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1. Introduction

The pioneer of the present investigation is the work of Chu and Liu [3]. Based

on quadratic approximation and δ expansion the first order, these authors have

investigated the on-and off-axis average intensity errors due to quadratic ap-

proximation for the multi-Gaussian beam spreading in turbulent atmosphere.

Following up, the average intensity in this paper is evaluated as a summation

formula for hypergeometric-type series containing a digamma function as a fac-

tor. This idea, in view of previous works (see [5, 9, 10, 11, 12, 14]), helps us

to obtain many interesting results. The following definitions are necessary to

recall for the present study:

The Gamma function Γ(z) is defined by the definite integral (see [2])

Γ(z) :=

∫ ∞

0

e−ttz−1 dt (ℜ(z) > 0). (1.1)

At a point x ≥ 0, this last equation yields two incomplete gamma functions

(see [6],[7])

γ(z, x) :=

∫ x

0

e−ttz−1 dt (1.2)

and

Γ(z, x) :=

∫ ∞

x

e−ttz−1 dt, (1.3)

where γ(z, x) is the lower incomplete gamma function and Γ(z, x) is the upper

incomplete gamma function with z is a complex parameter with a positive real

part.

The generalization of Gauss’s hypergeometric function 2F1 is called the gen-

eralized hypergeometric series pFq and defined by (see [13], [15, pp. 71-75])

pFq (α1, . . . , αp;β1, . . . , βq; z) =

∞∑
n=0

(α1)n . . . (αp)n
(β1)n . . . (βq)n

zn

n!
(1.4)

(βj ̸= 0,−1,−2, . . . , j = 1, ..., q),

where (α)n is the Pochhammer symbol defined by (see [15, p. 2 and p. 5])

(α)n =
Γ(α+ n)

Γ(α)
; α ̸= 0,−1,−2, . . .

In 1921, the four Appell functions were unified and generalized by Kampé de

Fériet, who defined a general hypergeometric function of two variables (see

[16]). We recall here the definition of a more general double hypergeometric

function in a slightly modified notation (see [8, 16])
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F p:l;k
q:m;n

[
(a)p :

(α)q :

(b)l;

(β)m;

(c)k;

(γ)n;
x, y

]
=

∞∑
r,s=0

p∏
j=1

(aj)r+s

l∏
j=1

(bj)r

k∏
j=1

(cj)s

q∏
j=1

(αj)r+s

m∏
j=1

(βj)r

n∏
j=1

(γj)s

xr

r!

ys

s!
,

(1.5)

where, for convergence

(i) p+ l < q +m+ 1, p+ k < q + n+ 1, |x| <∞, |y| <∞, or

(ii) p+ l = q +m+ 1, p+ k = q + n+ 1, and
|x|1/(p−q) + |y|1/(p−q) < 1, if p > q,

max{|x|, |y|} < 1, if p ≤ q.

The main objective of the present note is to give new reduction formulas of

Kampé de Fériet functions.

2. Reduction formulae for Kampé de fériet function F 1:2;1
2:1;0

In this Section, we prove two theorems, which yield the reduction formulae

for the Kampé de fériet function F 1:2;1
2:1;0 [−z,−z], given by (2.2).

Theorem 2.1. The following formula holds true:

S =

∞∑
s=0

(s+ 1)

s!
(−z)s[ln a+ ψ(s+ 2)]

= (1− z)e−z ln a+ (1− z)(1− γ)e−z − zF 1:2;1
2:1;0 [−z,−z],

(2.1)

where

F 1:2;1
2:1;0 [−z,−z] = F 1:2;1

2:1;0

[
3 :

2, 2 :

1, 2;

3;

1;

−;
− z,−z

]
. (2.2)

Proof. Applying the identity

(s+ λ) =
λ(λ+ 1)s

(λ)s
, (2.3)

we can write the summation S as

S = I1 + I2,

where

I1 = ln(a). 1F1 (2; 1;−z)
and

I2 = ψ(2) +

∞∑
s=1

(2)s
[(1)s]2

(−z)sψ(s+ 2).
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Firstly, we now make use of the useful identity called as the Kummer first

formula for the confluent hypergeometric function (see [2, 13])

