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ABSTRACT. In this paper, we introduce and study the concepts of prime
left, semiprime left and irreducible left hyperideals in ternary semihyper-
groups and investigate some basic properties of them. We introduce the
concepts of hyperfilter and hypersemilattice congruence of ternary semi-
hypergroups. We give some characterizations of hyperfilters in ternary
semihypergroups. Some relationships between hyperfilters, prime hyper-
ideals and hypersemilattice congruences in ternary semihypergroups are
considered. We also introduce the notion of hyperideals extensions in

ternary semihypergroups and some properties of them are investigated.
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1. INTRODUCTION AND PRELIMINARIES

In 1965, Sioson [13] studied ideal theory in ternary semigroups. He also
introduced the notion of regular ternary semigroups and characterized them
by using the notion of quasi-ideals. In 1995, Dixit and Dewan [5] introduced
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and studied the properties of ideals in ternary semigroups. Also, see [6, 7, 8,
10, 12, 13].

Hyperstructure theory was born in 1934 at the 8th congress of Scandinavian
Mathematicions, where Marty [11] introduced the hypergroup notion as a gen-
eralization of groups and after, he proved its utility in solving some problems
of groups, algebraic functions and rational fractions. Surveys of the theory
can be found in the books of Corsini [1] and Davvaz [3]. Also, see [2, 9].
Recently, Davvaz and Leoreanu-Fotea [4] studied binary relations on ternary
semihypergroups and studied some basic properties of compatible relations on
them. The main purpose of this paper is to introduce and study prime left,
semiprime left and irreducible left hyperideals in ternary semihypergroups and
investigate some basic properties of them. We introduce the concepts of hy-
perfilters and hypersemilattice congruence of ternary semihypergroups. We
give some characterizations of hyperfilters in ternary semihypergroups. Some
relationships between the hyperfilters and the prime hyperideals and hyper-
semilattice congruences in ternary semihypergroups are considered. We also
introduce the notion of hyperideal extensions in ternary semihypergroups and
some properties of them are investigated.

First, we recall the definition of a semihypergroup.

Definition 1.1. Let H be a non-empty set and let p*(H) be the set of all non-
empty subsets of H. A hyperoperation on H is a map o: H x H — p*(H) and
the couple (H,o) is called a hypergroupoid. If A and B are non-empty subsets
of H, then we denote
AoB= |J aob, zoA={z}oA and Aox = Ao{z}.
a€A,beB

A hypergroupoid (H, o) is called a semihypergroup if for all x,y, z of H we have
(xoy)oz=2xo(yoz), which means that

U woz= U zow.

uexroy vEYoz

Definition 1.2. [4] Amap f: H x H x H — P*(H) is called ternary hyper-
operation on the set H, where H is a nonempty set and P*(H) = P(H)\{0}
denotes the set of all nonempty subsets of H.

Definition 1.3. [4] A ternary hypergroupoid is called the pair (H, f) where f
is a ternary hyperoperation on the set H.

If A, B,C are nonempty subsets of H, then we define
f(Avac): U f(a,b,0)~

a€AbeEB,ceC

Definition 1.4. [4] A ternary hypergroupoid (H, f) is called a ternary semi-
hypergroup if for all ay,...,as € H, we have

f(f(ai,a2,a3),a4,a5) = f(ar, f(az,as,as),as) = f(ar,as, f(as,as,as)). (%)
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When we have a semihyperring, we show (x) by f(a1,az,as,as,as), and so
on.

Since the set {x} can be identified with the element z, any ternary semigroup
is a ternary semihypergroup. A ternary semigroup does not necessarily reduce
to an ordinary semigroup. This has been shown by the following example.

ExaMPLE 1.5. [5] Let S = {—i,0,i} be a ternary semigroup under the multi-
plication over complex numbers while S is not a binary semigroup under the
multiplication over complex numbers.

Los [10] showed that a ternary semigroup however may be embedded in an
ordinary semigroup in such a way that the operation in the ternary semigroup
is an (ternary) extension of the (binary) operation of the containing semigroup.

Definition 1.6. [4] Let (H, f) be a ternary semihypergroup. Then, H is called
a ternary hypergroup if for all a,b,c € H, there exist x,y, z € H such that:

¢ € f(z,a,0) N f(a,y,b) N f(a,b, 2).
Definition 1.7. [4] Let (H, f) be a ternary hypergroupoid. Then,
(1) (H,f) is (1, 3)-commutative if for all a1, as,as € H,
f(ala az, a3) = f(a?)a az, al);
(2) (H,f) is (2, 3)-commutative if for all a1, as,as € H,
f(a17 a2, a3) = f(a17 asz, CLQ);
(3) (H,f) is (1, 2)-commutative if for all a1, as,a3 € H,
flay, az,a3) = f(az, a1, a3);
(4) (H,f) is commutative if for all a1,as,a3 € H and for all o € S3,

f(ala a2, (13) = f(ao(l)a As(2)5 aa(3)'
Different examples of ternary semihypergroups can be found in [4].

Definition 1.8. Let (H, f) be a ternary semihypergroup and 7' a nonempty
subset of H. Then, T is called a ternary subsemihypergroup of H if and only
it f(T,T,T)CT.

