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ABSTRACT. In this paper we present a new method to find simple or
multiple roots of functions in a finite interval. In this method using
bisection method we can find an interval such that this function is one
to one on it, thus we can transform problem of finding roots in this
interval into an ordinary differential equation with boundary conditions.
By solving this equation using collocation method we can find a root
for given function in the special interval. We also present convergence
analysis of the new method. Finally some examples are given to show

efficiency of the presented method.
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1. INTRODUCTION

Finding roots of functions are one of the oldest problem in mathematics.
In many problems such as digital filtering design, image filtering and etc.
[18, 19, 12, 1, 21, 3, 22] we need to find the roots of special functions, there-
fore presenting new methods for solving the root finding problem has special
importance. For this problem there exists some classical numerical methods
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such as bisection method [4], Newton method [4] and etc. Also some authors
have presented new algorithms for solving this problem [5, 6]. In this paper
we present a new method for finding roots of continuous function on a finite
interval [a, b]. In this section we introduce some preliminaries and definitions.
In Section 2 we present a new method for finding roots of continuous functions
in [a,b]. In this method we transform the problem of finding roots to an ordi-
nary differential equation and solve this equation using the collocation method.
Also in this section we study convergence analysis of the new method. Finally
in Section 3 we give some numerical examples to show the efficiency of the new
method.

Definition 1.1. A root ¢ is a multiple root of f with multiplicity m if f
expressed as

f(@) = (& = c)"r(x), (L.1)

where r is a continuous function and r(c) # 0.

Theorem 1.2. (Intermediate Value Theorem) Assume that the function f(z)
is continuous for x € [a,b], f(a) # f(b), and k is between f(a) and f(b). Then
there is a point ¢ € (a,b) such that f({) = k. In particular, if f(a)f(b) <0,
then the equation f(x) =0 has at least one root in the interval (a,b).

Proof. see [4]. O

1.1. Jacobi polynomials. The Jacobi polynomials Pr(la’ﬁ )(x), are defined as
the orthogonal polynomials with respect to the weight function w(a’ﬁ)(x) =
(x —a)*(b—x)?, (a>—1,8> —1) on [a,b]. The Jacobi polynomials satisfy
[10] the following three term recurrence relation on the interval [a, b]:

PP (@) = 1,

) 1+8)+b(1+
P (@) = 2,

PO (@) = (& — 4;) PP (z) = BiPP)(2), i=1,2,3,...,

i+1 i
where
A, — 2ilitltatB)(atb)+(a(B+1)+b(at1))(ath)
v (2i+a+B)(2i+a+5+2) ’
B; = i(i+p) (i+atB)(b—a)®

T (2i+a+B+1)(2i+a+B+2)? (2i+a+B+1)”
On the other hand the Jacobi polynomials have the following properties [10]:
n
PP (z) =37 B (@ - b)F, (1.2)
k=0



Application of Collocation Method in Finding Roots 93

where
b—a)" *nl(k+B5+1
B]ia,,@‘,n) _ ( a’) n ( B )n—k ’ (13)
(n—kln+k+a+p+1), .k
and
k
(@o=1, (@e=][lc+i-1); k=1,2,3,.,
1=0
or
PO @) = Y B (@~ a)t, (1.4)
k=0
where
— )" Fplk+a+1
E}ga,ﬁ,n) _ (a‘ ) n ( « )nfk (15)

n=—K!n+k+a+p+1), .k
1.2. Operational matrix of derivatives for Jacobi polynomials. Sup-
pose :

P = [SOO(t)aSOl(t)v~~~790n71(t)]T7 (16)

where the elements ¢ (t), p1(t), ..., pn—1(t), are the basis functions on the in-
terval [a,b]. The matrix D, x, is the operational matrix of derivatives if and
only if

d
= = Do. 1.
¥ ® (1.7)

Suppose in (6) we define @;(t) = Pi((y P )( t). Using properties of Jacobi polyno-
mials we have:

d PR (5 (@8) (4
- Z di ; P, (1.8)

where the coeflicients d; ; are obtalned from the following upper triangular
system [7]:

B . B plosid pladic) dio
0 B§047/571) .. B§(’(767'L—2) BY’(vﬁv'L—l) di,l
0 0 . Bi(iﬁzﬂvi72) Bi(i"gﬂﬂ;71) di,i—Q
0 0 o 0 Bl || diia
Py (b)/0!