1F1 (a; b; z) = ez1F1 (b− a; b;−z) . (2.4)

It helps us in rearranging I1 to write

I1 = (1− z) e−z. ln a. (2.5)

To evaluate the expression of I2, we use the identity (see [4])

∞∑
n=1

[ψ(λ+ n)− ψ(λ)]
(α1)n···(αp)n
(β1)n···(βq)n

(−z)n

= (−z)
λ

α1···αp

β1···βq
F p:2;1
q:1;0

[
α1 + 1, . . . , αp + 1 : 1, λ; 1;

β1 + 1, . . . , βq + 1 : λ+ 1; −;
− z;−z

]
,

(2.6)

and the identity
∞∑
s=1

(2)s
(1)s

(−z)s

s!
= (1− z) e−z − 1. (2.7)

Now in view of (2.6) and (2.7), and for ψ(2) = 1 − γ, where γ is the Euler

number, I2 becomes

I2 = (1− z)(1− γ)e−z − zF 1:2;1
2:1;0 [−z,−z]. (2.8)

Consequently, we get the summation (2.1). This completes the proof of Theo-

rem 2.1. □

Theorem 2.2. The following transformation holds true:

ez
∞∑
s=0

(s+ 1)

s!
(−z)sψ(s+2) = 2−e−z+(z−1)[Shi(z)+Chi(z)− ln(z)], (2.9)

where Chi(z) and Shi(z) are the hyperbolic cosine and sine integral functions

(see [1]).

Proof. With the help of the following identities (see [6])

ψ(s+ 2) = ψ(s+ 1) +
1

s+ 1
, (2.10)

and
(s+ 1)

s!
=

1

(s− 1)!
+

1

s!
, (2.11)

the summation S can be expressed as

S =

∞∑
s=0

(s+ 1)

s!
(−z)s[ln a+ ψ(s+ 2)] = T1 + T2 + T3 + T4 + T5, (2.12)

where

T1 = ln a

[ ∞∑
s=0

(−z)s

(s− 1)!
+

∞∑
s=0

(−z)s

s!

]
, (2.13)
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T2 =

∞∑
s=0

(−z)s

(s− 1)!
ψ(s+ 1), (2.14)

T3 =

∞∑
s=0

(−z)s

(s+ 1)(s− 1)!
, (2.15)

T4 =

∞∑
s=0

(−z)s

s!
ψ(s+ 1), (2.16)

and

T5 =

∞∑
s=0

(−z)s

s!(s+ 1)!
. (2.17)

To evaluate these above summations, we make use of the following identities

(see [6])

lim
k→0

ψ(−k)
Γ(−k)

= −1, (2.18)

and

γ(α, z) = zα
∞∑
s=0

(−z)s

s!(s+ α)
. (2.19)

For T1, one finds

T1
ln a

=

∞∑
s=0

(−z)s

(s− 1)!
+ e−z. (2.20)

To evaluate T2, we introduce the variable change s− 1 = l and use the identity

(2.10), such that T2 becomes

T2 =

∞∑
l=−1

(−z)l+1

l!
ψ(l + 1) + e−z. (2.21)

With the help of (2.18), the first right term of (2.21) can be rearranged as

∞∑
l=−1

(−z)l+1

l!
ψ(l + 1) = −z

[ ∞∑
l=0

(−z)l

l!
ψ(l + 1)− 1

z

]
, (2.22)

and by using the following identity (see [12])

∞∑
l=0

ψ(l + 1)
(−z)l

l!
= e−z[ln z − Ei(z)], (2.23)

where Ei is the exponential integral function (see [6]), then (2.21) becomes

T2 = −z e−z[ln z − Ei(z)]− 1 + e−z. (2.24)

In what follows, we shall utilize the formula (2.19)

