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ABSTRACT. In 2016, the second and third authors introduced the
notion of 2-Engelizer of the element z in a given group G and
denoted the set of all 2-Engelizers in G by E?(G). They also
constructed the possible values of |E?(G)| (Bull. Korean Math.
Soc. 53 No. 3, (2016), 657-665).

In the present paper, we classify all non 2-Engel finite groups
G, when |E?(G)| = 4,5.

1. INTRODUCTION

For an element x of a given group G, we call

Et(x) ={y € G :[r,y,9] =1, [y, ,2] = 1}
to be the set of 2-Engelizer of x in G. The family of all 2-Engelizers
in G is denoted by E?(G) and |E?*(G)| denotes the number of distinct
2-Engelizers in G (see [3] for more details).
As an example consider Q5 = (a,b: a® = 1,a* = b*,07rab = a™1),
the Quaternion group of order 16 and take the element b in (Q15. Then
one can easily check that the 2-Engelizer set of b is as follows:

Eczglﬁ (b) = {17 aQ? (14, a'67 b7 (ZQb, a4b7 a6b}.
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We remark that for the identity element e of G, we have G = E%(e)
and hence G € E?(G). Clearly in general, the 2-Engelizer of each
non-trivial element of a group G does not form a subgroup. (see [3],
Example 2.3 for more information).

In 2016, Moghaddam and Rostamyari [8] gave a condition under

which the 2-Engelizer of each non-trivial element of G forms a sub-
group.
Theorem 1.1. ([8], Theorem 2.5) Let G be an arbitrary group. Then
the set of each 2-Engelizer of a non-trivial element in G forms a sub-
group if and only if the group xZ&¢® is abelian, for all non-trivial ele-
ment x of G.

They also proved that |E*(G)| > 4, for any non 2-Engel group G,
with abelian Z&®)_for all 1 # z € G.

In the present article, we study the groups with such properties. One
of our goals in this article is to calculate the number of 2-Engelizers of

Dihedral group of order 2n. Also, our main result is a characterization
of finite groups with exactly |E?(G)| = 4, 5.

2. PRELIMINARY RESULTS

An element z of a group G is called a right 2-Engel element, if for every
y € G, [z, 2y] = [r,y,y] = 1, and the set of all right 2-Engel elements
of G is denoted by Ry(G). Many mathematicians have done interesting
researches in this area (see [1, 6, 7, 9] for more information).

The following lemmas show the relationship between 2-Engelizers
and the group G, even if the group is infinite. Also their results play
an important role in finding lower bound for |E*(G)|.

Lemma 2.1. Let G be a group. Then Ry(G) is the intersection of all
2-Engelizers in G.

Proof. Clearly, Ry(G) C (,eq Fé(z). Now, suppose y € (), F&(z)
then [z,y,y] = [y, x,z] = 1, for all x € G which gives y € Ro(G). O

Lemma 2.2. A group G is the union of 2-Engelizers of all elements
in G\Ry(G), that is to say G = U,co o) E&:(®)-

Proof. Clearly, U,ce o) E&() € G. By the definition, if g € Ry(G)
then g € EZ(z), for every x € G and hence g € Usea\ra@) E%(z). In
case g € G\Ry(G), then g € E%4(g) and so

g€ U E%(z).
z€G\R2(G)

Therefore G C U, co\py() F?%(x) and the proof is complete. O
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Lemma 2.3. Let |Eé/R (ng(G))| = p, for some non right 2-Engel
element x of a group G and a prime number p. For all y € G\Ry(G),

if B2 pyc)(212(G)) = By, ) (y12(G)), then
E(x) = E&(y).
Proof. Clearly,
Eg(2)/Ro(G) C EZ )y (zRa(G)).

Assume that E¢(x)/ Ra(G) < B¢ p, ) (v R2(G)). As |EG g, ) (#R2(G))| =
pand |EZ(z)/Ra(G)| divides | EZ 5, G)(ﬂﬁR (G))], we get |EG( )/ Ra(G)| =
1 and so EZ(z) = Ry(G). Thus € Ry(G), which is a contradiction.
Therefore E%(x)/Ry(G) = Eé/R (@ Ra(G)).