P (b)/1!

P (b) (i~ 2)
Pi(b)/ (i —1)!
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where Pj(a’ﬁ)(x) = Pj(z) and d* PP (g) = Pj(k)(x), (1 <k < N) and

dzF < j
B,(ca’ﬁ’j) is defined in (1.3). Solving this linear system concludes:

. Pi(i)(l) _a+pB+2i (1.10)
T G- BEPTY T 20+ f4d) '
and
. J+1
PI(1) -5t Y By,
k=i—1 . .
dij = - j=0,1,2,...,i— 2. (1.11)
5 . (a’ﬂ7]) b ) ) ) )
j!Bj
Now it can be seen that:
0 d1 0 d270 dn,O
0 0 d271 dn,l
D=|": : : : . (1.12)

2. FINDING ROOTS OF CONTINUOUS FUNCTIONS

Suppose f : [a,b] — R is a continuous function and f(a) f(b) < 0. Therefore
using Theorem 1 we conclude there exists ¢ € (a, b) such that f(c) = 0. In this
section we present a new method for finding c¢. Suppose ¢ is a simple root of
f on [a,b]. Now we look for an interval [a1,b1] C [a,b] such that f be one to
one on [aq,b1]. Using bisection method we determine a sequence of intervals
I, = (ek,cr), k=1,2,3,...,n such that

(Cl,dl) D (Cg,dg) D (Cg,dg) D...D (Cn,dn),

where (c;,d;), j =1,2,...,n contain a root of f(z) and f is a one to one func-
tion on (cy, d,). For this purpose we present the following algorithm:
Input. end points a and b.

Step 1. While f is not one to one on [a, b] do steps 3 — 6.
Step 3. Set c1 = a,
Step 4. Set p1r=a+ L’*T“,
Ry = f(e1),
Ry = f(p1).
Step 5. If Ry =0,
C=Dp1
Stop.
Step 6. If  RiR, <0,

a=c1 and b= pq,
else a=pi.
Step 7. Set a1 =aandby =b
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Stop.
Otuput. ay and b;.

Remark 2.1. Because f has a simple root in [a, b], therefore there exists [a1, b1]
such that f is one to one in this interval. Therefore the above algorithm could
be ended after finite number of iterations.

If we know that multiplicity of f is m then we can use g(z) = %,
instead of f(z) in the presented algorithm and if f be a function with mul-

f(z) 0
tiplicity m in ¢ where m is unknown, we can use G(z) = f /(()””) v7 0
xTr =

instead of f in the presented algorithm [13]. After finding [aq,b1] using the
above algorithm, we look for ¢ € [a1,b1] such that ¢ = f~1(0). Suppose

y(x) = Y z), @€ [f(ar), f(br)], (2.1)
therefore we have
fly(@) ==, z€[f(ar), f(b1)], (22)
and it is easy to see that
! = ; z ai 1

Now we consider the following boundary value problem:

y'(@) = pry

y(f(a1)) = a1, (2.4)

y(f(b1)) = b1

We can check that solving (2.4) is equivalent to finding y(z) such that satisfies
n (2.1). Solving this equation and finding y(z), we can determine c.

