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1. INTRODUCTION

The purpose of this paper is to continue the study of p-Carleson and re-
lated measures in the unit disk. In recent years many papers appeared where
p-Carleson measures were studied intensively from various point of view by
many authors (see [9], [10] and references therein). We intend to study again
p-Carleson measures in complex plane in simplest case, namely in the unit disk.
Our intention in particular is to provide some direct generalizations of known
one dimensional results about p-Carleson measures (or @, analytic classes).
On the other hand, the intention of this note is to provide sharp embeddings
for certain new analytic spaces in the unit disk. This paper can be viewed as
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a continuation of [7] where similar assertions were recently proved.
Throughout the paper, we write C' (sometimes with indexes) to denote a pos-
itive constant which might be different at each occurrence (even in a chain of
inequalities) but is independent of the functions or variables being discussed.
Given two expressions A and B, we shall write A < B if there is a positive
constant C' such that g < A < CB. We will write A <4 B if there is a
constant C' such that A < CB.

In the next section we provide some new sharp embedding theorems for so
called p-Carleson measures and related measures in the unit disk which are
closely connected with @, spaces in the unit disk (see [9], [10]).

Let D be, as usual, the unit disk in the complex plane, and let T be the unit
circle {¢ : || = 1}. By dmsa we mean the standard normalized Lebesgue area
measure on D. We denote the Lebesgue arc length measure on the unit circle by
d¢ or dm(&). A positive Borel measure on D will be denoted by p. Let further
H(D) denote the space of holomorphic functions in the unit disk. Moreover

Of={z=re¥:1-|I|<r<1, {=¢e%cI}

is a usual classical Carleson box (see [7]) in D where I is an arc on T. Let
also LP4(T), 0 < p < 00,0 < g < oo be the classical Lorentz space on T (for
definition see [1]) and

H%>*(T) = H(D) N LY>(T).
By T'»(¢) we mean the Lusin cone (see [3])
[,(§)={zeD:[1-&|<o(l—-|2])}, o>1¢€T.
Let

1—1r

A,={=re? |0-0|<1-r, <1—7r <2(1=71)}, z=re".

For a fixed a € D, we let ¢, be a Mdbius transformation on D interchanging

zero and a (that is, ¢.(2) = {==). The Bergman distance in the unit disk

which is Mobius invariant is defined by
1 1+ |ow(2)]
d(z,w) = = log <7
)= 2% T e,

Given a fixed t > 0 and a € D, the Bergman disk of radius ¢ and center a is
defined to be (see [11]):

), z,w € D.

D(a,t) ={w e D:d(w,a) < t}.
It is well known that the Bergman disk D(a,t) is an Euclidean disk with center

~ 2 . - 2 2t _
a= 1_1‘(1%@ and the radius R = 11_|(l‘|12‘,a27’ where r = Zzt—_&; (see [11]). Note
that

ma(D(a,t)) < (1 —[a])***



New results on p-Carleson measures and ... 85
and dmq(z) = (1 — |2])*dme(z) for o > —1 (for details, see [11]). We also
mention that for ¢ € D and z € D(a,t) we have

[1—az| = (1= |z[) < (1 = a]).

It is well known that for every ¢ > 0, there exists a distinct sequence {z;} in
D called a d-lattice, such that d(z;,zx) > 0/5 if j # k, and

UiD(2,0) =D; > Xpyse(2) <L, z€D,
J
where L is a constant, yg(z) is the characteristic function of a set E (see [11]).

2. MAIN RESULTS

We now provide some new embedding theorems for p-Carleson measures in
the unit disk. In all our results, i is a positive Borel measure on D, and f is
an analytic function in D.

Theorem 1. Let ¢ > 1, « > —1, and f be an analytic function in ). Then
the following conditions are equivalent.
<C

(a)

[ e
Iy (€) |2 Lo (T)
(b) w(D(z,)) < C(1 - s))**2, ¢ 0,z €D,
(c) w(OI) < CJI|*+2.
Proof. We first show that (a) is equivalent to (b). For this purpose we use the
following two important known facts from [2] and [5] (page 234):
1 dp(2) 1 du(2)
(2.1)  A(p) =sup / < C'sup —// ———— = B(u)
1]° I* Jr Jroe (1=12])?

IcT or 1 — 2] IcT

/ FEI = 2> dma(z)
T's(€)

La:os(T)

where s € (0, 00) and

(2.2) A(p) < B(p) for s€(0,1),

1
(2.3) (Hf”iq,oo(T)) = ?‘Cll; 74 /1 |£()]"dm(E), 0<r<aq.

As it was shown in [6]

1 oo
(24) W € HY (T), f S T,
and we also have (see [11])
(2.5)

A su D) 2)|(1 = |2))* tdma(z
Lo S o (4 05) </FU(§)|f( )11 = [al)* dima >>.
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Combining the relations (2.1) to (2.5) provided above, we obtain the desired
result. Indeed, one part follows directly from (2.5). For the other part we note
that our estimate in Theorem 1 by (2.2) and (2.3) is equivalent to

1
sup ——— 2)|du(z) <
ICIT)‘ [ 1|t =1/ /I:l[|f( (=) <
1
C'su 7// 2|1 = |2])* Tdma(2).
SUp i Fa(£)|f( (L —=1z]) 2(2)
Let
(1= |w))?

f( ) - (1 — Zw)/6+(¥+1+1/(I’ z€ D’

where 8 is a big enough positive number. Then the left side is bigger that
w(@I)/|I]*T2 if w is a center of I, here OI is fixed and the right side is
bounded from above by some constant; here we can use the fact that

|1 —wz| < (1 - |w|) < ||, zell, web,
where w is a center of Carleson box, and
(1—-|w) P <Cll—wz|?, B>0.

