〉 = 0. Since

J is strictly monotone, we have x∗ = x̃ and proof is complete. �

With the change of conditions on the operators T, S, T ′, and S′ in Theorem

3.1, we provide the following theorem.

Theorem 3.4. Let E be a 2-uniformly convex and smooth Banach space, let

C be a nonempty closed convex subset of E. For any i = 1, 2, 3, ...,m, let fi

be a bifunction from C × C to R satisfying (C1) − (C4) and let {Ai} be a

finite family of continuous and monotone mappings from C to E∗ and {φi}

be a finite family of proper lower semicontinuous and convex functions from

C to R. Let A : C → E∗ be an α-inverse strongly monotone operator. Let

Tj , Sk ⊂ E × E∗ be maximal monotone operators satisfying D(Tj), D(Sk) ⊂ C

and J
Tj
ρj,n = (J + ρj,nTj)

−1J for all ρj,n > 0 and j = 1, 2, ..., l, also JSk

ρ′

k,n

=

(J + ρ′k,nSk)
−1J for all ρ′k,n > 0 and k = 1, 2, ..., l′. Let {T ′

n} and {S′
n}

be two sequences of closed relative quasi-nonexpansive mappings from C into

itself such that F :=
⋂∞

i=1 F (T ′
i ) ∩

⋂∞

i=1 F (S′
i) ∩

⋂l

i=1 T
−1
i 0 ∩

⋂l′

i=1 S
−1
i 0 ∩⋂m

i=1 Ω(fi, Ai, φi) ∩ V I(C,A) 6= ∅ and ‖Ax‖ ≤ ‖Ax − Av‖ for all x ∈ C and

v ∈ F . Let T ′ : C → E such that T ′ := J−1(
∑∞

j=0 ξjJT
′
j) with T ′

0 = I and∑∞

j=0 ξj = 1. Let S′ : C → E such that S′ = J−1(
∑∞

j=0 ζjJS
′
j) with S′

0 = I

and
∑∞

j=0 ζj = 1.

Assume that u, en ∈ E are given, {αn}, {µn}, {βn}, {γn}, {ηn} ⊆ [0, 1] and

{rn} is a sequence in (0,∞) such that

i. αn + βn + γn + ηn = 1, ii.
∑∞

n=1 µnαn < ∞, iii.
∑∞

n=1 µnβn <

∞,

iv. lim infn→∞ ηnµn(1− µn) > 0, v. lim infn→∞ µnγn(1− µn) > 0,

vi. lim infn→∞ ρj,n > 0 for each j ∈ {1, 2, ..., l},

vii. lim infn→∞ ρ′j,n > 0 for each j ∈ {1, 2, ..., l′},

viii. {ri,n} ⊂ [a,∞) for some a > 0 and for any i ∈ {1, 2, ...,m},

ix. {λn} ⊂ [d, e] for some d, e with 0 < d < e < c2α
2 , where 1

c
is the 2-uniformly

convexity constant of E,

x. the sequence {en} is bounded.

For arbitrary u ∈ E generate a sequence {xn} by following method

xn = KΘm
rm,n ◦KΘm−1

rm−1,n
◦ ...KΘ1

r1,n
un,

zn = ΠCJ
−1(Jxn − λnAxn),

un+1 = JTl
ρl,n

◦ JTl−1

ρl−1,n
◦ ...JT1

ρ1,n
J−1[µn(αnJu+ βnJen

+ γnJS
′J

Sl′

ρ′

l′
,n

◦ J
Sl′−1

ρ′

l′−1
,n

◦ ...JS1

ρ′

1
,n
zn + ηnJT

′zn) + (1− µn)Jxn].

(3.43)
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If J is weakly sequentially continuous and I − T ′ and I − S′ are demiclosed at

0, then the sequence {xn} converges weakly to a point x∗ ∈ F .

Proof. Let u∗ ∈ F . By (3.5) and similar to the proof of (3.6), we see

φ(u∗, xn+1) = φ(u∗,KΘm

rm,n+1 ◦K
Θm−1

rm−1,n+1 ◦ ...K
Θ1

r1,n+1un+1) ≤ φ(u∗, un+1)

= φ(u∗, JTl
ρl,n

◦ JTl−1

ρl−1,n
◦ ...JT1

ρ1,n
J−1[µn(αnJu+ βnJen

+ γnJS
′J

Sl′

ρ′

l′
,n

◦ J
Sl′−1

ρ′

l′−1
,n

◦ ...JS1

ρ′

1
,n
zn + ηnJT

′zn) + (1− µn)Jxn])

≤ φ(u∗, J−1[µn(αnJu+ βnJen + γnJS
′J

Sl′

ρ′

l′
,n

◦ J
Sl′−1

ρ′

l′−1
,n

◦ ...JS1

ρ′

1
,n
zn

+ ηnJT
′zn) + (1− µn)Jxn])

= V (u∗, µn(αnJu+ βnJen + γnJS
′J

Sl′

ρ′

l′
,n

◦ J
Sl′−1

ρ′

l′−1
,n

◦ ...JS1

ρ′

1
,n
zn

+ ηnJT
′zn) + (1− µn)Jxn)