Lemma 2.2. Suppose S1 and So are the sets of the solutions of the following
equations respectively

y(z) = (),
y(f(a1)) = ax, (2.5)
y (f(b1)) = b1,

and
v'(@) = Frm
y(f(a1)) = a1, (2.6)
y(f(b1)) = b

Therefore we conclude S1 = Ss.
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Proof. Suppose y1(x) € S1, therefore y; satisfies in (17). It is easy to see that

) ==,
v1 (f(a1)) = a1, (2.7)

s

&
=
8

therefore we conclude

y'i(@)f () =1
y1 (f(ar)) = an, (2.8)
y1 (f(b1)) = b1
That is y; satisfy in (18), therefore we conclude S; C Sa. Now suppose ya(z) €
Sy is the solution of (18). Therefore we have

y's( t)dt = [ 1dt. (2.9)
/ /

F(ar) f(ar)
Using (2.9) yields
[ ttenyat =z~ s(a). (2.10)
fa1)

Finally one can conclude:

f(y2(2)) = =,
y2 (fla1)) = as, (2.11)
y2 (f(b1)) = b1,
That is yo satisfy in (17), therefore we conclude Sy C 5. O

2.1. The Jacobi Collocation method for solving (2.4). Collocation method
is a powerful tool for solving ordinary differential equations. In this section we
use the Jacobi collocation method for solving (2.4). Suppose

N
x) = ZciPi(a’ﬂ) (x), (2.12)

where ¢; is unknown for ¢ = 0,1,..., N. Let us define WP; ’ﬁ)( ) = P.(k)(x)
for k=0,1,..., N. Now it is clear that

yn(z) = P(x)CT, (2.13)
yh(z) = P (z)07, (2.14)
where
P(z) = [Py(z), Pi(x),..., Pn(2)], (2.15)
P/(2) = [PY(a), PL(), -, Pl ()], (2.16)

C= [Co,Cl,...,CN]. (2.17)
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The relation between the matrix P(x) and it’s derivative, P'(x), is :
P'(z) = P(x)D, (2.18)

where D is the operational matrix of derivative that is defined in Subsection
1.3. Therefore we can write

yn () = P(x)DCT. (2.19)
Suppose X
Z(yn(x)) = @)’ (2.20)

Using (2.19) we conclude:
P(z)DCT — Z(P(2)CT) ~0

P(f(a))CT ~an, (2.21)

P(f(b1))CT ~ by.

Now we use the collocation method for solving (2.21). Suppose {z;}¥ is the
set of (N 4 1) Jacobi-Gauss or Jacobi-Gauss-Radau or Jacobi-Gauss-Lobatto
quadrature nodes [2]. We substitute these nodes in (2.21), therefore we have
the following system of nonlinear equations:

P(f(a1))CT = a1,
P(zx)DCT — Z(P(z)CT) =0, k=1,2,..,N -1, (2.22)
P(f(b1))CT =
This system can be solved by Newton’s iterative method [4].

2.1.1. Convergence analysis. In this section we prove the convergence of the
Jacobi collocation method that is presented in Section 2.2. Before proving the
main theorem of this section, we present some preliminaries and notations.

Definition 2.3. Suppose I = (a,b) and Lia,ﬁ (I) is the space of square inte-
grable functions in I. Now we can define the following inner product and norm
on Lia s (I):

b
(U, V) yos 1 /w (z)dz, Yu,ve L2. (1),

2

b
il = | [P @) u@)?ds | e Lo,
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For any u, v continuous on [a, b], we set

N

(u,v)y = u(z;)v(z;)w;,
i=0

where z;, (0 < j < N), are the Gauss- Jacobi or Gauss-Radau or Gauss-
Lobatto quadrature nodes and w;, (0 < j < N), are the Gauss- Jacobi or
Gauss-Radau or Gauss- Lobatto quadrature weights. The Gauss integration
formulas imply that:

(U, ) s = (U, V) yarps  if uv € Panys,

where § = 1,0, —1 for Gauss, Gauss-Radau or Gauss-Lobatto integration rules
respectively.