Definition 1.9. A ternary semihypergroup (H, f) is said to have a zero ele-
ment if there exists an element 0 € H such that for all a,b € H, f(0,a,b) =

f(a,0,0) = f(a,b,0) = {0}.

Definition 1.10. Let (H, f) be a ternary semihypergroup. An element ¢ € H
is called a left identity element of H if for all « € H, f(e,a,a) = {a}. An
element e € H is called an identity element of H if for all a € H, f(a,a,e) =
f(e,a,a) = f(a,e,a) = {a}. Tt is clear that f(e,e,a) = f(e,a,e) = f(a,e,e) =
{a} [4].

Definition 1.11. A nonempty subset I of a ternary semihypergroup H is
called a left (right, lateral) hyperideal of H if
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f(H,H,I) CI(f(I,H,H) C T, f(H,I,H) CI).

A nonemtpy subset I of a ternary semihypergroup H is called a hyperideal
of H if it is a left, right and lateral hyperideal of H. A nonemtpy subset I of a
ternary semihypergroup H is called two-sided hyperideal of H if it is a left and
right hyperideal of H.

Lemma 1.12. The union of hyperideals is a hyperideal.

Proof. Suppose that I and J are hyperideals of a semihypergroup (H, f). We
then have

f(H,H,TUJ) = aeLIJUJf(H,H,a)
(i) oy )
ClIuJ.

O

Definition 1.13. Let (H, f) be a ternary semihypergroup. For every element
a € H, the left, right, lateral, two-sided and hyperideal generated by a are
respectively given by

(@), =A{a}Uf(H,H,a)

(a), =A{a}Uf(a,H H)
(@), ={a}Uf(H, a,H)
(@), ={a}Uf(H,Ha)U f(a,H,H)U f(H,H,a,H,H)
(a)
Definition 1.14. Let H be a ternary semihypergroup and M a left hyperideal
of H. Then, M is called mazimal left hyperideal of H if M # H and there does
not exist any proper left hyperideal I of H such that M C I.

={a}Uf(H,H,a)U f(a, H,H)U f(H,a,H)U f(H,H,a,H,H)

Definition 1.15. A left hyperideal I of a ternary semihypergroup H is called
idempotent if f(I,1,1)=1.

Definition 1.16. A ternary semihypergroup H is called semisimple if all its
left hyperideals are idempotent.

It is obvious that the union of any family of left hyperideals of a ternary
semihypergroup H is again a left hyperideal of H, and the intersection of any
family of left hyperideals of a ternary semihypergroup H is a left hyperideal of
H.

The following lemma is obviously.

Lemma 1.17. If A, B,C are any left three hyperideals of a ternary semihy-
pergroup (H, f), then f(A, B,C) is a left hyperideal of H.

Proof. We have f(H,H, f(A,B,C)) = f(f(H,H,A),B,C)C f(A,B,C). O
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2. ON PRIME LEFT HYPERIDEALS IN TERNARY SEMIHYPERGROUPS

In this section we introduce and characterize the prime hyperideals and left
hyperideals, the semiprime hyperideals and left hyperideals in ternary semihy-
pergroups. Some properties of them are investigated.

Definition 2.1. Let (H, f) be a ternary semihypergroup. A proper hyperideal
(left hyperideal) P of H is called prime hyperideal (left hyperideal) of H if
f(A,B,C) C P implies A C P or BC P or C C P for any three hyperideals
(left hyperideals) A, B,C of H.

Definition 2.2. Let (H, f) be a ternary semihypergroup. A proper hyperideal
(left hyperideal) P of H is called semiprime hyperideal (left hyperideal) of H if
f,I,I)C P implies I C P for any hyperideal (left hyperideal) I of H.

It is clear that every prime left hyperideal of a ternary semihypergroup H
is also a semiprime left hyperideal of H.

Definition 2.3. Let (H, f) be a ternary semihypergroup. A proper hyperideal
P of H is said to be irreducible, if for hyperideals H and K of H, HNK = P
implies that P = H or P = K or equivalently, H N K = P implies that H C P
or K C P.

EXAMPLE 2.4. Let H = {a,b,c,d,e, f} and f(x,y,2) = (x % y) % z for all
x,y,z € H, where * is defined by the table:

x| a b c d e f
ala {a,b} ¢ {c,d} e e f}
blo b d d f f
c|lc {ed}t ¢ {cd} ¢ A{cd}
d|d d d d d d
ele {e.fy ¢ {edt e Hef}
iy f da d f f

Then, (H, f) is a ternary semihypergroup. Clearly, I = {¢,d}, Io = {¢,d,e, f}
and H are left hyperideals of H. It can be easily verified that I, and H are
prime left hyperideals. I is irreducible left hyperideal.

Theorem 2.5. Let H be a ternary semihypergroup, P a semiprime left hyper-
ideal of H and a € H. Then, a € P if and only if f(H,H,a) C P.

Proof. Assume that P is a semiprime left hyperideal of H. If a € P, then
f(H,H,a) C f(H,H,P)C P.

Conversely, assume that f(H, H,a) C P where P is a semiprime left hyper-
ideal of H. Then,

fla);, (a);,(a);)

flaU f(H,H,a),{a} U f(H,H,a),{a} U f(H H,a)) C
F(H,H,a) C P.