γ(α, z) = Γ(α)− Γ(α, z). (2.25)

Now, (2.15) can be derived as

T3 =
−1

z
[1− Γ(2, z)] . (2.26)
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It’s easy to derive (2.16) by using (2.25) and we have

T4 = e−z[ln z − Ei(z)]. (2.27)

By using the identity
∞∑
s=1

(−z)s

s!
= e−z − 1, (2.28)

T5 can be written as

T5 =
1

z
(1− e−z). (2.29)

Finally, with the help of the following identity (see [7])

Γ(2, z) = e−z(1 + z), (2.30)

and the relation

Ei(z) = Shi(z) + Chi(z), (2.31)

(2.12) can be written as

S = e−z {(z − 1)[Shi(z) + Chi(z)− ln(az)] + 2− ez} , (2.32)

and eventually (2.9) is proved. This completes the proof of Theorem 2.2.

Note that (2.32) is equivalent to (16) of (see [3]), found by using another method

based on the expansion of the hyperbolic cosine and sine integral functions, Chi

and Shi. □

Corollary 2.3. The following reduction formula for F 1:2;1
2:1;0 holds true:

F 1:2;1
2:1;0 [−z,−z] =

e−z

z
{(1−z)[Shi(z)+Chi(z)−ln z+(1−γ)]+(ez−2)}, (2.33)

with γ is the Euler number defined as γ = 1− ψ(2) = 0.577.

Proof. By equating (2.1) and (2.32), one finds easily, a new reduction for the

Kampé de Fériet function given by (2.33). □

Theorem 2.4. The following closed-from summation holds true:
∞∑
s=1

(s+ λ+ α)

s!
(−z)s[ψ(s+ λ) + ψ(λ)]

= ze−z

λ { zλ
(λ+1)2F2 (1, 1; 2, λ+ 2; z)− (λ+ α)2F2 (1, 1; 2, λ+ 1; z) + 1}.

(2.34)

Proof. We denote the left side of (2.34) by S
′
which can be written as

S
′
= (λ+ α)

∞∑
s=1

(λ+ α+ 1)s
(λ+ α)s

(−z)s

s!
[ψ(s+ λ)− ψ(λ)]. (2.35)

Again, with the help of the identity (2.6), (2.35) can be written as

S
′
= −z (λ+α+1)

λ F 1:2;1
2:1;0

[
λ+ α+ 2 : λ, 1; 1;

λ+ α+ 1, 2 : λ+ 1; −;
− z;−z

]
. (2.36)
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On the other hand, (2.35) can be expanded as

S
′
= I ′1 + (λ+ α)I ′2, (2.37)

where

I ′1 =

∞∑
s=1

(−z)s

(s− 1)!
[ψ(s+ λ)− ψ(λ)], (2.38)

and

I ′2 =

∞∑
s=1

(−z)s

s!
[ψ(s+ λ)− ψ(λ)]. (2.39)

By using the results of (see [12]), (2.38) and (2.39) can be rewritten as

I ′1 =
z2ez

(λ+ 1)
2F2 (1, 1; 2, λ+ 2; z)− ze−z

λ
(2.40)

and

I ′2 =
−ze−z

λ
2F2 (1, 1; 2, λ+ 1; z) , (2.41)

from which, the result (2.34) easily follows. This completes the proof of Theo-

rem 2.3. □

Corollary 2.5. The undermentioned reduction formula holds true:

F 1:2;1
2:1;0

[
λ+ α+ 2 : λ, 1; 1;

λ+ α+ 1, 2 : λ+ 1; −;
− z;−z

]
= e−z

(λ+α+1){1 + (λ+ α)2F2 (1, 1; 2, λ+ 1; z)− λz
(λ+1)2F2 (1, 1; 2, λ+ 2; z)}.

(2.42)

Proof. It is easy to derive (2.42) from (2.34) and (2.36). So, we skip the details

of the proof.