Definition 2.4. [2] Suppose I = (a,b), therefore we define:
HE. o (1) ={uldbue L. (I), 0<I<k},

where OLu = % H? ks (1) is a Hilbert space with respect to the inner product

k
m m
(uvkwagl E (O, O wu,g117
m=0

which induces the norm:

Hu kw8 1 Z ||8 una BT ’

also it is easy to see that :

[N

105"l

weB [ = ||qu woB 1’ 0<m<k. (223)

Definition 2.5. [20] We define:
Hka,fa* (1) = {u|8§u € Lia-f-jﬁ-m (I), 0<j<k, ke N} )

w

where dJu = gj—;j. HF, ;. (I) is a Hilbert space with respect to the inner

product
k
E Jj
(u,v kw8 8 u, 5‘ ” wati,B+i)
=0

which induces the norm:

N

k
S 2
||U||k,wvﬁ,* = Z Hazjcunwaﬂﬁﬂ
j=0
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Definition 2.6. [2] Suppose Py is the space of all polynomials of degree at

most N. Iy a6 : Liaﬁ (I) — Py is an orthogonal projection if and only if

2
wa,[&

(I gos (u(z)) — u(x),v(a:))waﬁyj =0, YvePy. (2.24)

for any u € L (I), we have :

Lemma 2.7. (The Poincare Inequality) Suppose u € H', , (I) and there exists
a point xg € [a,b], u(xo) = 0 therefore we have:

ull e 1 < CllOzullyous 1 (2.25)
where C' is a constant.

Proof. See [2]. O
Lemma 2.8. Suppose f € H',(I), therefore we conclude:
d
Iy _1q 000 (%f> = (HN’wo,o (f))l (2.26)
Proof. See [8]. O
Definition 2.9. [2] Suppose I = (c1,¢2), we define Il v : H', (1) — Py such

that

[ d
II; yu(x) = u(cr) + /HN_Lwo,o (Eu) dx, (2.27)

c1

where Iy 0,0 are defined in (2.24). Using (2.26) we conclude:

I ny(c1) = yler),

1, ny(c2) = y(c2).

Lemma 2.10. Suppose y € HZy.(I) , o > 1, therefore there exists a constant
C independent of N such that:

T2 5y = Yl o0 1 < CNT Nyl o0 o 1=0,1. (2.28)
Proof. See [11]. O

Lemma 2.11. Suppose I = (a,b) and xj, (0 < j < N), be the Gauss-Jacobi
or Gauss-Radau or Gauss-Lobatto quadrature nodes and wj, (0 < j < N), be
the Gauss-Jacobi or Gauss-Radau or Gauss-Lobatto quadrature weights. The
Jacobi interpolating polynomial is denoted by I]‘f,’ﬂ(u). For any u € Hfu,,g (1),
k > 1, there exists a constant Coy independent of N, such that:

Hu - IJQV’B(“)Hwﬁ < CoN " [lull s (2.29)

and for any w € H., 5, (I), m > k, there exist constants C3 and Cy indepen-

dent of N, such that:

Haf (u - HN,w“vB(u)) ku+k,5+k < C3Nk_m|‘8;nu|

watm,B+m (2.30)
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o (=13 )]
Also for any uw € H™, ,(I), 1 < k < m, there exist constants Cs and Cg

w8

independent of N, such that:

< C4Nk7m||8;nu||wa+7nyﬁ+7n. (231)

watk, Bk

= T o0 ()] oo < CENP=3 ]

m,w®0>

0,0 _1_
o=, ., < Con¥Em ]

m,w90°
Proof. See [20, 2, 9]. O

Theorem 2.12. Suppose y and yn are the solutions of (2.4) and (2.22) re-
spectively. Assume that y € Hl oo ;. Also suppose Z € H oo ;, , 7> 1 which
is defined in (2.20) satisfy in the following relation:
wmem Vf1, f2 S Lim,m (I), m = 0, 1, ey 1y

am am
Ry N
|2t - 2
(2.32)
where k., < 1. Suppose {xk}szo and {wk}szo are the Legendre-Gauss-Lobatto

nodes and weights, respectively. Therefore we conclude:

wmm ]

Iy = ynlluoo 1 < ANl oo r + AN+ X2 N7 flyloo 1 (2:33)
where \g, A1 and Ay are constants independent of N.