N
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Since P is a semiprime left hyperideal, we have (a), C P and hence a € P. [

Theorem 2.6. Let H be a ternary semihypergroup and P a left hyperideal of
H. The following statements are equivalent:

(1) P is a prime left hyperideal of H.

(2) f(a,H,H,b,H,H,c) C P impliesa € P orbe P orc¢€ P.

(3) f({a),,(b),,(c),) C P impliesa € P orbe P orce P.

Proof. (1) = (2). Assume that P is a prime left hyperideal of H and
fla,H,H,b,H,H,c) C P. Then, f(H,H, f(a,H,H,b,H,H,c)) C f(H,H,P) C
P. This implies f(f(H, H,a), f(H,H,b), f(H,H,c)) C P. Since P is a prime
left hyperideal of H, so f(H,H,a) C P or f(H,H,b) C P or f(H,H,c) C P.
Since every prime left hyperideal is semiprime, so P is semiprime left hyper-
ideal. Hence, by Theorem 2.5, a € Porbe Por c € P.

(2) = (3). Let f({a),,(b);,(c),) € P for some a,b,c € P. Then,

f(a7H7H7b7H7ch) = f(avf(HvHvb)af(Hach)) g f(<a>l?<b>l7<c>l) g P

Thus, by (2) we have a € Porbe P or c € P.

(3) = (1). Let A, B, C be three left hyperideals of H such that f(4,B,C) C
P. Let BZ Pand C ¢ P. Let b € B and ¢ € C such that b,c¢ ¢ P. Then,
for every a € A we have f({(a),,(b),,(c);) € f(A,B,C) C P. By (3) we get
a€PorbePorce P,butb¢ Pandc¢ P,soa € P and hence A C P.
Therefore, P is a prime left hyperideal of H. O

Corollary 2.7. Let H be a commutative ternary semihypergroup and P a left
hyperideal of H. Then, P is a prime left hyperideal if and only if f(a,b,¢) C P
impliesa € Por b€ Por cée P for all a,b,c € H.

It can be easily seen that the above result is also valid for (1, 3)-commutative
ternary semihypergroup.

Definition 2.8. Let H be a ternary semihypergroup. A nonempty subset A
of H is called a left m-system if for every z,y,z € A there exist the elements
ai,az2,a3,04 € H such that f(l‘, ai,a2,Y,as, a4, Z) C A

Theorem 2.9. Let H be a ternary semihypergroup and P a proper left hyper-
ideal of H. P is a prime left hyperideal if and only if its complement P€ is a
left m-system.

Proof. Let P be a prime left hyperideal of H. Assume that x,y,z ¢ P.
Then, z,y,z € P¢. Let assume that P¢ is not a left m-system. Then, for all
ai,as,as,as € H, f(x,a1,a2,y,as,a4,2) € P°. Thus, f(z,a1,a2,y,a3,a4,2) C
P. Since P is prime left hyperideal of H, so by Theorem 2.6 we get a € P or
be Porce P. It is impossible. Hence, P¢ is a left m-system.

Conversely, suppose that P¢ is a left m-system. Let x,y,z € P¢. Then,
there exist a1, aq,as,a4 € H such that f(x,a1,a2,y,as,a4,2) € P°. Thus,
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f(z,a1,a2,y,a3,a4,2) ¢ P. Hence, if z,y,z ¢ P, then f(x,H,H,y,H,H,z) ¢
P. Thus, by Theorem 2.6, P is a prime left hyperideal of H. O

Definition 2.10. Let H be a ternary semihypergroup and P a left hyperideal
of H. Then, P is called a completely prime left hyperideal of H if f(a,b,c) C P
implies a € P or b € P or c € P for every element a,b,c € H.

It is clear that every completely prime left hyperideal of H is a prime left
hyperideal of H, but the converse in general may not be true. For commuta-
tive ternary semihypergroup the concepts of completely prime and prime left
hyperideal coincide.

Lemma 2.11. Let H be a ternary semihypergroup. A left hyperideal P of
a ternary semihypergroup H is completely prime if and only if P€ is ternary
subsemihypergroup of H.

Proof. 1t is straightforward. O

Theorem 2.12. Let H be a ternary semihypergroup. A left hyperideal P of H

is completely prime if and only if for every pair (m,n) € ZT with even sum,

f(f(H,...,H), f(H,...,H), f(a,b,c)) C P impliesa € P orb€ P orc¢€ P.
N—— ——

m times n times

Proof. Assume that P is completely prime left hyperideal of H and
f(f(H,...,H),f(H,...,H)7f(a’b,c))gP-
SN—— N——

m times n times
Then,
f(f(a,b,¢c), f(a,b,c),..., f(a,b,c)) C P.
m+n+1 times
Since P is completely prime, by mathematical induction we get f(a,b,c) C P
and hencea €e Porbe Porce€ P.
Conversely, assume that f(a,b,c) C P. Then, for every pair (m,n) € Z*
with even sum,
f(f(H,...,H), f(H,...,H), f(a,b,c)) C f(f(H,...,H),f(H,...,H),P)
—— —— N—— ——

m times n times m times n times

C f(H,H,P)CP.
Consequently, a € P or b € P or ¢ € P. Therefore, P is completely prime. [

Proposition 2.13. Let H be a ternary semihypergroup with left identity.
Then, every maximal left hyperideal of H is prime hyperideal of H.

