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ABSTRACT. In this paper, we use the Minkowski functional to introduce
an SL-type property or condition and then define a SL-type integral
for a function taking values in a locally convex topological vector space
(LCTVS). We show that this integral is equivalent to the SH7 integral,

a version of the Henstock-Kurzweil integral in a LCTVS.
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1. INTRODUCTION

Jaroslav Kurzweil and Ralph Henstock independently introduced an integral
that bears their name — the Henstock-Kurzweil integral or simply the HK-
integral. This integral is a generalization of the Lebesgue integral but possesses
the structural definition of the Riemann integral. Various studies of the integral
in more abstract spaces have been done in the past decades. However, when
extended to Banach spaces, the Henstock-Kurzweil integral no longer satisfies
the well-known Henstock Lemma [2]. This shortcoming had led to the definition
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of a stronger version of the H K-integral (called H L-integral) for Banach-valued
functions.

To be able to consider or define an integral that would be equivalent to
the H K-integral, P.Y. Lee [12] introduced the concept of strong Lusin condi-
tion. This concept lies between the Lusin condition N [7, 12] and the absolute
continuity property. This property had been used by Lee and Vyborny [11]
to introduce the SL-integral. The authors showed that this integral is indeed
equivalent to the H K-integral. Recently, Maza and Canoy [5] also introduced
an S L-type integral for locally convex topological vector space (LCTVS)-valued
functions and showed that such an integral is equivalent to a version of the
Henstock integral (called the SH-integral) in a LCTVS. In [6], the authors also
defined and studied another integral for LCTVS-valued functions.

In this paper, we make use of the Minkowski’s functional ® to introduce an
SLg condition and define an S L-type integral. Specifically, we define the S Lg-
integral of a function taking values in a locally convex topological vector space.
It will be shown, as one of our main results, that this integral is equivalent to
the S Hi-integral, a version of the HK integral in the LCTVS setting.

Recall that a topological vector space X is real vector space together with
a topology defined on it such that scalar multiplication and vector addition are
continuous with respect to the topology and that every point of X is closed
[10]. Equivalently, (X, 7) is a topological vector space if X is a real vector space
and 7 is Hausdorff topology on X such that scalar multiplication and vector
addition are continuous with respect to 7. Continuity would then imply that
for every open set U, there are open sets V7 and V5 such that V3 + Vo, C U.
More generally, for every 6-nbd U (an open set containing the zero vector 6 of
X) and n € N there are 6-nbds Vi, Va,...,V, such that Vi + Vo +---+V,, CU
(see [4] and [10]). Note that X being a Hausdorft space implies that only the
zero vector 6 is contained in all of the #-nbds.

A set A C X, where X is a topological vector space, is absorbing if for
every ¢ € X there is t > 0 such that = € tA; it is convex if for every z,y € A
and 0 <t < 1,tz+(1—t)y € A; and it is balanced if «A C A for every |a| < 1.
The convex property can be extended as follows: for every zi,2s,...,2, € A
and positive real numbers oy, asg,...,a, such that a3 + a2+ -+ a,, < 1 we
have ajz1 + asxs + - -+ + apx, € A. A topological vector space X is said to
be locally convex if there is a local base consisting of convex sets in X. It is
known that every locally convex topological vector space has a local base at 6
consisting of absorbing, balanced, and convex sets.

For a given set A C X, the Minkowski functional of A on X is defined
by ®4(x) = inf{A > 0: 2z € AA} for every x € X. If U C X is a balanced,
absorbing and convex set, then (i) U = {z € X : &y (x) < 1}, and (i1) Py
is a semi-norm on X, that is, ®y(u +v) < Py (u) + @y (v) for all u,v € X
(sub-additivity), and @y (ku) = |k|Py(u) for any real number k. Also, for any
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V C X, ®.y(x) =10y (z) for all positive real number r and 2 € X. For any
given absorbing sets A C B C X, ®p(t) < ®4(t) for all t € X. One may
refer to [10, 1] for the definition, the earlier mentioned results, and a detailed
discussion of the Minkowski functional.

A function § : [a,b] — R is called a tight gauge if it takes on non-negative
values and a gauge if it takes on positive values [12]. A finite collection of
ordered pairs {(1;,t;)}"_; of non-overlapping closed intervals of [a,b] and real
numbers is called a partial partition (resp. partition) of [a,b] if J;_, I; C
[a,b] (vesp. Uiy I; = [a,b]). A collection {(I;,¢;)}7, is called a §-fine partial
partition (J-fine partition) of [a, b] if {(I;,¢;)}1; is a partial partition (resp.
partition) of [a,b] and ¢; € I; C (t; — 0(¢;),t; + 0(¢;)) for each ¢ € {1,2,...,n}.
We will occasionally denote a given J-fine partial partition (or partition) D =
{([wi, vi], t3) : 1, < i <n} by D = {([u,v],1)}.