Other implications are well known; see [9, 10, 11]. O
We list two assertions concerning the actions of Lusin area integral again, but
we do not provide complete proofs for them, since the main idea we have in
this proofs coincides with the ideas mentioned in the proof of Theorem 1. We
have the following two statements.

Theorem 2. Let 5> 0,¢g > 1,t > + 1, and f be an analytic function in .
Then

< C sup [f(2)|(1~ |2]%)

|z|<1

/ (1 — 2]/ (2)|dp(=2)
Ta(€)

11|

La:>(T)

if and only if
<C.

e ) A
-t ( [ >> T F |,

Theorem 3. Let 1/p = 1/q+1/r,¢,7,p > 1, 8 > 0,t > —1. Then for each
f € H(D) and each positive Borel measure p on D we have

1 t
sup e [ (1= ) au) <

Cop b [ sup (£ - )i

ICT z€T,(£)

if and only if

1
su 1—|z)%d z)7<oo.
o (012 ey
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We now provide a complete sketch of proofs for this last statements.

Proof of Theorem 2. The idea of the proof is similar to the ideas discussed
in the proof of Theorem 1. One part of the theorem follows immediately from
[11]:

/ (1= [P (=)l du(2)
Ta(§)

it w dma(z)
<o f eI kD ( /| i >> e

fora>p—1,t>p0+1.

To show the reverse implication, we need to use the estimates (2.1)-(2.4), the
test function f(z) = m
number w in the unit disk D. To be more precise, we use (2) to show that the

for a large enough number 3, and a fixed complex

required estimate is equivalent to

i [, I = ) < € sup 1)~ 12D

|z|<1

and also the facts that (see [11]):

1 /
—_— du(z
(1_ |a|)(y+2 D(a,r+s) ‘u( )
1
< 1-— 70‘72/ d dmeg
= (1 - laf)>*2 /D(a,r)( w) D(w,t) pz)dma (w)

o
< du(z), t>s,r>0.
ST gy ™

This implies that the condition in the theorem is equivalent to the fact that our
measure is a 7-Carleson measure for some 7 > 0. The rest of proof is clear. [J
We now give a sketch for the proof of Theorem 3. First we verify the necessity
of the condition

1 t
sup e [ (1= ) )l <

1
Csupi/ sup N1 = 12DBdm(€).
rcr |[I|1=1/e Izer(,(g)|f( I( |2[) €3]

Since (1—2z)~19 € H#> (see [5]) we can put f(z) = m The right side
is bounded. As for the left hand side of the estimate above, we can estimate it
from below. Indeed, we have to verify that the following estimate is true. We
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have
1 1-— t
p L [ O
et [IV=1P Jor |1 —wz|A+1/a

1]°
C’sup(/ 1—|z|)d z>7
sup ([ (1= ) du(e) ) e
where w is a center of I, and 1/p=1/q+1/r, q,r,p > 1, 8 >0, t > —1. This
is true, since if w is a center of (JI, then

1 —wz| =< (1-—|w|) =<|I], ze0l,weD.
Hence we obtain
(1—|w)? <Cll—wz|?, B>0.

To show the reverse, we have to modify the proof of Theorems 1,2 and use the
estimates (2.1)-(2.5). We have

(2.6) / (1= 2D @dutz) _ sup ()11 = |2)° | %
Ty (€) a

1 — 2] z€T, (£)

X /FU(E) (1 - |Z|)0’+2 </D(z’r) dl"’(w)> 1 — |Z| ) B > O,t > 0.

Then we use (see [5])

1 1 1
I f1fallzroe(ry < CllfillLace(myll foll Lroe Ty, Pl +o¢mp>1

Using (2.2) in (2.6) we will have the estimate

1 t
sup e [ (1= )l <

ICT

1
C’supi/ sup (1 = 12DNPdm(€) x
rcr ||V —1a Izefa(f)|f( )L = [2])7dm(€)

Gl o dma—s(z) _
Idr Vs 1/7"// 1—|z| yot2 (/D(z’r)du(w)> -] =G(f)M(n).

It can be easily shown that

M(p) < Csup |I|11 7 / (1— |z (/D( )du(w)) dme—p(2)

1
§Csup~7/ 1—|z|)t>2 / du(w) | dma—_s(2).
zep (1— |Z|)171/r D(i,m)( |2) D) p(w) 5(2)
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Put 1 —1/r = a+ 2, then it follows that &« = —1 — 1/r. Therefore

1 1
M(p SCSUP7~/ —_—
W) < O T Jpie,) T o)
([ A=) ) dmat)
D(z,r)

1
< Csup / (1= 2D du(a) | —— = My(w).
D(z,r1+7) | | 1) (1 - |Zl|)a+2+ﬁ '

Theorem 4. Let 0 < p < g, a > 0, and f be an analytic function in ID. Then

/a
|f |pdiu’ / ag—1 !
?ggml p/q//r © Ta-) = |f(2) |2|) dma(z)

if and only if

sup —
1cr |

L ( p(A) )— dma(z) _
(1= [z[)ortt L—]z| =
Ideas for the proof of thls theorem are the same as those used in the proof of
Theorem 2, so that we omit the details.
We remark that the conditions on measures appeared in the formulations of
Theorems 2 and 3 can be reformulated in terms of some conditions on D(z,1),
as we have done in Theorem 1.

Remark. Some results of this paper can be generalized to higher dimensions
by using the so called diagonal map technique (see [8]). We note in addition
that the estimates obtained here are not sharp.
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