Proof. Let P be a maximal left hyperideal of H. Let A, B,C be three left
hyperideals of H such that f(A,B,C) C P. Suppose that A, B ¢ P. Then,
AUP = H and BUP = H. Since ¢ € H, we have e € AUP and e €
BUP. Thus,e € Aoree€ Pande € Bore € P. Since e ¢ P, we have
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e € Aand e € B implies A = H and B = H. Now since e € H, we have
C=f(H,HC)= f(A B,C) C P implies C C P. Therefore, P is a prime left
hyperideal of H. O

Theorem 2.14. Let H be a ternary semihypergroup, P be a left m-system and
Q be a left hyperideal of H such that PN Q = (). Then, there exists a mazimal
left hyperideal M of H containing Q and M NQ = (. Further, M is also a
prime left hyperideal of H.

Proof. Let 7p = {B : B is a prime left hyperideal of H,Q C B,BN P = (}.
Since Q € 7p, 7p # (0. Tp is partially ordered set by set inclusion. Let
{M;} be an arbitrary chain in 7p. Since union of left hyperideals is a left
hyperideal, |J M; is a left hyperideal of H. Since Q C M; for all i € I, we

i€l

have @ C U M;. Assume that (|J M;) N P # 0. Then, there exist some
iel iel

a € H such that a € (|J M;) N P. This implies a € |J M; and a € P. Thus,

i€l i€l
a € M; for some i € I aend a € P. Thus, M; NP # (. EIt is impossible. Hence,
(UM;)nP =10. Thus, | M; is an upper bound of {M;}. Since {M;} is
azrflarbitrary chain, we havée‘éhat every chain in 7p has an upper bound in 7p.
Hence, by Zorn’s Lemma the family 7p contains a maximal element M. We
will show that M is a prime left hyperideal of H. Let A, B,C be three left
hyperideals of H such that f(A,B,C) C M. Assume that A ¢ M,B ¢ M and
C ¢ M. Then, there exist a € A,b € B and ¢ € C such that a,b,c¢ ¢ M. Now
(a), UM, (b), UM and (c), UM are left hyperideals of H properly containing
M, so ({(a), UM)NP #0,((b), UM)NP # 0 and ({(¢), UM)NP #0. Let z €
({(a),UM)NP,y € ((b),UM)NP and z € ({c),UM)NP. Since z,y,z € P and P is
left m-system, we have f(x,x1,x2,y,x3,x4,2) C P for some x1,zo, 3,24 € H.
Also f(z,71,22,y,73,24,2) C f((<a>l UM), H, H, (<b>l UM),H, H, (<C>l UM)).
Thus, we have
Case I: If x € (a), C A,y € (b), € B,z € (c), C C, then

flx,x1,20,y,23,24,2) C f(A, f(H,H,B), f(H,H,C)) C f(A,B,C) C M.
Case II: If x € M, then
f(@ @1, 9,y, 03,24, 2) C f(M, f(H, H, M), f(H, H,M)) C f(M, M, M) C M.
Similarly, if y € M or z € M, then
flz,x1,29,y,23,24,2) C f(H,H, f(H M,H),H H) C f(H M,H) C M
and
flx, 21, 29,y,23,24,2) C f(H,H,H,H, f(H H M)) C f(H H M) C M.
-

Hence, PN M # 0, it is impossible. Thus, A C M or B C M or C C M.
Therefore, M is a prime left hyperideal of H. O
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3. ON HYPERFILTERS IN TERNARY SEMIHYPERGROUPS

In this section we introduce the concepts of hyperfilters and hypersemilat-
tice congruence of ternary semihypergroups. We give some characterizations of
hyperfilters in ternary semihypergroups. Some relationships between the hyper-
filters and the prime hyperideals and hypersemilattice congruences in ternary
semihypergroups are considered.

Let H be a ternary semihypergroup. A ternary subsemihypergroup F;(F,, F).)
of ternary semihypergroup H is called a left (lateral, right) hyperfilter of H
if for any a,b,c € H, f(a,b,c) C F;(f(a,b,c) C Fp, f(a,b,c) C F,.) implies
c€ Fi(be F,,ce F,). If a ternary subsemihypergroup of ternary semihyper-
group H is a left, lateral and right hyperfilter of H, then it is called a hyperfilter
of H. The intersection of all hyperfilters of a ternary semihypergroup H con-
taining a nonempty subset A of H is the hyperfilter of H generated by A. For
A = {z}, let n(z) denote the hyperfilter of H generated by {z}. An equiva-
lence relation p on a ternary semihypergroup H is called a congruence if for
any a,b € H, apb implies Yu € f(a,x,y),Fv € f(b,z,y) such that upv and
vVt € f(y,z,a),3s € f(y,z,b) such that tps for all x,y € H. A congruence
p on a ternary semihypergroup H is called a hypersemilattice congruence if
apz, Yz € f(a,a,a),Ya € H and Vz € f(a,b,c),3y € f(a,c,b) such that zpy,
3z € f(e,b,a) such that xpz, Jw € f(b,a,c) such that zpw for all a,b,c € H.
For a nonempty subset A of a ternary semihypergroup H, we define a relation
on H as follows:

n:={(z,y) € Hx H :n(z) =n(y)}.