A unitary sequence is a sequence of positive numbers {r;}? ; such that
S r = 1. A function f : [a,b] — X, where X is a LCTVS, is SH;-
integrable (see [8]) if there exists a function F : [a,b] — X such that for any
f-nbd V', there exists a gauge ¢ on [a,b] such that for every J-fine partition
D = {([zi—1,z],t;) : 1 < i < n} of [a,b], there exists a unitary sequence
{r;}"_; such that

F(.’Bz) — F($i71> — f(ti)(xi — 33,‘,1) er;V

for each 1 < i < mn. The difference F(b) — F(a) is the SH; integral of f on [a, b]
and write (SH;) f:f = F(b) — F(a).

A function F' : [a,b] — X is said to satisfy the SLs condition if given a
subset E of [a, b] of measure zero, a §-nbd U, and ¢ > 0, there exists a gauge &
such that for any d-fine partial partition D = {([u,v],¢)} with ¢; € E, we have

(D)> @y(F(u,v)) <e

where F(u,v) = F(v)— F(u). A function satisfying the SLg condition is called
an SLe function.

A function f : [a,b] — X issaid to be SLg-integrable on [a, b] if there exists
a SLg function F' with the property that for every 6-nbd U and £ > 0, there
is a tight gauge ¢ such that for every d-fine partial partition D = {([u,v], )}
of [a,b], (D)>. ®y(F(u,v) — f(t)(v —u)) < e. The vector F(a,b) is the SLg
integral of f and is denoted by (SLg) f: f. We call the function F an SLg-
primitive of f.

2. MAIN RESULTS

Throughout this section, X is a locally convex topological vector space.
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Theorem 2.1. Let ¢ € X. Then the constant function F : [a,b] — X given by
F(t) = cis an SLg function.

Proof. Let E C [a,b] be of measure zero, U a 6-nbd, and € > 0. Choose any
gauge d on [a,b]. Then for any d-fine partial partition D = {([u,v],t)} of [a, b]
with t € F,

n n

(D)) @y (F(u,0)) = dy(c—c) =Y Py(f) =0<e.

i=1 i=1
U

Theorem 2.2. Let F,G : [a,b] = X be SLg functions and ¢ € R. Then cF
and F + G are SLg functions.

Proof. By Theorem 2.1, ¢F is a SLg function if ¢ = 0. Suppose ¢ # 0 and let
E C [a,b] be a set of measure zero, V' a #-nbd, and € > 0. Then there is an
absorbing, balanced and convex #-nbd U with U C V. By assumption, there
exists a gauge §; such that for any §;-fine partial partition D = {([u,v],)}
with t; € E, we have

(D) @y(F(u,v)) < ﬁg.

Hence,
(D) @y (cF(v) — cF(u) < (D) > @y(cF(v) — cF(u))
= (D)) ®u (c(F(u,v)))
= (D)) le|®y (F(u,v)) <e.

This proves that cF' is SLg.

For the second part, again let E C [a,b] be a given set of measure zero, V
a 0-nbd, and € > 0. Let U C V be an absorbing, balanced and convex 6-nbd.
Since F' and G are SLg functions, there is a common gauge § on [a,b] such
that for any d-fine partial partition D = {([u,v],t)} of [a,b] with ¢; € E,

(D)3 @y (F(u,v)) < %g and ;@U(G(u,u))< %g

It follows that
(D) S @y (F + G)(u,v)) < (D) 3. @0 ((F + G)(u,v))
< (D) @y (F(u,v) + (D) Y ®u(Glu,v)) <.
Therefore, F + G satisfies the SLg condition. 0

Theorem 2.3. Let F : [a,b] — X be an SLg function. Then the restriction
Flie,q) of F to [c,d] C [a,b] is also a SLe function. function.
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Proof. Let U be a 6-nbd, € > 0, and E C [c, d] be of measure zero. Since F' is
a SLg function on [a, b], there exists a gauge 0 on [a, b] such that for any J-fine
partial partition D = {([u,v],t)} of [a,b] with t; € E, we have

(D) Z Oy (F(u,v)) < e.

Let do be the restriction of § to [¢,d]. Suppose D' = {([v/,v'],t')} with t; € E
is a dop-fine partial partition of [¢,d]. Then D’ is a d-fine partial partition of
[a,b]. Hence,

(D)) ®y(F(u',v)) <e.
Therefore, F|i. 4 : [c,d] = X is an SLg function. a

Theorem 2.4. Let F : [a,b] — X be a function and let ¢ € (a,b). Suppose
the restrictions of F to [a,c] and [c,b] are SLg functions on [a,c] and [c, ],
respectively. Then F is an SLg function on [a,b].

Proof. Let E C [a,b] be of measure zero, W a 6-nbd, and ¢ > 0. Let U C W
be an absorbing, balanced and convex #-nbd. We may assume that a < ¢ < b.
Then EN[a, c] and EN[ec, b] are both of measure zero. Since F is a SLg function
on [a,c] and [e, b] there are gauges d; on [a, c] and d2 on [c, b] that satisfies the
S Lg-condition with respect to ¢ and U. Define a function 6 : [a,b] — RT by

min{d; (t),c —t} ¢ € a,c)
d(t) = ¢ min{da(t),t —c} t € (c,b]
min{d;(c),d2(c)} t=c.