From the corollary 2.5, we intend to deduce a new formula. By specializing

the parameters λ = 2 and α = −1, (2.42) becomes

F 1:2;1
2:1;0 [−z,−z] = e−z

2

[
1 + 2F2 (1, 1; 2, 3; z)− 2z

3 2F2 (1, 1; 2, 4; z)
]
. (2.43)

□

Now, from (2.33) and (2.43), we derive the undermentioned corollary.

Corollary 2.6. The following relation holds true:

Ei(z) =
z

2(1− z)

[
1 + 2F2 (1, 1; 2, 3; z)−

2z

3
2F2 (1, 1; 2, 4; z)

]
+

(2− ez)

(1− z)
+ ln z − (1− γ).

(2.44)
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3. New formula for the Kampé de Fériet function F 2:2;1
3:1;0

Theorem 3.1. The following transformation holds true:

F 2:2;1
3:1;0

[
λ+ α+ 2, χ+ 1 : 1, λ; 1;

λ+ α+ 1, λ+ 1, 2 : λ+ 1; −;
− z;−z

]
= F 2:2;1

3:1;0 [−z,−z]

= 1
(λ+α+1)

{1F1 (χ+ 1;λ+ 1;−z) + (λ+ α)F 1:2;1
2:1;0

[
χ+ 1 : 1, λ; 1;

λ+ 1, 2 : λ+ 1; −;
− z;−z

]

−z
(χ+1)
(λ+1)

F 1:2;1
2:1;0

[
χ+ 2 : 1, λ+ 1; 1;

λ+ 2, 2 : λ+ 2; −;
− z;−z

]
}.

(3.1)

Proof. To prove (3.1), we introduce the following summation (see [4])

S
′′
=

∞∑
s=1

(s+ λ+ α)
(χ)s
(λ)s

(−z)s

s!
[ψ(s+ λ)− ψ(λ)]. (3.2)

By using the identity

(s+ λ+ α) = (λ+ α)
(λ+ α+ 1)s
(λ+ α)s

, (3.3)

and (3.2), we obtain

S
′′
= −zχ (λ+α+1)

λ2 F 2:2;1
3:1;0 [−z,−z], (3.4)

which can be written with the help of the following identity

(s+ λ+ α)

s!
=

1

(s− 1)!
+

(λ+ α)

s!
, (3.5)

as

S
′′
= I

′′

1 + (λ+ α)I
′′

2 , (3.6)

where

I
′′

1 =

∞∑
s=1

(χ)s
(λ)s(s− 1)!

(−z)s[ψ(s+ λ)− ψ(λ)], (3.7)

and

I
′′

2 =

∞∑
s=1

(χ)s
(λ)ss!

(−z)s[ψ(s+ λ)− ψ(λ)]. (3.8)

Starting with the functional relation for the digamma function given by (2.10)

and using the expression (see [4])

(a)l+1 = a(a+ 1)l,

and (3.2), (3.7) and (3.8) can be expressed respectively as

I
′′

1 = χz
λ { z(χ+1)

λ(λ+1)F
1:2;1
2:1;0

[
χ+ 2 : 1, λ+ 1; 1;

λ+ 2, 2 : λ+ 2; −;
− z;−z

]
− 1

λ 1F1 (χ+ 1;λ+ 1;−z)}
, (3.9)

and

I
′′

2 = −χz
λ2 F

1:2;1
2:1;0

[
χ+ 1 : 1, λ; 1;

λ+ 1, 2 : λ+ 1; −;
− z;−z

]
. (3.10)
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And, we can deduce the following expression of (3.2)

S
′′
= χz

λ2 { z(χ+1)
(λ+1) F

1:2;1
2:1;0

[
χ+ 2 : 1, λ+ 1; 1;

λ+ 2, 2 : λ+ 2; −;
− z;−z

]
− (λ+ α)

×F 1:2;1
2:1;0

[
χ+ 1 : 1, λ; 1;

λ+ 1, 2 : λ+ 1; −;
− z;−z

]
− 1F1 (χ+ 1;λ+ 1;−z)}.