It can be easily proved that n is an equivalence relation on H.

Theorem 3.1. Let H be a ternary semihypergroup and F' be a nonempty subset
of H. Then, the following statements are equivalent:

(1) F is a left(lateral, right) hyperfilter of H.
(2) H\F =0 or H\F is a prime left (lateral, right) hyperideal of H.

Proof. Assume that F' is a left hyperfilter of H and H\F # (). Now let a,b € H
and ¢ € H\F. Then, f(a,b,c) C H\F because F is a left hyperfilter of H and
¢ ¢ F. Hence, H\F is a left hyperideal of H. Next let a,b,c € H be such that
fla,b,¢) € H\F. Then, a € H\F or b € H\F or ¢ € H\F because F is a
ternary subsemihypergroup of H. Hence, H\F is a prime left hyperideal of H.

Conversely, if H\F = (), then F = H. Hence, F is a left hyperfilter of H.
Assume that H\F is a prime left hyperideal of H. Now let a,b,c € F. Then,
f(a,b,¢) C F because H\F is prime. Hence, F is a ternary subsemihypergroup
of H. Next let a,b,c € H be such that f(a,b,¢) C F. Then, ¢ € F because
H\F is a left hyperideal of H. Therefore, F' is a left hyperfilter of H. So the
proof is completed. O
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Corollary 3.2. Let H be a ternary semihypergroup and F' be a nonempty
subset of H. Then, the following statements are equivalent:

(1) F is a hyperfilter of H.
(2) H\F =0 or H\F is a prime hyperideal of H.

Theorem 3.3. If H is a ternary semihypergroup, then n is a hypersemilattice
congruence on H.

Proof. Let a,x,y € H be such that anb. Then, n( ) = n(b). Since f(b,z,y) C
Un(t), vt € f(b,x,y), we have b,z,y € Un(t),Vt € f(b,z,y). Thus, n(a) =
n(b) C Un(t),vt € f(b,z,y), so a,z,y € Un(t),vt € f(b,x,y). Hence,
Flaz,y) € Un(), vt € f(bz,y), s0 Un(s) C Un(t), ¥t € f(b,z,y),¥s €
fla,z,y). Similarly, Un(t) € Un(s), vt € f(bz,y),Vs € f(a,z,y). There-
fore, Un(t) = Un(s),Vt € f(b,x,y),Vs € f(a,z,y). So Vs € f(a,x,y),3t €
f(b,z,y) such that snt. Similarly we can show that Vs € f(y,z,a),3t €
f(y,z,b) such that snt. This proves that n is a congruence on H. If a € H,
then a € n(z),Vx € f(a,a,a) because f(a,a,a) C Un(z),Vz € f(a,a,a).
Thus, n(a) C Un(z),Vx € f(a,a,a). Since a € n(a), we have f(a,a,a) C n(a).
Hence, Un(xz) C n(a),Yx € f(a,a,a). Therefore, anx,Vo € f(a,a,a). If
a,b,c € H, then f(a,b,c) CJn(x),Vx € f(a,b,c). Thus, a,b,c € Jn(z),Vz €
f(a,b,c), so f(c,b,a) C Un(x),Vz € f(a,b,c). Thus, Un(z) C Un(y),Vz €
(e,b,a),Yy € f(a,b,c). Similarly, Un(z) C Un(y),Yz € f(a,b,c),Vy €
(¢,b,a). Hence, Jn(z) = Un(y),Vz € f(a,b,c),Yy € f(c,b,a), so Vz €
(a,b,¢),Fy € f(c,b,a), such that xny. Similarly, we can show another cases
that Vz € f(a,b,c),Jy € f(a,c,b), such that xny and Vz € f(a,b,c),Ty €
f (b a,c), such that xny. Therefore, n is a hypersemilattice congruence on

(]

f
f
f

4. ON SEMIPRIME LEFT HYPERIDEALS IN TERNARY SEMIHYPERGROUPS

In this section we characterize the semiprime hyperideals and left hyperideals
in ternary semihypergroups. Some properties of them are investigated.

Theorem 4.1. Let H be a ternary semihypergroup and P a left hyperideal of
H. The following statements are equivalent:

(1) P is a semiprime left hyperideal of H.

(2) fla,H,H,a,H,H,a) C P =acP.

(3) f(a),,(a);,(a),) S P=acP.
) =

Proof. (1 (2). Assume that P is semiprime left hyperideal of H and
fla,H,H ,a,H,H,a) C P. Then,

f(H,H, f(a,H,H,a,H,H,a)) C f(H,H,P)C P.

Thus, f(f(H,H,a),f(H,H,a), f(H,H,a)) C P. Since P is semiprime left
hyperideal of H, we have f(H,H,a) C P and by Theorem 2.5 we get a € P.
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(2) = (3). Let f({a),,(a),,(a),) € P for some a € P. Then,
f(a,H,H,a,H,H,a) = f(avf(H7H7a)vf(H?H?a)) g f(<a>l ) <a’>l7<a>l) g P.