Let D = {([ui, vi],t;) : 1 < i < n} be a d-fine partial partition of [a, b].

Case 1. Suppose either ¢ = uy, or ¢ = vy, for some k € {1,2,...,n} or ¢ ¢ [u,v]
for all ([u,v],t) € D. We write D = D1 U Dy where D; contains subintervals of
[a, c] and D5 contains subintervals of [¢, d]. Then Dy is d;-fine partial partition
of [a, c] and Dy is do-fine partial partition of [c, b]. Hence,

(Dl)ZQU(F(u,v)) < % and (Dg)Z(bU(F(u, v)) <

It follows that

N ™

(D)D" o (Fluv) < (D)) 0y (Fluv)) <e.

Case 2. Suppose ¢ € (ug,vg). By the definition of d, ¢ = t;. A refinement of
D’ of D can be expressed as D' = D; U Dy where D a §;-fine partial partition
of [a,c] and Dy a do-fine partial partition of [e,b]. Hence,

(D1) > @u(F(v) — F(u)) < g and (D2) > @y(F(v) - F(u)) <

| ™
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Therefore,

(D) ®w (F(u,v) < (D) @y (F(u,v))
< (D1) Y ®u(F(u,0) + (D2) Y @u(F(u,0)) < e.

Accordingly, F satisfies the SLg condition on [a, b]. O

2.1. The ®-Strong Lusin integral.

Theorem 2.5. Let f : [a,b] — X be SLg-integrable with SLg-primitive F'.
For any [c,d] C [a,b], the restriction fli. q : [c,d] = X is SLg-integrable with
SLg-primitive Flcq : [c,d] — X.

Proof. Suppose f is SLg-integrable with SLg-primitive F on [a,b]. Let U be
a 6-nbd and £ > 0. Then there is a tight gauge dy on [a,b] associated to f,
U, and € in the definition of the SLg integral. The restriction of F' on [c,d]
satisfies the SL¢ condition by Theorem 2.3. Let § be the restriction of dg on
[c,d] and let D be -fine partial partition of [¢,d]. Then D is a dp-fine partial
partition of [a, b]. Hence,

(D)D ®u(F(u,v) = f(t) (v —u)) <,

showing that f|i..q is SLg-integrable on [c,d] with SLe-primitive Flp g :
[e,d] = X. |

Theorem 2.6. Let f : [a,b] = X be SLg-integrable on [a,b]. Suppose F and
G are SLg-primitives of f. Then F(c,d) = G(c,d) for every [c,d] C [a,b]. In
particular, the SLg-integral of f is unique.

Proof. Let [c,d] C [a,b], V af-nbd, and € > 0. Let U be an absorbing, balanced
and convex #-nbd with U C V. Since f is SLg-integrable on [c, d], there exists
a tight gauge dp such that for a dp-fine partial partition D’ of [¢, d], we have

and

(D) Y u(Fi(u,0) = f(t)(v —u)) <
(D) u(f()(v —u) = Gi(u,v)) <

Let Ns, = {t € [a,b] : 0o(t) = 0}. Then m*(Ns,) = 0. Now, Iy = F|q and
G1 = Gjc,q) are SLg-primitives of f[. 4 by Theorem 2.5. Thus, H = F} — G
is a S Lg-function on [¢, d] by Theorem 2.2. Hence, there exists a gauge d; on
[a, b] such that for any d;1-fine partial partition D" = {([u,v],¢)} with ¢t € Nj,,
(D")> @y (H(u,v)) < 5. Define 6(t) = do(t) if t ¢ Ns, and 6(t) = 6,(t) if
t € Ns,. Then ¢ is a gauge on [a,b]. Let D be a d-fine partition of [a,b]. Let
Do = {([u,v],¢) € D :t ¢ Ns,} and D; = D\ Dy. Then Dy is a o-fine partial

Wl mw|m


https://ijmsi.ir/article-1-2219-fa.html

[ Downloaded from ijmsi.ir on 2026-05-29 ]

The SLg-integral in Locally Convex Topological Vector Spaces 139

partition of [a,b] and D; is a d;-fine partial partition of [a,b]. Consequently,
Py (Fi(e,d) — Gi(c,d)) < @y (Fi(c,d) — Gi(c,d))
= &y ((D) Y (Fi(u,v) = Gi(u,v)))
< Byg(Do) Y (Fi(u,v) = f(t)(v —u))
+ (Do) Y (f(B)(v 1) = G (u,v))
+(D1) Y (Fi(u,v) — Gi(u,v))g]
e €
<g+3+ (D) > (H(u,v)) <e.
Since V and e were arbitrarily chosen, F(c,d) = G(c,d). O
Theorem 2.7. Let f,g : [a,b] — X be SLg-integrable functions and ¢ € R.
Then each of the following holds:
(1) cf is SLg-integrable on [a,b] and

b b
(SL<1>)/ c-f:c-(SLq>)/ f and,

(i4) f+ g is SLg-integrable on [a,b] and

(SLa) / (f+9) = (SLo) / " f 4+ (SLa) / .