≤ µnαnφ(u
∗, u) + µnβnφ(u

∗, en) + µnγnφ(u
∗, S′J

Sl′

ρ′

l′
,n

◦ J
Sl′−1

ρ′

l′−1
,n

◦ ...JS1

ρ′

1
,n
zn)

+ µnηnφ(u
∗, T ′zn) + (1− µn)φ(u

∗, xn)

≤ µnαnφ(u
∗, u) + µnβnφ(u

∗, en) + µnγnφ(u
∗, J

Sl′

ρ′

l′
,n

◦ J
Sl′−1

ρ′

l′−1
,n

◦ ...JS1

ρ′

1
,n
zn)

+ µnηnφ(u
∗, zn) + (1− µn)φ(u

∗, xn)

≤ µnαnφ(u
∗, u) + µnβnφ(u

∗, en) + (µnγn + µnηn)φ(u
∗, zn) + (1− µn)φ(u

∗, xn)

≤ µnαnφ(u
∗, u) + µnβnL+ (1− µn(1− γn − ηn))φ(u

∗, xn)

≤ µnαnφ(u
∗, u) + µnβnL+ φ(u∗, xn),

where φ(u∗, en) ≤ L. By conditions (ii) and (iii) and Lemma 2.1, we deduce

that there exists limn→∞ φ(u∗, xn). Then {xn} and {zn} are bounded. Hence

there exist x∗ ∈ C and subsequence {znk
} such that znk

⇀ x∗ as nk → ∞. Set

∆j
n = JTj

ρj ,n
◦ JTj−1

ρj−1,n
◦ ...JT1

ρ1,n
, ∀j ∈ {1, 2, ..., l},

∆
′j
n = J

Sj

ρ′

j
,n

◦ J
Sj−1

ρ′

j−1
,n

◦ ...JS1

ρ′

1
,n
, ∀j ∈ {1, 2, ..., l′}.

From Lemma 2.3, we have

φ(u∗, xn+1) ≤ φ(u∗, un+1)

= φ(u∗,∆l
nJ

−1[µn(αnJu+ βnJen

+ γnJS
′∆

′l′

n zn + ηnJT
′zn) + (1− µn)Jxn])

≤ φ(u∗, J−1[µn(αnJu+ βnJen

+ γnJS
′∆

′l′

n zn + ηnJT
′zn) + (1− µn)Jxn])

≤ µnαnφ(u
∗, u) + µnβnφ(u

∗, en) + µnγnφ(u
∗, S′∆

′l′

n zn)

+ µnηnφ(u
∗, T ′zn) + (1− µn)φ(u

∗, xn)− µnγn(1− µn)g(‖JS
′∆

′l′

n zn − Jxn‖).
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This gives

µnγn(1− µn)g(‖JS
′∆

′l′

n zn − Jxn‖) ≤ µnαnφ(u
∗, u) + µnβnφ(u

∗, en)

+ µnγnφ(u
∗, S′∆

′l′

n zn) + µnηnφ(u
∗, T ′zn) + (1− µn)φ(u

∗, xn)− φ(u∗, xn+1)

≤ µnαnφ(u
∗, u) + µnβnL+ φ(u∗, xn)− φ(u∗, xn+1).

From (ii) and (iii) and since {φ(u∗, xn)} is convergent, it follows that

lim
n→∞

µnγn(1− µn)g(‖JS
′∆

′l′

n zn − Jxn‖) = 0.

By condition (v) and property of g, we see

lim
n→∞

‖JS′∆
′l′

n zn − Jxn‖ = 0.

Since J−1 is uniformly norm to norm continuous on bounded subsets of E, we

derive that

lim
n→∞

‖S′∆
′l′

n zn − xn‖ = 0. (3.44)

From the proof of Theorem 3.1, we know

lim
n→∞

‖xn − zn‖ = 0. (3.45)

Therefore

lim
n→∞

‖S′∆
′l′

n zn − zn‖ = 0,

follows from (3.44) and (3.45). Also by similar path of the proof of (3.13), we

have

lim
n→∞

‖∆
′l′

n zn − zn‖ = 0. (3.46)

Hence limn→∞ ‖S′∆
′l′

n zn −∆
′l′

n zn‖ = 0. Then S′∆
′l′

nk
znk

⇀ x∗ as nk → ∞. By

(3.46) and since I − S′ is demiclosed at 0, we conclude that x∗ ∈ S′x∗, i.e.,

x∗ ∈ F (S′) =
⋂∞

i=1 F (S′
i). In a similar path, we have

lim
n→∞

‖T ′zn − zn‖ = 0,

so from demiclosedness of I − T ′, we obtain x∗ ∈ F (T ′) =
⋂∞

i=1 F (T ′
i ). The

rest of the proof is similar to the proof of Theorem 3.1, so we ignore from the

presentation of it. �

Remark 3.5. If in Theorem 3.4, αn = βn = 0 ∀n ≥ 1, similar to proof of

Remark 3.3, we can observe the generated sequence {xn} of method (3.43)

converges weakly to x∗ = limn→ ΠFxn.
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