By (2) we get a € P.

(3) = (1). Let I be any left hyperideal of H such that f(I,I,I) C P.
Let I ¢ P. Then, there exists an element a € I such that a ¢ P. So,
f({a),,(a),,(a),) € f(I,I,I) C P. By (3) we have a € P. It is impossible.
Therefore, I C P, and so P is a semiprime left hyperideal of H. O

Corollary 4.2. Let H be a commutative ternary semihypergroup and P be
a proper left hyperideal of H. Then, P is semiprime if and only if for every
a € H, f(a,a,a) C P implies a € P.

Proof. Let H be a commutative ternary semihypergroup. Assume that P is a
semiprime left hyperideal of H and f(a,a,a) C P for some a € H. Then, we
have

f(H7 H’ f(H’ H7 f(a7 a? a))) g f(H7 H7 P) g P'

Since H is commutative, we have f(a, H, H,a,H,H,a) C P. By Theorem
3.1, since P is semiprime left hyperideal of H, we have a € P.

Conversely, assume that f(a,a,a) C P = a € P. Suppose that for any left
hyperideal I of H, f(I,I,I) C P. Assume that I ¢ P. Then, there exists
an element z € I such that ¢ P. Thus, f(x,z,2) C f(I,I,I) C P implies
x € P. It is impossible. Therefore, I C P and hence P is a semiprime left
hyperideal of H. O

Definition 4.3. Let H be a ternary semihypergroup. A nonempty subset A of
H is called a left p-system if for every a € A there exist elements by, by, b3, by €
H such that f(a,by,ba,a,bs,bs,a) C A.

It is clear that in a ternary semihypergroup H every left m-system is a left
p-system and the union of left p-systems is a left p-system too.

Theorem 4.4. Let H be a ternary semihypergroup and P be a proper left
hyperideal of H. Then, P is semiprime if and only if its compliment P¢ is a
left p-system.

Proof. Let P be a semiprime left hyperideal of H. Assume that b ¢ P. Then,
b € P¢. Assume that P€ is not a left p-system. Then, for all a1, as,a3,a4 €
H, f(b,a1,a2,b,a3,a4,b) ¢ P°. This implies that for all aj,as,as,as € H,
f(bya1,az2,b,a3,a4,b) C P. By Theorem 3.1 it follows that b € P. It is impos-
sible. Therefore, P¢ is a left p-system.

Conversely, assume that P¢ is a left p-system. Let b € P°. Then, there exist
a1, as,a3,as € H such that f(b,a1,as,b,as,a4,b) C P°. Hence,

f(b7a17a27b7a37a47b) /(Z P.
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Thus, b ¢ P which implies that f(b, H, H,b, H, H,b) ¢ P. By Theorem 3.1 it
follows that P is a semiprime left hyperideal of H. O

Definition 4.5. Let H be a ternary semihypergroup. A left hyperideal P
of H is called a completely semiprime left hyperideal of H if for any a € H,
f(a,a,a) C P implies a € P.

Theorem 4.6. Let H be a ternary semihypergroup. A proper left hyperideal
P of H is completely semiprime if and only if for every pair (m,n) € Z* with
even sum, f(f(H,...,H), f(H,...,H), f(a,a,a)) C P implies a € P.
~—— N——
m times n times

Proof. Assume that P is completely semiprime left hyperideal of H and
f(f(H7""H)7f(H,"'7H)7f(a’a7a))gP'
N—— N——

m times n times
Then,
f(f(a,a,a), f(a,a,a),..., f(a,a,a)) C P.
m+n+1 times
Since P is completely left semiprime, by mathematical induction we have
f(a,a,a) C P and hence a € P.
Conversely, suppose that f(a,a,a) C P. Then, for every pair (m,n) € ZT
with even sum,

f(f(H,...,H), f(H,...,H), f(a,a,a)) C f(H,H,P) C P.
~—— ——

m times n times

This implies that a € P. Hence, P is completely semiprime. O

Theorem 4.7. Let H be a ternary semihypergroup, A be a p-system and I be
a left hyperideal of H such that ANI = (. Then, there exists a mazimal left
hyperideal M of H containing I such that ANM = (). Further, M is also a
semiprime left hyperideal of H.

Proof. Let T4 = {M : M is proper left hyperideal of H,I C M, M N A = (}.
Since I € T4, we have 74 # (). 74 is partially ordered set by set inclusion.