Proof. (i) Let F be a SLg-primitive of f. We may assume that ¢ # 0. Let V

be a given #-nbd and € > 0. Then there is an absorbing, balanced and convex

f-nbd U C V. Thus, there is a tight gauge § > 0 such that for any J-fine partial
partition D = {([u,v],t)}, we have

€

(D) ®u(F(u,v) = f(t)(u,v)) < o

Thus,
(D)> @y ((cF)(u,v) = cf(t)(v —u)) < Z Py (e(F(u,v) — f(t)(v—u))) <e.

This and Theorem 2.2 would imply that cf is SLg-integrable with SLg-
primitive ¢F on [a, b]. Moreover,

b b
(SL@)/ ¢ f=(cF)(a,b) =c(F(a,b) =c- (SL(I))/ I

(7i) Let F' and G be SLg-primitives for the functions f and g, respectively.
Let V be a #-nbd and € > 0. Let U be an absorbing, balanced and convex
0-nbd with U C V. Let 6; and d5 be tight gauges on [a, b] associated f, U and
5, and g, U and §, respectively, in the definition of the SLg integral. Define

§(t) = min{d1(¢),d2(¢)}. Then ¢ is a tight gauge [a,b]. Let D = {([u,v],t)} be
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a d-fine partial partition of [a,b]. Note that D is both a J;-fine and a J-fine
partial partition of [a, b]. Hence,

(D)) u(F(u,0) = f(t)(v —u)) <
(D) > Pu(Gu,v) = g(t)(v —u)) <

NN ™

Thus,

(D) Y @v((F +G)(u,v)~(f +9)(t)(u, )
< (D)) @y ((F +G)(u,v) = (f + ) () (u, )
< (D) ®u(F(u,0) — f(t)(u,v)
+(D)Y_ v (Glu,v) — g(t)(u,v)
<fif-e
Thus, f + g is SLe-integrable with SLg-primitive F + G and

b
(@-5) [ (7 +9)= (F+G)ab
= F(a,b) + G(a,b)

= (3-SL) / b f+ (9-SL) / ’ g.
U

Theorem 2.8. Let f : [a,b] — X be a function and ¢ € (a,b). Suppose
the restrictions of f on [a,c] and [c,b] are SLg-integrable on [a,c] and [c, ],
respectively. Then f is SLg-integrable on [a,b] and

(SL¢)/abf=(SL¢)/acf+(5Lq>)/cbf-

Proof. Let Fy : [a,¢] = X and Fy : [¢,b] — X be SLg-primitives of the
restrictions of f on [a,c] and [c, b], respectively. Define F': [a,b] — X by

{Fl(t) for ¢t € [a, ]

F(t) = FQ(C, t) + _F1 (C) fort € [Cv b]

The restrictions of F(t) to [a,c| and [c, b] are Fy(t) and G(t) = Fy(c,t) + Fi(c),
respectively. By Theorem 2.2 and Theorem 2.3, G is a SLg function on [c, b].
Thus, F is a SLe function on [a,b] by Theorem 2.4.

It now remains to show that F' is a SLg-primitive of f so that f is SLg-
integrable on [a,b]. To this end, let V' be a 6-nbd and € > 0. Choose any
absorbing, balanced, and convex 6-nbd U C V. Let §; and d be tight gauges
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associated with the restrictions f|4,) and fli. 4, U, and § in the definition of
SLg integral. Define ¢ as follows:

min{d;(t),c —t} fort € a,c)
d(t) = ¢ min{d;1(c),d2(c)} fort=c
min{ds(t),t —c} fort € (c,b

Consider any d-fine partial partition D = {([u,v],t)} of [a,b].

Case 1. Suppose ¢ = uy or ¢ = vy, for some k € {1,2,...,n} or ¢ & [u;,v;]
for all ¢ € {1,2,...,n}. Then D is a disjoint union of D; and Dy where the
elements in D; are tagged intervals contained in [a, ¢] and the elements in Do
are tagged intervals contained in [c,b]. Then D, is d;-fine partial partition of
[a, c] and Ds is do-fine partial partition of [c,b]. Hence,

(D) Y ®u(Fi(u,v) = f(t)(v—u)) <
(D2) Y ®u(Fa(u,v) = f(t)(v —u)) <

N M| ™

It follows that

(D)3 By (F(u,v) — f(t)(v - )
— (D) ®u(Fy(u,v) — F(£)(v—u))
+(D2) 3 B0 (Glu,v) - F(B)(0 —u))
= (D) ®u(Fi(u,0) — [(1)(v - )
+(D2) 3 By (Folu,0) — F(O)(0 — u))

£ €
< 5 + § =E€.
Case 2. Suppose ¢ € (ug,vg). Then ¢, = c¢. Let D' = D; U D3 be a
refinement of D where Dy = {([us,v;],t;) : 1 < i < k— 1} U {([uk, ], )}
and Dy = {([us,vi],t;) : k+1 < i <n}U{([e,vx],c)}. Then D; is a &;-fine
partial partition of [a, c] and Ds is a da-fine partial partition of [c,b]. Hence,

Qo (Fi(urs ) = F(e)e = wn) + (D1) Y @u(Fi(u,v) = f() (v —w) <
and
Qu(Fale,vr) = F(e)(vx = ) + (D2) Y @u(Fa(u,v) = f(t)(v —w)) < 5.