Clearly for all y € G\ Ry(G),

E&(y)/Ra(G) C Eypyy WRA(G)) = By (zR2(G)).
Hence |EZ p, ) (2 R2(G))| = |EZ(y)/R2(G)|, and so EZ(y)/Re(G) =
FZ(z)/Ry(G). Thus

i) _ BAW)
Ry(G)  Ry(G)

where {z1,...,2,_1} C (E&(z) N E4(y))\R2(G). So E%(x) = Eé(y)[]

= {RQ(G), IlRQ(G), .TQRQ(G), cany l’p_lRQ(G>},

In the next result we calculate the number of 2-Engelizers of Dihedral
group of order 2n, except Dsg, as it is nilpotent of class 2.

Proposition 2.4. Let D,, be the Dihedral group of order 2n. Then
|E?(Day)| = n+ 2, when n is odd and otherwise % + 2.

Proof. Let Dy, = (z,y | 2" =y* = Lyay™' =a7!) ={l,a,--- 2"y,
Y, - - ,yx”’l} and n > 3. Now E}, (1) = Dj,. Next consider
E3}, ('), where 1 <i < n— 1. Suppose y:cﬂ € E}, ('), then

[ya! 2t 2" = 1, [2', y2! yal] = 2 = 1 = n | 4.

If n is odd then n divides 4, a contradiction. If n is even then i = & or
% (if 2 € Z). Therefore E}, (') = (x), if n is odd or n is even and

i n TL

204 , ‘ :
Next consider E}, (ya?), 0 < j < n— 1. Suppose 2’ € E}, (ya’)
then by a similar argument 7 = % or 7. Therefore if n is odd then

o' ¢ B}, (yx?) and if nis even then 2 and z1 € E%, (ya’). Moreover,
E}, (z2) = E}, (#7) = Da,.
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Now suppose ya* € E}, (yx?), where 0 < k # j < n — 1. Then
[ya®, ya? yal) = 27V = 1= n [ 4(k - ),

[yad ya®, ya®] = 27 =1 = n | 4(5 — k).
If n is odd then n divides k — j or j — k, a contradiction. If n is even
thenk—j=mnk—j=-nk—j=75ork—j=7% Henceifnisodd

B}, (1) = Dan, Bp, (a') = (2), Ep, (y2’) = {1,y2"},

)
and so |E?(Dy,)| =n + 2.
Also, as ya/™™ = yz*" for even number n

n n i . n n
Bb, (¢%) = Ep, (x%) = Eb, (1) = Dan, By, (') = (2) (i # 5. 7).

Thus |E?(Dsy,)| = g9 .

In the next remark, we discuss the important property of the ele-
ments of a given group G, which will be used in Example 3.6.

Remark 2.5. Let x,y ¢ Z(G) and zy € Z(G), then for all g € G

z -1
[y, gl =1=g¢"=g¢" .

Thus ¢,(g9) = ¢,-1(g) implies that ¢, = id and so z =y .
Similarly, if z,y € R2(G) and zy € Ry(G), then for every g € G

2y, g,g] = 1 = glod” = glval™

Hence [z, g]Y = [g,y] and again z = y~1.

3. MAIN RESULTS

Many authors have studied the influence of the number of centralizers
on a finite group G (see [2, 3, 5]). It is clear that a group is 1-centralizer
if and only if it is abelian. In [3] Belcastro and Sherman proved that
there are no groups with 2 or 3 centralizers. They also proved that
G has 4 centralizers if and only if G/Z(G) = Cy x Cy and G has
5 centralizers if and only if G/Z(G) = C5 x C3 or S5. Ashrafi in [2]
showed that if G has 6 centralizers, then G/Z(G) = Dg, Ay, Cox Cyx Cy
OI'CQXCQXCQXCQ.

The above results concerning the centralizers give us some motivation
to study the concept of 2-Engelizers of groups. Our results in this
section show that some known facts on centralizers of groups can be
established for 2-Engelizers, and in some cases the results are different
and more interesting.
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Note that, in this section we work with the groups under the condi-
tion of Theorem 1.1, so that each 2-Engelizer of a non-trivial element
of the group G must form a subgroup.

Theorem 3.1. Let G be a group such that G/Ry(G) = C, x C,, for
any prime number p. Then |E*(G)| = p+ 2.