Let {M;} be an arbitrary chain in 74. We show that (J M; is an element of
Ta. Since the union of left hyperideals is a left hyperi(igéjls, we have U M; is
a left hyperideal of H. Also, I C M; for all i € J. Therefore, I C U ]Z\z] Now
we show that (|J M;) N A = 0. Assume that (|J M;) N A # 0. Z'efilen, there
exists a € H sﬁi}Jl that a € (U M;)NA # 0 alrf({ soa € |J M anda € A
Thus, a € M; for some i € Jzea{nd a€ A SoM;NA+# @Z.GJI‘L is impossible.
Hence, (| M;)NA = (). Thus, U M; is the upper bound of {M;}. By Zorn’s
Lemma Eii} family 74 contains flerilaximal element, M. We will show that M
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is a semiprime left hyperideal of H. Let f(X,X,X) C M where X is a left
hyperideal of H. Assume that X ¢ M. Then, there exists # € X such that
x ¢ M. We have (a); U M is a left hyperideal of H properly containing M
such that ((a), UM)NA#0. Let c€ ((a),) UM)NA= ce A. Since A is a
left p-system, there exist ¢1, co, c3,c4 € H such that f(c,c1,ca,c¢,¢5,¢4,¢) C A.
Thus, f(c,c1,c2,¢,¢3,¢4,¢) € f({a), UM,H,H,(a), UM, H,H,(a), JM). We
have
Case I: If ¢ € (a),, since (a); C X, we have ¢ € X. Thus,

f(C,Cl,CQ,C,C3,C47C) - f(va(HvHvX)vf(HvHvX)) - f(X7X7X) - M.
Case II: If ¢ € M, then
f(c,017027C703,C4,C) g f(va(HaHaM)vf(HvHaM)) g f(ManM) g M.

So, AN M = (), which is impossible. Hence, X C M. Thus, M is a semiprime
left hyperideal of H. O

5. ON IRREDUCIBLE LEFT HYPERIDEALS IN TERNARY SEMIHYPERGROUPS

In this section, we introduce and characterize irreducible left hyperideals in
ternary semihypergroups. Some properties of them are investigated.

Definition 5.1. Let H be a ternary semihypergroup. A proper left hyperideal
I of H is said to be irreducible, if for left hyperideals T'and K of H, TNK =1
implies I =T or I = K.

It can be easily shown that the above definition is equivalently with the
following definition.

Definition 5.2. Let H be a ternary semihypergroup. A proper left hyperideal
I of H is said to be irreducible, if for left hyperideals T'and K of H, TNK C I
impliesT C T or K C 1.

Proposition 5.3. Let H be a ternary semihypergroup, a € H and I a proper
left hyperideal of H such that a ¢ I. Then, there exists an irreducible left
hyperideal T of H such that I CT and a ¢ T

Proof. Let § = {J a left hyperideal of H : I C J and a ¢ I}. It is clear that
F # 0 since I € §. The set § is partially ordered set under set inclusion.
Let {T; : ¢ € Q} be a chain of left hyperideals in §. Then, T'= |J T; is a
i€Q
left hyperideal of H such that a ¢ T. By Zorn’s Lemma it followsethat the
collection § contains a maximal element M. We have to show that M is an
irreducible left hyperideal. Assume that M = B N C where B and C are left
hyperideal such that I C B,C. Since M = BN C, by the property of M, we
have a € B and a € C. Thus, a € BN C = M, which is impossible. Thus,
M = B or M = C. Hence, M is an irreducible left hyperideal. |
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Proposition 5.4. Let H be a ternary semihypergroup. Every proper left
hyperideal I of H is the intersection of all irreducible left hyperideals containing
it.

Proof. Tt is straightforward. |

Proposition 5.5. Let H be a ternary semihypergroup and I be an irreducible
semiprime left hyperideal of H. Then, I is a prime left hyperideal of H.

Proof. 1t is straightforward. O

Definition 5.6. Let H be a ternary semihypergroup. A nonemtpy subset A
of H is called a left i-system if for a,b € A, (a), N (b), N A # 0.

Theorem 5.7. Let H be a ternary semihypergroup. The following statements
are equivalent:

(1) H is semisimple.

(2) For every three left hyperideals I, J,K of H, INJNK C f(I,J, K).

(3) Every left hyperideal of H is semiprime left.

(4) Ewery left hyperideal of H is the intersection of prime left hyperideal
containing it.

Proof. (1) = (2). Let H be semisimple and I, J, K be left hyperideals of H.
Since I N J N K is a left hyperideal of H, we have

INJNK=fINJNK,INJNK,INJNK)C f(I,J K).

(2) = (1). Taking I = J = K we have I C f([,I,I) and since f(I,1,I) C I
it follows that I = f(I,1,1I).

(1) = (3). Let H be semisimple and I, .J be left hyperideals of H such that
f,I,I)C J. Since H is semisimple we have that f(I,I,I) = 1. Thus, I C J.
Hence, J is a semiprime left hyperideal of H.

(3) = (4). Suppose that every left hyperideal of H is a semiprime left
hyperideal. By Proposition 4.4 and (3) we have that every left hyperideal of H
is the intersection of all irreducible semiprime left hyperideals of H containing
it. By proposition 4.5 every irreducible semiprime left hyperideal is prime left
hyperideal. Thus, every left hyperideal I of H is the intersection of all prime
left hyperideals containing it.

(4) = (1). Suppose that every left hyperideal of H is the intersection of
all prime left hyperideals containing it. Let I be any left hyperideal of H. By
(4) it is the intersection of all prime left hyperideals containing it. Since the
intersection of prime hyperideals is a semiprime left hyperideal, we have that
I is a semiprime left hyperideal. But since f(I,I1,I) C f(I,1,I), then I C
f,I,I)and f(I,I,I)C I wehavel= f(I,I,I). Hence, H is semisimple. [J
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6. ON HYPERIDEAL EXTENSIONS IN TERNARY SEMIHYPERGROUPS

In this section we introduce the notion of hyperideal extension in ternary
semihypergroups and characterize the properties of hyperideal extension in
ternary semihypergroups.