Proof. Suppose en(z) = yn(x) —IL yy(x) where II; y is defined in (2.27). We
know that yn satisfies in the following equation:
(yn (@) — M ny (@) = Zn(yn () + T wvy(e), i=1,2,., N =1,

(2.34)

It is easy to see that ex(c1) = 0 and en(c2) = 0 where ¢; = f(a1) and

ca = f(b1). Therefore we can write:

(yn (i) = T wy (@) e n (2:) = Z(yn ()€’ w (@) + (T, vy(zi) e w(2i), i=0,1,2,...,N.
(2.35)

Multiplying both sides of (2.35), in wg, 0 < k < N and summing up these

equations we conclude:

(€N, €'N) y oo = (Z(yn), €' N) y oo + (Tivy) ' €'N) v oo (2.36)

We know that the N-point Legendre-Gauss-Lobato quadrature is exact for all
polynomials of degree at most 2N — 1, therefore we have:

(€' N2 €'N) oo 1 = (Z(Yn)s €' N) oo + (TLny) s €'N) oo - (2.37)

Multiplying both sides of (2.4) in €’y (z)w®?(z) and integrating over I we con-
clude:

(ylv G/N)wo,t),z = (Z(y), elN)wo,O,z- (2.38)
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Subtracting (2.38) from (2.37) yields:
(€N €Ny r = (Z(Mny) = Z(Yn)s€'8) oo + (Mny) =y €'n) oo

(Z(y) — Z(Il1,ny), @/N)wo,OJ + (Z(yn),, elN)wo,o,I —(Z(yn),» elN)N,wo,O-
(2.39)
It is easy to see that:

le' N 2007 < 1Zn) = ZW) oo rlle'Nlwno r + | M) = oo 1€ wlluoo 1+

1Z(M1,ny) = Z(Y) |l youo s €' Nl oo 1 + 1IN (Z(yn)) = Z(yn)ll oo 7M€ N Ml oo 1
(2.40)
Therefore we can write:

le' sl < 1Z@n) = 2L N9 oo, + 120 wy) = Z(3) | oo+

1N (Z(yn)) = Z(yn) oo 1 + +Tny) =yl oo -
(2.41)
Using (2.32) and Lemma 3 and (2.23) respectively we conclude:
12(yn) = Z(Y)llgo0 1 < Kollenllyo.0 1 (2.42)
and

121 ny) = Z(Y)]l oo 1 < Kollli vy = Yll oo ; < CLN [yl 00 15 (2:43)

and
[Mny) =yl oo r < My = ylly goo r < CoN Tyl oo po - (244)

Now for simplicity we use Iy (f) instead of IR,’O( f), therefore employing Lemma
4, it can be seen

1IN (Z(yn)) = Z(yn)ll oo ; < CsN 7" || 4L

dx™ Z yN ‘

wmr T é

CsN—" ("df,.Z(yN) e Z (I ny))| wrr 1 T Hd’”' 2

425 200) — A 20| )
We know that Z satisfies in (2.32), therefore we conclude:
1552 () — =2 (1 w)|

ot (245)

wrr T < LrHyN - HLNZ/HWT,T,I <

(2.46)
C(4||'9N||Wo,0’1-
Also using (2. 32) and Lemma 3 yield
HdacT deZ(HlNy)|wTTI—L Hy HlNylw"IS
(2.47)

CsN"lyllo.0,r-
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Therefore substituting (2.46) and (2.47) in (2.45) we have