Since

F(ug, v) = f(te) (v —ur) = Fa(ug, vi) — f(c)(vk —¢) + F1(ug, vk) — f(c) (e —ug),
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it follows that

D) @y (F(u,v) — f(t)(v —u))

< (D1) Y u(F(u,0) = f()(v =)+ (D2) Y By (F(u,0) = f(t)(v—u))
+ @y (F(ug, vi) — f(te) (v — uk))
-
< 5 + 5 =£
In either case, we have
D)) @y (F(u,v) — f(t)(v —u) < (D) > @u(F(u,v) = f(t)(v—u)) <e.

Hence, F is a SLg-primitive of f on [a, b] and

b c b
(SL@)/ f=F(a,b) = F(a,c)+ F(c,b) = (SL@)/ f+ (SL@)/ I
([l

Corollary 2.9. Let f : [a b] — X be SLg-integrable on [a,b] with SLg-
primitive F. For any c € [a,b], we have

SLq>/f SL<p/f+SLq>/f

In what follows, A (U, F, f) is given by
A (U, F, f) ={t € [a,b] : ¥§ > 0,3[u,v] C [a,b] with t € [u,v] and
v —u| <0, Py (F(v) — F(u) — f(t)(v —u)) > v—u}.
Theorem 2.10. Let f, F' : [a,b] — X be functions where F is a SLg-function.

If As(U, F, f) is of measure zero for each 0-nbd U, then f is SLg-integrable
with SLe-primitive F.

Proof. Let V be a given #-nbd and € > 0. Then there is an absorbing, balanced
and convex f-nbd U such that U C V. If t ¢ Ag(;5;U, F, f), then there is a
real number do(t) > 0 such that ® < y(F(u,v) — f(t)(v —u)) < 1 whenever
|[v—u| < dp(t) and t € [u,v] or equivalently, @y (F (u,v) — f(t)(v—u)) < %
whenever |v — u| < dp(t) and ¢ € [u,v]. Define

5(t):{0 if t € Ap(;= U, F, f)

B0 it ¢ ¢ Ap(;=ULF, f)

Then §(t) is a tight gauge because Ag (3= U, F, f) has measure zero. Consider
a given o-fine partial partition D = {([u, U] t)} of [a,b]. Suppose there exists
([u,v],t) € D such that 6(t) = 0. Then t € [u,v] C (t —d(t),t+3(t)) = 2, a
contradiction. Hence, §(¢) # 0 for all ([u,v],¢) € D. This implies that for each
([u, v, t) € D,

e(v—u)

o (F(u,v) = f(H)(v =) < ——
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Thus, we have

(D)) v (F(u,0) = f(t)(v —u)) < (D) Y Su(F(u,v) = f(t)(v - u))

< gb —4_ €
~"b—a
Therefore, f is SLg-integrable with S Lg-primitive F. (]

Let F' : [a,b] — X be a function and ¢ € [a,b]. Then F is differentiable
at t (F'(t) is the derivative F at t) if for every #-nbd U, there is a § > 0 for
which F(v) — F(u) — F'(t)(v — u) € (v — u)U whenever ¢ € [u,v] C [a,b] and
lv —ul <6 (see [9]).

Theorem 2.11. Let f, F : [a,b] — X be functions and D(F, f) be the set of
all t € [a,b] such that F'(t) does not exist or F'(t) # f(t)}. Then

DF,f)= |J AeUFf).
0-nbd U
Proof. If t € D(F, f), then there is a #-nbd U such that for each § > 0, there is
[u,v] C (t — §,t + 0) containing t for which &y (F(u,v) — f(t)(v —u)) > u—v.
Equivalently, ¢t € Ag(U, F, f). Thus,

DF. S |J A«UF f).
0-nbd U
Next, let t € Uy pa v Aa(U, F, f). Then there exists a §-nbd U such that
t € Ag(U,F, f). Let V be an absorbing, balanced, and convex set such that
V C U. Then for all § > 0, there exists [u,v] C [a,b] with ¢t € [u,v] and
(v —u) < ¢ such that

Dy (F(u,0) = f(#)(v = w)) = Py (F(u,0) = f(#)(v —u) = (v —u).

Since V is absorbing, balanced and convex, it follows that F'(u,v)— f(t)(v—u) ¢
(v —u)V. Thus, t € D(F, f), showing that

U A«(U.F f) CDEF, f).

0-nbd U

This proves the desired equality. O

EXAMPLE 2.12. The zero function f : [a,b] — X is SLg-integrable with SLg-
primitive F' : [a,b] — X given by the constant function F' = a where « is any
vector in X. In fact, for any #-nbd U, Ag(U, F, f) = (. Indeed, if there is a
t € A(U,F, f), then for all § > 0, there exists [u,v] C [a,b] containing ¢ with
(v—u) <90 and F(v) — F(u) — f(t)(v —u) ¢ (v —u)U. However, we see that
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Flw)—F(u)— ft)(v—u)=a—a—0(v—u) € (v—u)U, a contradiction. By
Theorem 2.10, f is SLg-integrable with SLg-primitive F' = « and

b
(sr@)/ f=F(b) - F(a) =0.