Let H be a ternary semihypergroup, I be a hyperideal of H and A C H.
Then, we have

<A, I>={he H|f(A,Hh) C T}
contains I and is called the extension of I by A. It is clear that f(A, H,<
A, I>)C1Iandfor BC H, f(A, H,B) C I implies BC< A, I >. In fact, if H
is commutative, < A, I > is a hyperideal of H containing I. Since
f(A7H’f(<A7I>7H7H)) = f(f(A?H7<A7I>)7H7H)
= f(U,H,H)
it follows that f(< A, I >, H,H) C< A, I >.

Lemma 6.1. Let H be a ternary semihypergroup, I be a hyperideal of H and
A,B C H. Then, the following statements hold:

(1) If AC B, then < B,I >C< A, I >.
(2) IfAC I, then < A, I >=H.
(3) <A I>C< A\I, I >.
Proof. (1). Let A C B. Then, we have
re<B,I> = f(B/Hux)CI
= f(AH=z)CI
= ze<AT>.
Hence, < B, I >C< A, I >.
(2). Let A CI. Tt is clear that < A,I >C H. If x € H, then we have
f(A7H)x) g f(I7H7a:) g I'
Thus, x €< A, I >,s0 H C< A, I >. Hence, < A, I >= H.
(3). Since A\I C A, by (1) it follows that < A, >C< A\I, I >. O

Proposition 6.2. Let H be a ternary semihypergroup, I be a hyperideal of
H and A C H. Then, for every subsets X,Y of H, we have

< AT >C< f(X,H,A), I >C< f(X,Y,A), I >.
Proof. Since

fUf(X,H,A),H, < A, I>)

fXH, f(AH, < AT >))
f(X,H,1)
I

N 1N
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and
F(f(X,YA),H, < f(X,H,A),I > C [f(f(X,HA),H < f(X,H A),I>)
1

N

)

it follows that
<A I>C< f(X,HA),I > and < f(X,H,A),I >C< f(X,Y,A), I >.
U

Proposition 6.3. Let H be a ternary semihypergroup, I and I; be hyperideals
of H and A, A; C H for all i € Q. Then, we have

1) <A NL>= () <AIL>.

i€Q i€Q
(2) < U AiI>= () <A;,I>.
1€EQ i€Q

Proof. (1). For z € H, we have

re<A N>
i€Q

f(AH,2)C N L
i€Q
f(A,H,Qf)gIIL,VZEQ
re< AL >, Vie
ze ) <ATI>.
i€Q

tee 2

Hence, < A, N I; >= () < A, I; >.
i€Q i€
(2). For x € H, we have

T e< UAi7I> 54 f(UAZ,H,x)QI
1€Q 1€Q
& f(Aj, H,z) CI,VieQ
&S re< AL I > Vie
& ze ) <A,I>.
i€Q
Hence, < |J A, I >= ) < A, 1 >. O
1€Q 1€Q

Proposition 6.4. Let H be a ternary semihypergroup, I be a hyperideal of
H. Then, I is a prime hyperideal of H if and only if < A, >=TIforall AC H
with A € I.

Proof. Let I be a prime hyperideal of H and let A ¢ I. Since f(A, H,< A, I >
) CI,A ¢ I and I is a prime hyperideal of H, it follows that < A,1 >C I
which implies that < A, I >= 1.

Conversely, assume that < A,] >= T for all A ¢ I. Let A,B C H such
that f(A,H,B) C I and A ¢Z I. Then, B C< A,I >= 1. Hence, I is a prime
hyperideal of H. O

The following proposition is an immediate corollary of Lemma 5.1(2) and
Proposition 5.4.
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Corollary 6.5. Let H be a commutative ternary semihypergroup. If I is a
prime hyperideal of H and A C H, then < A, I > is a prime hyperideal of H.

Corollary 6.6. Let H be a commutative ternary semihypergroup and A C H.

If {I;]i € Q} is a collection of prime hyperideals of H such that () I; # (), then
ieQ
< A, ) I; > is a semiprime hyperideal of H.
ieQ
Proof. By Corollary 5.5 we have that < A,I; > is a prime hyperideal of H

for all i € 2. By Proposition 5.3(1) we have < A, (L = (| < A, I; >.
i€Q i€Q

By the obviously fact that a nonempty intersection of prime hyperideals of H

is a semiprime hyperideal of H, it follows that < A, (| I; > is a semiprime
ieQ

hyperideal. O

Proposition 6.7. Let H be a commutative ternary semihypergroup and A, B C
H. If (A) C (B), then for every hyperideal I of H, < B,I >C< A, I >.

Proof. Let (A) C (B) and I be a hyperideal of H. If z €< B,I >, then
f(B,H,z) C I. By Lemma 5.1(1), since A C (B), it follows that < (B) ,I >C<
A, I >. By Lemma 5.1(1), Proposition 5.2 and Proposition 5.3(2), we get
<B,I> C <B,I>n< f(HH,B),I>
= < BUf(H,H,B),I >

= <(B),I>
C <AIT>.
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