1n (Z(yn)) = Z(yn)lwoo 1 < CoN || ZE=Z(W)|| v 1+
(2.48)
C7N_TH6N||Q;0,O,1 + CSN_QTH?JHWO,O,[-
Now using Lemma 1 we can write:
lenlluoo,r < Colle’nll00 - (2.49)

By substituting (2.42), (2.43), (2.44), (2.48) and (2.49) in (2.41) we have:

3. NUMERICAL RESULTS

lenllyoo s < (C1oN'™" + CriN ") [yl o0 1. (2.50)
We know that :
ly = ynllwoo s = Iy =y~ TNyl oo ; < 1y — i nyll 00 ;+
(2.51)
lyn — Hl,Nwao,o,p
Therefore using Lemma 3 and (2.50) we conclude:
Iy = ynllwoo 1 < AN Yl o0 r + (N + XN "2) [yl jo0 ;- (2:52)
0

In this section we present some examples and solve them using presented

algorithm.

Example 3.1. We want to find roots of [14]

Tz g 3 .o (T ™
flx) = (x— 3¢’ ) sin (5 - E) , z€]0,2],
the root of this function is 5 of multiplicity m = 5. In Table 1 the numerical
results of finding root of this function using the presented method is shown.
E(«a, B) is the absolute error of finding root of f using the method presented in

Section 2 with the parameters (o, ().

(3.1)

Table 1: The absolute error for roots of f in Example 1 using presented method.

Number of iterations | E(-0.8,-0.4) | E(-0.2,0.8) | E(-0.8,0.5) | E(0.5,0.5) | E(0.5,0.8)
1 1.7400(-1) | 5.3163(-2) | 9.8963(-2) | 8.5130(-2) | 9.3013(-2)
6 5.2701(-2) | 9.7430(-3) | 7.2306(-2) | 2.9246(-2) | 7.3941(-2)
8 3.2859(-2) | 7.3820(-3) | 9.173(-3) | 9.1403(-3) | 1.8316(-2)
10 9.45029(-3) | 1.8361(-3) | 7.9174(-3) | 8.062(-3) | 7.9409(-3)
12 6.3051(-3) | 9.0418(-4) | 8.6290(-4) | 6.6273(-4) | 2.9163(-3)
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Example 3.2. In this example, we want to find roots of [17]

f(@) = (@ = 1)tan(70),
The root of this function is x = 1 of multiplicity m = 2. Table 2 shows the
numerical solution of this equation using presented method. FE(a,[) is the
absolute error of finding root of f using the method is presented Section 2 with
the parameters («, 3).

0<z <2 (3.2)

Table 2: The absolute error for roots of f in Example 2 using method is presented
in this paper.

Number of iterations | E(-0.5,0.5) | E(-0.5,0) E(0,0) E(0,0.5) | E(0.5,0.5)
5 8.0030(-3) | 9.0915(-3) | 4.7631(-3) | 6.4298(-3) | 8.2065(-3)
7 7.6249(-3) | 7.4056(-3) | 4.6643(-3) | 3.2908(-3) | 5.3906(-3)
9 3.9501(-3) | 3.0351(-3) | 8.5920(-4) | 1.7928(-3) | 6.1649(-3)
11 0.1643(-4) | 6.8120(-4) | 4.9159(-4) | 8.6418(-4) | 5.9041(-4)
13 6.2875(-4) | 4.8252(-4) | 2.9517(-4) | 7.1849(-4) | 6.0269(-4)

4. CONCLUSION

In this paper we presented a method for finding roots of continuous func-
tion f. In this method we find an interval [a1,b1], that f is one to one on it.
Therefore we can construct a boundary value equation on [ai, b;], where f~!
is the solution of it. Solving this equation using Jacobi collocation method we
can find roots of function f. We also studied convergence analysis of the new
method. Finally some examples are presented to show the efficiency of the new
method.

Acknowledgments. The authors thank the referees for their helpful sugges-
tions concerning the presentation of this paper.
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