(3.11)

Finally, according to (3.4) and (3.11), one obtains the new reduction formula

for the Kampé de Fériet function given by (3.1). This completes the proof of

Theorem 3.1. □

Now, we reduce an expression of the Kampé de Fériet function F 2:2;1
3:1;0 [−z,−z]

as a function of the hypergeometric functions 2F2 and 1F1 in the next corollary.

Corollary 3.2. The following formula holds true:

F 2:2;1
3:1;0 [−z,−z] = e−z

(λ+1)(λ+α+1){e
z(λ+ 1)1F1 (λ+ 2;λ+ 1;−z)

+(λ+ α− z) + [λ(λ+ α)− z(λ+ 1)]2F2 (1, 1; 2, λ+ 1; z)

−(λ+ α− z) λz
(λ+1)2F2 (1, 1; 2, λ+ 2; z)}.

(3.12)

Proof. It’s easy to deduce from (3.1) for χ = λ+ 1 the following expression

F 2:2;1
3:1;0 [−z,−z] = 1

(λ+α+1){1F1 (λ+ 2;λ+ 1;−z)

+(λ+ α)F 1:2;1
2:1;0

[
λ+ 2 : 1, λ; 1;

λ+ 1, 2 : λ+ 1; −;
− z;−z

]
−z (λ+2)

(λ+1)F
1:2;1
2:1;0

[
λ+ 3 : 1, λ+ 1; 1;

λ+ 2, 2 : λ+ 2; −;
− z;−z

]
}.

(3.13)

We can evaluate the Kampé de Fériet function in the left side of this last

equation from (2.42). Consequently, one finds the following expressions, for

α = 0 and α = 1, respectively

F 1:2;1
2:1;0

[
λ+ 2 : λ, 1; 1;

λ+ 1, 2 : λ+ 1; −;
− z;−z

]
= e−z

(λ+1){1 + λ2F2 (1, 1; 2, λ+ 1; z)− λz
(λ+1)2F2 (1, 1; 2, λ+ 2; z) ,

(3.14)

and

F 1:2;1
2:1;0

[
λ+ 3 : λ, 1; 1;

λ+ 2, 2 : λ+ 1; −;
− z;−z

]
= e−z

(λ+2){1 + (λ+ 1)2F2 (1, 1; 2, λ+ 1; z)− λz
(λ+1)2F2 (1, 1; 2, λ+ 2; z) .

(3.15)

Consequently, by substituting (3.14) and (3.15) into (3.13), (3.12) is proved. □
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4. Application

In recent years, many works are developed in laser physics, especially studies of

the effects of the turbulent atmosphere on the characteristics of some fields as

laser, radar and acoustic waves. Chu and Liu [3], have expressed the average

intensity. From this work, one can deduce the spreading of some particular

fields as Gaussian, flattened Gaussian, and annular beams.

We consider the propagation of a multi-Gaussian beam expressed as

u0(r0, 0) =

N∑
n=1

Ane
−iφne

−
(

1
w2

n
+ ik

2R

)
r20
, (4.1)

where k, An, φn, wn and R are the parameters of the Gaussian beams family.

By using the Huygens-Fresnel principle, the average intensity at z plane of this

beam propagating through turbulent atmosphere, is given by

< ∆I(r, z) >=

N∑
m,n=1

AmAne
i(φm−φn)

w2
mw

2
nt

2
3

3 (w2
m + w2

n) t
4

×
∞∑
s=0

(s+ 1)

s!

[
ln

(
t23
t2

)
+ ψ(s+ 2)

](
−2

r2

t2

)s

,

(4.2)

where t3 = 2
√
2z and t =

√
t23 +

8z2

k2a2 . In this last expression, a depends on z

and the parameters of the beam.