Theorem 2.13. Let F': [a,b] — X be a SLg-function. Suppose that F’'(x) = 6
almost everywhere on [a,b]. Then F is a constant function.

Proof. Let f : [a,b] — X be the zero function. Since F'(z) = 6§ = f(z) almost
everywhere on [a, 0], D(F, f) has measure zero. Thus, Ag(U, F, f) is of measure
zero for each #-nbd U. By Theorem 2.10 and by Example 2.12,

b
9:(5%)/ F=F@®) - Fla).

Hence, F(b) = F(a). We know that F' is a SL¢ function on [a, z] by Theorem
2.3 and that F'(z) = 6 almost everywhere on [a,z] for all z € (a,b]. By
replacing b with = € (a, b] in the proof above, we have F(x) = F(a). Therefore,
F'is a constant function. d

Theorem 2.14. A function f : [a,b] — X is SHy integrable on [a,b] if and
only if there exists a function F : [a,b] — X with the property that for every 6-

nbd U and € > 0, there is a gauge 0 on [a,b] such that for every d-fine partition
D = {([u,v],t)} we have

(D)) u(F(u,0) = f(t)(v —u)) <e.

In this case,
b
(st1) [ £ =Flab).

Proof. Let f : [a,b] — X be SHj-integrable on [a,b] and let F' be its SH;-
primitive. Let U be a #-nbd and € > 0. Then there is an absorbing, balanced
and convex #-nbd V C U. By the definition of SH;-integral applied to eV,
there is a gauge ¢ on [a, b] such that for every d-fine partition D = {([u;, vi], ;) :
1 <4 < n} of [a,b], there is a unitary sequence (r;)?_; such that

F(ui,vi) — f(ti)(vi — wi) € rieV
for each i € {1,2,--- ,n}. Since V is balanced, convex and absorbing,
Oy (F(ui,vi) — f(ta)(vi —ui)) < Py (F(ug,vi) — f(ta)(vi —us)) < rie

for each 4 € {1,2,--- ,n}. Hence,

n

(D)3 @0 (F(u,v) = [0 —w) < 3 rie =<

i=1
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Conversely, suppose f and F' satisfy the condition. Let U be a 6-nbd. Then
by assumption there is a gauge 0 on [a,b] such that for every d-fine partition
D = {([u,v],t)} we have

(D)D ®u(F(u,v) = f(t) (v —u)) < 1.
Choose o > 0 so that o + (D) > @y (F(v) — F(u) — f(t)(v —u)) = 1 and let
ri = %+ Oy (F(vi) — F(u;) — f(ti)(vi —uy)) for each i € {1,2,--- ,n}. Then
S ri=1and
F(ui,v;) — f(t:)(vi —u;) € r;U for each i € {1,2,--- ,n}.
Therefore, f is SH; integrable with SH; primitive F. (]

Theorem 2.15. Let f : [a,b] = X. If ®y o f = 0 almost everywhere on
[a,b] for each 6-nbd U, then f is SHy integrable and (SHl)fff =460. In
particular, if f(t) = 0 almost everywhere on [a,b], then f is SH;y integrable
and (SHy) [*f = 9.

Proof. Let F : [a,b] — X with F(t) = 0 for all ¢ € [a,b]. Let V be a 6-nbd
and let € > 0. Choose any balanced, convex and absorbing #-nbd U C V. Let
S={tela,b: Py(f(t)) #0}and B, ={t € S: k—1 < oy(f(t)) < k} for
each positive integer k. Then m(S) = 0 and m(E)) = 0 for each k£ > 0. Thus,
there exists an open set G, such that Ej, C G and m(Gy) < 57 Also, {E;}52,
is a pairwise disjoint collection whose union is S. Define §(t) =1 if ¢ € [a,b]\ S
and §(t) > 0 be a real number such that t € (t — §(¢),t + d(t)) C Gy if t € F.
Let D = {([u,v],t)} be a §-fine partition of [a,b]. Let Dy = {([u,v],t) € D :
t € [a,b]\ S} and let Dy, = {([u,v],t) € D : t € Ey} for each k > 0. Since U
is convex, @y (f(t)) < j for each t € E;. Also, since J{[u;,vi] : t; € E;} C G;

for integer j > 0, EtieEj (v; —u;) <m(Gy) < 737 Hence,

(D) @y (Flu,0) — F(0)(0—w) < (D) S @ (Fluv) — F(1)(w— )
= (Do) Y ®u(F(u,v) = f(t)(v —u)) + (D\ Do) Y ®u(F(u,v) = f(t)(v —u)).
Since f(t) =6 for all t ¢ S and F(¢t) = 6 for all ¢ € [a, b], we have

(D)3 @y (Flu,w) — F(O0 — 1) <043 3 (o — u)bur(— (1)

j=1teE;

oo oo c
SZ Z (Uifui)j<2fj:5-
=1 = I

t/LEEj

By Theorem 2.14, f is SH; integrable with SH; primitive F' and

b
(SH;y) / f=F(b) - F(a) = 0.