Proof. Assume that G/Ry(G) = C, x C,, then

T~ (TG YRAG) 7 .3 € ().
Clearly any non-trivial proper subgroup H/Ry(G) of G/R2(G) has or-
der p. Therefore H = Ry(G) U hiRy(G) U hoRo(G) U ... U hy_1 Ry (G),
where h; € H\Ry(G) for all 1 < i < p— 1. Thus the proper subgroups
of G properly containing Ry(G) are one of the following forms:

RQ(G) U .CERQ(G) U ZL‘QRQ(G) Uu..u ZL‘p_lRQ(G);

Ry(G) UyRy(G) Uy Ry(GY U ... UyP ' Ry (G) or
Ry(G) U 2%y Ry(G), for all 1 < 4,5 < p — 1. Note that, for all 1 <
i,j < p—1, it is easy to see that 2’y Ry(G) = 27y’ Ry(G) since [x,y] €
Ry(@). Hence we have only p — 1 proper subgroups of G of latest type.
For simplicity, we denote all the above subgroups by Hi, Hs, ..., Hp 1,
respectively. Now we show that Hi, Hs, ..., H,; are the only proper
2-Engelizers of G. Let a € G\ R2(G) then aRy(G) = bR2(G), for some

p—1 p—1 2 p—1 p—1 p—1, p—1
be{x,...oaP y, .y xy, Yyt Ly P Ty PP )

Note that the order of each 2-Engelizers of G/Ry(G) can not be p* or
1. Therefore Eé/RQ(G)(aRQ(G)) = Eé/R2(G)(bR2(G)) and Lemma 2.3
imply that FZ(a) = FZ(b). Again let b € H;\Ry(G) then E%(b) C
U?i}Hj, as Hi,...,H,;1 are the only proper subgroups of G. Also
b € EZ(b), and hence E%(b) # Hj, for 1 < i # j < p+ 1. Therefore
E%(b) = H;, and Hy, Hy, ..., H,,1 are the only proper 2-Engelizers of G
and so |E*(G)| =p+ 2. O

In 1926, Scorza [10] showed the following result, which is useful for
our further investigation (see also [1]).

Theorem 3.2. ([!|, Theorem 1) A group G is the non-trivial union
of three subgroups if and only if it is homomorphic to the Klein four

group.
Now, using the above theorem we have the following result.

Theorem 3.3. Let G be a group, then |E*(G)| = 4 if and only if
G/RQ(G) = 02 X CQ.
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Proof. Using Theorem 3.1, it is enough to show that |E?(G)| = 4 im-
plies that G/Ry(G) = Cy x Ch.

Suppose |E*(G)| = 4, then F*(G) = {G, F&(x), F(), FA()},
where z, y and z are non 2-Engel elements of G. Thus G = EZ(x) U
F%(y) U E%4(z), as G is the union of its proper 2-Engelizers. Hence,
Theorem 3.2 implies that G/(EZ(x) N E%4(y) N E%(z)) is isomorphic
with Klein four group.

Now, it is enough to show that Ry(G) = FE&(z) N E4(y) N E4(z).
Clearly EZ(zy) must be equal to G, E%4(x), E4(y) or E%4(2).

If E2(zy) = G then xy € Ry(G) and [zy,y,y] = 1 implies that
[z,y,y] = 1. Also, [y,zy,zy] = 1 implies that [y,x,z] = 1 and so
y € E%(x). Now, for every g € E2(x) we have

@y, 9,9] =1=[y,9,9] =1 and [g,zy, vyl =1 = [g,y,y] = 1.

Thus g € E%(y) and so E%4(x) C E%(y), which is a contradiction.

By the same argument if EZ(zy) = E%(x) or E%(y) we obtain a
contradiction. Hence, E4(xy) = E%(yx) = E2%(z). Now, it is clear that
g € E4(z) N E2(y) implies that g € E%(zy) and g € E%(z) N E%(zy)
implies that g € EZ%(y). Also g € F(y) N E%4(xy) implies that g €
E?%(x). Hence, the intersection of any two 2-Engelizers is Ro(G), which
gives the result. 0

To prove our main result we need the following lemma.

Lemma 3.4. Let |E*(G)| =5 and E? be the proper 2-Engelizers of the
group G, fori=1,2,3,4. Then

(a) none of them is contained in the union of the others;

(b) no element of G is in exactly two or three of E?’s, 1 <1 < 4.