(4.2) can be evaluated with the help of our Theorem 2.1, which gives the

expression of the average intensity in a weak turbulence in terms of the Kampé

de Fériet function F 1:2;1
2:1;0

< ∆I(r, z) >=

N∑
m,n=1

AmAne
i(φm−φn)

w2
mw

2
nt

2
3

3 (w2
m + w2

n) t
4

×(1− 2r2

t2 )e−
2r2

t2

[
ln

(
t23
t2

)
+ 1− γ

]
− 2r2

t2 F
1:2;1
2:1;0 [− 2r2

t2 ,−
2r2

t2 ].

(4.3)

Also, by applying the second Theorem, we find (4.2) in terms of hyperbolic

cosine and sine integral functions. Finally, by applying Theorem 2.3, one finds

the average intensity in terms of the hypergeometric function 2F2 given by

< ∆I(r, z) >=

N∑
m,n=1

AmAne
i(φm−φn)

w2
mw

2
nt

2
3

3 (w2
m + w2

n) t
4

×(1− 2r2

t2 )e−
2r2

t2

[
ln

(
t23
t2

)
+ 1− γ

]
− r2

t2 e
− 2r2

t2[
1 + 2F2

(
1, 1; 2, 3; 2r2

t2

)
− 4r2

3t2 2F2

(
1, 1; 2, 4; 2r2

t2

)]
.

(4.4)
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5. Conclusion

In this paper, we have investigated some new representations of the Kampé de

Fériet functions F 1:2;1
2:1;0 and F 2:2;1

3:1;0 . The new formulae are expressed in terms

of hypergeometric functions 1F1 and 2F2. Some corollaries are derived from

our main results as particular cases. We have also given a novel expression

of the Kampé de Fériet function F 1:2;1
2:1;0 in terms of hyperbolic cosine and sine

integral functions. An interesting application is studied in the end of this paper

concerning the evaluation of the average intensity of a multi-Gaussian beam

propagating through a turbulent atmosphere. Finally, the results derived in the

present investigation are interesting and may potentially have influence and be

useful in applied problems of the future as optics, radar, acoustic waves and

laser physics.

Acknowledgements

The authors are quite thankful of the constructive and encouraging com-

ments offered by anonymous reviewers, which assisted in the improvement of

this article.

References

1. M. Abramowitz, I. A. Stegun, (Eds.), Handbook of Mathematical Functions with Formu-

las, Graphs, and Mathematical Tables, 9th printing. New York: Dover, 1972.

2. G. E. Andrews, R. Askey, R. Roy, Special Functions, Cambridge University Press, Cam-

bridge, 1999.

3. X. Chu, Z. Liu, Comparison between Quadratic Approximation and δ Expansion in

Studying the Spreading of Multi-Gaussian Beams in Turbulent Atmosphere, Appl Opt.,

49(2), (2010), 204–212.

4. D. Cvijovi, Closed-form Summations of Certain Hypergeometric-type Series Containing

the Digamma Function, J. Phys. A: Math. Theor., 41, (2008), 455205–455212.

5. D. Cvijovi, A. R. Miller, A Reduction Formula for the Kampé de Fériet Function, Appl.
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Functions Associated with Incomplete Integrals of Cylindrical Functions, Appl. Math.

Comput., 68, (1995), 199–216.

11. A. R. Miller, Reduction Formulae for Kampé de Fériet Functions F p:2;1
q:1;0 , J. Math. Anal.

Appl., 151, (1990), 428–437.

12. A. R. Miller, Summations for Certain Series Containing the Digamma Function, J. Phys.

A: Math. Gen., 39, (2006), 3011–3020.

 [
 D

ow
nl

oa
de

d 
fr

om
 ij

m
si

.ir
 o

n 
20

26
-0

5-
29

 ]
 

                            11 / 12

https://ijmsi.ir/article-1-2257-en.html


172 A. Belafhal, E. M. El Halba, T. Usman

13. E. D. Rainville, Special Functions, Macmillan Company, New York, 1960, Reprinted by

Chelsea Publishing Company, Bronx, New York, 1971.

14. J. L. G. Santander, A Note on Some Reduction Formulas for the Generalized Hyper-
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