The second assertion directly follows. O
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Theorem 2.16. Let f : [a,b] — X be SLg-integrable on [a,b] with SLg-
primitive F'. Then f is SHj-integrable on [a,b] with SHy primitive F and

<SHaylbf<SL¢yLbf

Proof. Let V be a 6-nbd and let ¢ > 0. Let U be an absorbing, balanced,
and convex 6-nbd with U C V. Since f is SLg-integrable with S Lg-primitive
F', there is a tight gauge 01 such that for any d;-fine partial partition D; =

{([u,v],8)} of [a, b],
(D1) Z(I)U(F(%U) —ft)(v—u)) <

Let Z = {t € [a,b] : 61(t) = 0}. Then Z has measure zero. Define fo = f-15.
Then fy is zero almost everywhere on [a, b] and hence, fj is SH;-integrable with
primitive Fp : [a,b] — X given by Fy = 0 by Theorem 2.15. Thus by Theorem
2.14, there exists a gauge d5 such that for any do-fine partition Dy = {([u,v],t)}
of [a, b],

W ™

(D2) Y @u(~fol)v—w) < <.

In particular, if Dy = {([u,v],t)} is a do-fine partition of [a,b] with ¢ € Z for
each ([u,v],t) € Dq, then

(D2) Y- @u(=f(B) (0 — ) < 2.

Since F'is a SLg function, there is a gauge v such that for every «-fine partial
partition D3 = {([u,v],t)} of [a,b] with ¢t € Z,

(D3) > ®u(F(u,v)) <

Wl M

Define

o1(t if t € [a,b]\ Z

L0 it e fa,b]\

min{da(t),v(t)} otherwise.
Then A is a gauge on [a,b]. Let D = {([u,v],t)} be a A-fine partition of [a, b].
Write D as a disjoint union of D} and Dj, where D} = {([u,v],t) € D : ¢ €
[a,b] \ Z} and D = D\ Dj. Then D] is 0;-fine partial partition of [a,b] and
DJ, is both a Jdo-fine and a ~-fine partial partition of [a,b]. Thus,

(D) Z Oy (Flu,v) — f(t)(v—u)) < (D}) Z Oy (F(u,v) — f(t)(v—u))
+(Dy) Y u(—f(t) (v —w) + (Dy) Y v (F(u,v))
e € €

<§+§+§=€.

Consequently,

(D) Y @y (F(v)=F(u)=f(t)(v—u)) < (D) Y Qv (F(v)=F(u)—f(t)(v—u)) < <.
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Therefore, f is SHi-integrable with primitive F' and

b b
(St) [ £ =F@®) - Pla) = (SLa) [ .
This proves the assertion. (I

Theorem 2.17. Let f : [a,b] — X be SH;-integrable with SHy primitive F.
Then f is SLg-integrable with SLg-primitive F' and

(SL<1>)/abf: (SHl)/abf.

Proof. Let S C [a,b] be of measure zero, V a #-nbd, and € > 0. Let U be
balanced, convex, and absorbing 6-nbd with U C V. Let fy = f-1g. Since
fo = 0 almost everywhere, fy is SH;-integrable with primitive Fy = 6 by
Theorem 2.15. Hence by Theorem 2.14, there exists a gauge 6; such that for
any d1-fine partition Dy = {([u,v],t)} on [a,b],

n . n €
(D1) Z Py (—folti)(vi —wi)) = (D7) Z Dy (—f(t:)(vi —us)) < >
i=1 i=1
where D} = {([u,v],t) € Dy : t € S}. Since f is SH;-integrable, there exists a
gauge do such that for every do-fine partition Dy = {([u,v],t)} of [a, b],
€
(D2) Y u(F(u,v) = f(t)(v —u)) < 3

Let 6(t) = min{01(t),02(¢)}. Then ¢ is a gauge. If D = {([u,v],¢) : 1 < i <
n} is a partial partition of [a, b] for which the tags are in S, then D is both a
d1-fine and a do-fine partial partition of [a,b]. Thus,

(D)Y_ @u(—f()(v—u) <
and
(D)) @u(F(u,v) = f(t)(v —u)) <
This implies that
(D) ®y(F(u,v)) < (D) > @u(F(u,v))
< (D)) @u(f(t)(v—uw)+ (D) ®u(F(u,v) = f(t)(v —u)) <e.

This shows that F' is a SLg function. Finally, let V be a 6-nbd and £ > 0.
Let U be a balanced, convex and absorbing 6-nbd with U C V. Since f is
SH; integrable on [a,b], there is a gauge ¢ on [a, ] such that for every J-fine
partition D = {([u,v],t)} of [a,b], we have

(D) D (F(u,v) - £(1)(0 - w) < e.
Clearly, 0 is a tight gauge and for each d-fine partial partition D' = {([u,v],t)}
of [a, 0],

(D) Y @v(F(u,0) = f(t) (v —u) < (D) Y @u(F(u,v) = f(H)(v—u) <e.

| ™
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Accordingly, f is SLg-integrable with SLg-primitive F' on [a, b] and

(SLa) / f = F() - F(a) = (SHy) / .