Proof. (a) By the contrary, assume that E? is a subset of E3UE3U E?,
and hence G = U?:z E?. Theorem 3.2 implies that G/ ﬂ?ﬂ E? ~
Cy x Cy. Now, in this case we show that (;_, E? = Ry(G), and then
we obtain a contradiction.

Choose any =, € Fi \ (E2 U E?), x3 € F2\ (B2 U E}), and 24 €
E?\ (F3 U E2). We show that E? = EZ%(z;), for i = 2,3,4. For
example, assume FZ(wy) # FE32, then we have E%(zy) = E?. Thus
E2\ (E2UE3) C Ef\ (E3UE?) and so FZ C E?. Now, we could
interchange the role of E? by F2. Hence F? = E3, which is impossible
and so FE? = F&(x;), for i = 2,3, 4.

Now, let 2 € i, E? \ Ry(G), then we have the following cases:

(i) B2(r) £ G, a5 1 & Ro(G):
(i) BA(2) 4 B}, as o ¢ BY
(i17) EZ(x) # E3, as x3,74 € E4(x) \ F3;
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(iv) E%4(x) # E3, as xq, x4 € E%(2) \ EZ;
(v) E4(x) # E3, as z9,13 € E&(x) \ E}.

Hence (_, E? \ Ro(G) = 0, which gives part (a).

(b) First take an element x € (E? N E3) \ (E3 U E?), then clearly
r1, %9 € E4(z). But z; € E3 and this implies that E3(x) # E? or EZ.

Also EZ(z) # FE2 or E, as ¢ ¢ E2 U E?. On the other hand,
Fi(z) # G, as v € G\ Ry(G). Therefore EZ(z) # G, E?, E3, E? or
E?, which contradicts the number of 2-Engelizers |E*(G)| = 5, and so
(B B\ (B3 UE2) =0

Now assume that x € (E N E3 N E3)\ E? , then 1, 19, 23 € EA4(x).
It can be easily seen that E%(x) # Fi, E3 or Fi. Also E%(x) # E}
or G,as x ¢ E7 and x ¢ Ry(Q). Therefore E%(z) # G, E?, FE3, B2 E2,
which means |E?(G)| must be at least 6 and this gives a contradiction.
Thus (E? NE3NE2)\ E7 =. O

Remark 3.5. Note that the above lemma shows that the group G is at
most a disjoint union of its four proper 2-Engelizers, when |E?(G)| = 5.
Also, in this case we have

4
=(\E}=ENE;NE; = E}NE},

forall 1 <i#j#k <4

In the following, we compute the number of 2-Engelizers of some
groups, which will be used in our final result.

Example 3.6. (i) If G/Ry(G) =2 S5 = (xRy(Q), yRa(Q) | 2%, v, yy® €
Ry(@)). Then it is clear that |IG{ ?Eg;\ = 2 or 3, for every proper
subgroup H/Ry(G) of G/Ry(G). Thus H = Ry(G) U hiRy(G) or H =
Ry(G) U haRy(G) U h3Ro(G), where hy, ha,hz € H \ Ro(G). Therefore

the proper subgroups of G properly containing Ro(G) are as follows:

Take an element a € G\ R(G ) then aRg( ) = hR2(G), for some
hoe {y, v o2y, 29}, Thus, B pyo)(aRa(G)) = B2 p, o) (hR2(G))
and so Lemma 2.3 implies that EZ(a ) EZ(h).

Now, we show that H;’s are the only proper 2-Engelizers of G. As-
sume h € H; \ Ry(G) and Eg(h) C U,; Hj, where 1 <i,j < 4. On
the other hand, h € E%(h) implies that E%(h) # H;, for 1 < j #i <4
Therefore EZ(h) = H; gives the claim and so |E*(G)| = 5.
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(13) The factor group G/Rs(G) = Cy x Cg, has the following presen-
tation

G
Ry(G)
- {17 i‘? g? y727 y737 y747 y757 x_y7 x@27 x@37 xb47 $7y5}7
where” means modulo Ry(G).
Clearly, non-trivial proper subgroups of G/Rs(G), which properly
containing Rs(G) are as follows:
Hy = Ry(G)UxRy(G), Hy = Ry(G)Uzy’ Ry(G), Hy = Ry(G) Uy’ Ro(G)
Hy = Ry(G) U y2R2(G) U y4R2(G),

Hs = Ry(G) UyRy(G) Uy Ra(G) Uy’ Ra(G) Uy Ro(G) U y” Ro(@),
Hg = Ry(G) UzyRy(G)Uy*Ro(G) Uy Ry(G) Uy Ry (G) U 29° Ry (G),
H; = Ry(G) Uzy?Ry(G) Uy*Ry(G) Uz Ry (G) U y* Ro(G) Uy Ro(G).
Lemma 2.3 implies that H;’s are the proper 2-Engelizers of G/Rs(G),
for1 <1< 4.

Now, in the subgroups Hs, Hg and Hy, if aRy(G) = bR2(G), for
a # b, then a™'b € Ry(G). Remark 2.5 implies that a = b, which is a
contradiction and so |E*(G)| = 8.

(i1i) Let G/ Ry(G) = Ay be the alternating group of degree 4. Then by
a similar argument as part (i), non-trivial proper subgroups of G /Ra(QG)
which properly containing Ro(G) are as follows:

H; = Ry(G) U (1,2)(3,4)Ra(G), Hy = Ry(G) U (1,3)(2,4) Ry (G),
HB = RQ(G)U(L 4) (27 3)R2(G) H4 R2<G)U(17 27 3)R2(G)U(17 37 Q)RQ(G)v

= <I’R2(G),yR2(G) | x27y67 [ZL‘,y] € RQ(G»

)U (1747 2)R2<G)7
Hy = R( ) (1 3 4)R2(G)U(1,4,3)R2(G),

Lemma 2.3 zmplzes that HZ s are the only proper 2-Engelizers of G/ Ry(G),
for 1 <i <7 and hence |E*(G)| = 8.
(iv) Let G/R2(G) be a semidirect product of cyclic groups of order 3
by the one of order 4, i.e.
G

Ry (G)
={Lz,2% 9,0 ¢°, wy, 2y, 2y’ 2%y, %%, 22y}
Then by a similar argument as in the previous parts, non-trivial proper
subgroups of G/ Ry(G), which properly containing Ro(G) are as follow-
mg

>~ O3 x Cy = (2Ry(G), yRo(Q) | 2°,y*, 22 € Ry(G))

H1 = RQ(G) U y2R2(G), H2 = RQ(G) U ZL‘RQ(G) U I'QRQ(G),
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Hy = Ry(G) UyRy(G) Uy Ra(G) Uy’ Ro(G),
Hy = Ry(G) UzyRy(G) Uy Ry(G) Uy Ry (G),
Hs = Ry(G) Uz*yRy(G) U y*Ry(G) U 2*y° Ry (@),
Hg = Ry(G) Uzy?Ry(G) Uz Ry(G) U y* Ry (G) Uz Ry (G) U 2%y* Ry (G).

By a similar argument as used in part (i), we conclude that |E*(G)| =
7.

The following result characterizes the factor group G/R2(G), when
the group G is five 2-Engelizers.

Theorem 3.7. Let G be a finite group with |E*(G)| = 5, then G/Ry(G) =
03 X C3,D12,CQ X 06703 Dall 04,_/44 or Sg.

Proof. Assume that |E?(G)| = 5 then using Lemma 3.4 and Remark
3.5, there exist only four distinct 2-Engelizers such that G = Ule E?
Hence

|G| = |EY U E3 U B3 U Ej| = | Ef| + | B3| + | B3| + | Ef| — 3| Ra(G)].

Now, for computing the value of |Ry(G)|, we show that if £7 and E}
are arbitrary distinct proper 2-Engelizers of G, for 1 <7 # j < 4, then
B3| E7] G|

< < —

()

Cle rly, = |E7 () E7|, and since E7E7 C G, we have

Therefore |EfﬂE32| Z ‘E\g|

other hand, one observes that
|G| =|EY| + | E5| + | E5| + | Ej| — 3| R2(G))|
22|Ra(G)| + 2| Ra(G)| + 2| Ro(G)| 4 2| Ra(G)| = 3| Ba(G)| = 5| R2(G)],

1 > 1
|EZE7| © 1GI"

|B2||E2|
Tl On the

|E2E2

implies that |Ry(G)| >

and hence % > 5. Assume % = 5, then % is cyclic and so
G is 2-Engel group, which implies that % > 6 and proves the claim

of (x).