This completes the proof of the theorem. (Il

Theorem 2.18. Let F, f : [a,b] — X be functions. Then the following state-
ments are equivalent:
(i) f is SHy-integrable with SHy primitive F.
(i¢) f is SLg-integrable with SLg-primitive F.
(#i1) F is a SLe and Ag(U, F, f) is of measure zero for each 6-nbd U.

In this case,
b b
(SLa) / f = (SH) / .

Proof. The equivalence of (i) and (i7) follows immediately from Theorems 2.16
and 2.17. By Theorem 2.10, (i) implies (i7). It remains only to show that (i7)
implies (4i7) and we only need to prove that Ag (U, F, f) is of measure zero for
all -nbd U. Assume (i) and let U be a -nbd. Then f is SH;-integrable with
S H, primitive F.

Let € > 0. By Theorem 2.14, there is a gauge ¢ on [a, b] such that for every
d-fine partition D = {([u;, v;],¢;) : 1 < i < n} we have

Z Oy (Fvs) — Flug) — f(t)(vi —ui)) < ;
=1

Let F = {[u,v] C [a,b] : Tt € [a,b], Py (F(v) — F(u) — f(t)(v —u)) > (v—
u) and |v —u| < §(t)}. Let t € Ag(U, F, f) and n > 0. Then by the defintion
of Ag(U, F, f), there is [u,v] C [a,b] with ¢t € [u,v], m(I) = v —u < 7 and
Py (F(v) — F(u) — f(t)(v —w)) > (v —u). Hence, F is a Vitali cover for
Ag(U, F, f). By Vitali’s theorem, there is a finite collection of non-degenerate
close intervals {I;}?; C F such that m* (Aq,(U, F, )i\ U, Ii) < 5. Let
t; € I; sothat I, € F and I; C (ti —0(t;),t; + 5(ti)) for each i € {1,2,... ,n}.
Let D = {([zi,vi],8) : 1 < i < n} be a d-fine partition so that for each
ie€{1,2,...,n}, (I;,t;) € D. Thus,

m* (8o (U, F, ) < m* (U ) +m (AU RO\ L)
<> ml) + 5
i=1
<3 @0 ()~ Flw) — flt) (o — ) + 5

i=1
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Since € was arbitrary, it follows that Ag (U, F, f) is of measure zero. |

Corollary 2.19. Let X be a first countable LCTVS and let f : [a,b] — X be
a function. Then f is SLg-integrable on [a,b] if and only if there is a SLg
function F : [a,b] = X such that F' = f almost everywhere on [a,b].

Proof. Suppose f is SLg-integrable with SLg-primitive F' : [a,b] — X. By
Theorem 2.18, A (U, F, f) is of measure zero for each 6-nbd U. Since X is first
countable, there is a countable local basis B at 8 for the topology associated
with X. By Theorem 2.11,

D(F,f) c U A<I>(U7F7f)7
UeB
implying that D(F, f) is of measure zero. Thus, F'(z) = f(z) almost every-
where on [a, b].
Conversely, if F'is a S Lg function such that F'(z) = f(x) almost everywhere
on [a,b], then D(F, f) is of measure zero. By Theorem 2.11,

D(Faf): U A@(U7F?f)'

f-nbd U
Therefore, Ag (U, F, f) is of measure zero for each #-nbd U. O

EXAMPLE 2.20. The collection R[%?! of all functions from [a,b] to R is a real
vector space with respect to the usual addition and scalar multiplication of
functions. For each a € [a,b], define the evaluation map p, : Rl*P — R by
pa(f) = |f(a)|. Note that for every f,g € Rl*Y and ¢ € R,

palf +9) = |f(a) + g(a)] < [f(@)| +|g(@)] = pa(f) + palg)
palcf) = lef(a)l = le|l f(a)] = |elpa(f)-

This shows that each evaluation map p, is a semi-norm on RI** making the
real vector space R[%% into a locally convex space with absorbing, balance, and
convex f-nbds V(po) = {f € Rl& . p, (f) < 1}.

Now, from the family of functions {e, : o € [a,b]} C R[*?! where

ea(x):{l if r=a«a

0 otherwise,

define the function © : [a,b] — RI*! by ©(t) = ¢; for each t € [a,b]. Then
pa(O(t)) =0 for all o # ¢ € [a, b]. Here we find that © satisfies the assumption
of Theorem 2.15. Hence, the zero function F(t) = 6 on [a, b] is a S H;-primitive
of ©. Notice that F' has a derivative equal to itself everywhere on [a,b] and F
is not equal to © at every point on [a,b]. Thus, the second condition in (#i7)
of Theorem 2.18 is not equivalent to F’(t) = ©(t) almost everywhere on [a, b]
as stated in Corollary 2.19.
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