Now without loss of generality, we may assume that |E?| > |F3| >
|EZ| > |E3). Suppose |E7| < 19 then we have
|G| =IEY| + |B5| + |B5| + || — 3| Ra(G))
Gl 6l 6l 6]

Sttt = 3IR(G)] = (6] - 3 RG],
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— IGI H

which is a contradiction. Hence |E?| = 21 or If |E2] = 90 we get

(G| =IEY| + B3| + | B | + | E§| — 3| R2(G))

G
1B 12 12 - sl

One can easily calculate that

G
O < B2+ 1231 + 121 < 313,

and so % < |E3|.

Now applying (x) to E? and E?, we have IPHIBEL 1G] and hence

Gl =6

2|G G G G| |G G
B3] < %5 That is [ < [Bf| < ', so B3| = 21,3 or 1. The
property Figr2l < [Ro(@)] < G implies that [f < [Ry(G)] < 5.

Therefore the value of |Ry(G)| must be one of El, E', lg', ‘g' or ‘1G0|
Now if |Ro(G)| = 19, then |Ry(@)| divides |E?|, and hence 2 | 7,

which is impossible. Slmllarly |Ra2(G)| # |G|. Assume |R2( )| = %

then | R;(;G)] =6 and as RC(:G) can not be Cychc hence == R = Ss.
Let |Ro(G)| = S0, then as |Ro(G)| divides |E3|, if | E3| = ‘G' , then 3 |

8 and if |E3| = |G‘ then 5 | 8, which both give contradictions. Therefore
|E2| =4 Also7 the property |G| = |E?|+|E3|+|E3|+|E7| — 3| R2(G)|
implies that % = |E?| + |F3| — 3‘G| and hence 5‘G| = |E3| + |E3|. As
1E2],|E3| < 9 we obtain 2 = |E2] +|E?| < %, which is again a
contradiction. So |Re(G)| can not be equal to ‘G|

Finally, assume that |Ry(G)| = % and ]RQ( )| divides |E3|. If
|E2| = S then 3 | 10, and if |E3| = 1 then 4 | 10, which are both
impossible. Therefore |E3| = ‘G| . Now, again |G| = |E?|+|E3|+ | E3| +

|E2| — 3|Ry| implies that |F3| —|— |E2| = 6|G|. Also, |EZ| > |E?| > |E3|

implies that 6‘G| = |E3| + |F3| < 2|G| , which is a contradiction. Hence
RG] £ 19
Now, assume that |E?| = % In this case, using

G| = |E}| + |E3| + | B3| + |EZ| — 3| Ra(G)],

we have 29 < |E2| + |E3| + |E3| < 3|E3). Thus |E3] > 29 On the
other hand, |E?| > |E3| and so 29 < |E2| < 4. Therefore |E2| = !
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r %l. Again applying (%) on E? and E? we get,

| BT E3] 1G]
|G 6
Thus @ < |Ro(G)] < %, and hence |Ry(G)| = %,@,%,‘%',%,%
1G]
2
Assume that |R2(G)| = ‘—?', and as |Ry(G)| divides |E2| we must

have 3 | 7, which is impossible. Similarly |Ry(G)| # <! 5 ,% and %

Also, assume that |Ry(G)| = ‘G| ,|E2| = |G| ,and |F3| = |G| ‘?', then
G| = |EF| + |E22| +| B3|+ |E2| =3[R (G)),
again implies that B9 = |B2| +|E2] < S or A9 = | g2 4 | B3] < 2EL
respectively, which are both impossible. Hence |Ro(G)| # %, and so
we have one of the following cases:
Gl |Gl

|R2(G)| = T ] =12= Ro(C)

< |Ro(G)] <

or

= Cla, Ay, D12, C3xCy, Cyx C,

or
IG\ Gl G

RG] RlG)

' (G) can not be cyclic, as G is not 2-Engel group.
= D12,CQ X Cﬁ,A4,Cg X C4 or 03 X Cg O

| R2(G)] =

= Cg, Cg X Cg.

On the other hand

Thus ( )

Note that, Proposition 2.4, Theorem 3.1 and Example 3.6 imply that
the converse of the above result is not true in general. One can easily
see that, if G/Ry(G) = D1g, C3 X C5 or Ss, then |E*(G)| = 5.
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