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ABSTRACT. Let p be prime and « : = +— xg®, the Discrete Lambert
Map. For k > 1, let V = {0,1,2,...,p* — 1}. The iteration digraph is a
directed graph with V' as the vertex set and there is a unique directed
edge from u to a(u) for each u € V. We denote this digraph by G(g, p*),
where g € (Z/p*Z)*. In this piece of work, we investigate the structural
properties and find new results modulo higher powers of primes. We show
that if g is of order p¢,1 < d < k — 1 then G(g,p*) has pk_(%] loops.
Ifg=tp+1, 1 <t<p=1 —1 then the digraph contains pk;l cycles.

Further, if g has order p*~1 then G(g,p’“) has p — 1 cycles of length

p*~1 and the digraph is cyclic. We also propose explicit formulas for the

enumeration of components.
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1. INTRODUCTION

The notion of modular arithmetic is primarily indispensable and imperative
in number theory. The study of congruences can be entertained through accus-
tomed examples of integers based on modular arithmetic. In this little piece,
we formalize and investigate the structural properties of iteration digraphs via
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Lambert’s mapping. We propose new results of such digraphs from modulo a
prime p to modulo pF. We demonstrate certain acquaintances between num-
ber theory and graph theory motivated by L. Szalay [6], T. D. Roger [10], B.
Wilson [1], L. Somer and M. Kiizek [5], Yangjiang Wei and Gaohua Tang [11]
and JingJing Chen and Mark Lotts [4]. The digraphs of the exponential con-
gruences and quartic mapping have been discussed in [7] and [8]. We define
our digraph as follows.

Let V =1{0,1,2,....,p" =1}, k > 1. Let G(g,p") denote the iteration digraph
for which V is the set of vertices and with a directed arc between vertices x
and y if and only z¢® = y (mod p*), where g € (Z/p*Z)*. Thus for each g and
p*, k > 1 there is a fix iteration digraph as given in Fig. 1. Results regarding
fixed points, isolated fixed points, cycles and enumeration of components have
been proposed. In Fig.1, the iteration digraph has five fixed points and three
non-isomorphic components. The vertex 0 is the only isolated fixed pint. This
paper follows [2,3,4,9,10] and [11].

Few basic definitions and some previous results are important to make this
paper self readable.

Definition 1.1. [2] Let p { a, where p is prime. The order of a modulo p*
the least integer 7 > 0 such that a” =1 (mod p*). It is labeled as Ord,ra = r.

Definition 1.2. [2] The function ¢(n) is the number of such residues of n
which are prime to n together with ¢(1) = 1.

Theorem 1.3. [2] Let (a,m) = 1, where m > 1, then a®™ =1 (mod m).
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FIGURE 1. G(17,33).
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2. FIXED POINTS OF THE MAP

Recall that a vertex u is said to have a loop on it if ug® = u (mod p*) and it
referred to as an isolated fixed point of the graph G(g, p*) if ug* = u (mod p*)
and there does not exist any vertex v such that ug® = v (mod p*). Before
proceeding first we state (without proof) few of earlier results regarding fixed
points and isolated fixed points.

Theorem 2.1. [9] If g = 1 (mod p*), then all fived points are isolated.
Theorem 2.2. [9] Let G(g,p*) be a discrete Lambert digraph. Then,

(i) If g =tp, 1 <t <p*~1 —1 then 0 is the only fived point of G.
(ii) 0 is an isolated fived point of G if and only if g #tp, 1 <t < pF~1 —1.

(iii) If ¢(p*) is a fized point then g # tp, 1 <t <pF~—! —1.
Theorem 2.3. [4] Let q be any prime. Then,

g=1 _ g=1

1. Let g be a quadratic residue of q, then 15 5

(mod q).
2. A point t is fivzed & g' =1 (mod q).
3. Let f(t) = tgt, then fized points of f are multiples of order of g.

4. If t is odd, then f(t) =t — 1, and if t is even, then f(t) = t.

The following lemma is of crucial importance and we prove it as a conse-
quence of Definition 1.1.

Lemma 2.4. Ord,x g = p? if and only if g =1 (mod p*=%), 1 <d <k —1.

Proof. Let ord,x g = 3. Then 3 is the least positive integer such that g’ =
1 (mod p*). But then g” = 1 (mod p) as well. Suppose g = 1 + tp*~? for some
integer ¢ where, (t,p) = 1. Now

g? = (1 +tp*~ )P =1+ tBp*~¢ + terms involving higher powers of p*~¢

Thus ¢? = 1(mod p*) if and only if tBp*~? = 0(mod p*). But (t,p) = 1.
Hence, we conclude that ¢° = 1(mod p*) < Bp*~¢ = 0(mod p*) < B = p? for
d=1,2, ..k —1. 0
Theorem 2.5. Let’s denote N(g,p") for the number of fized points in G(g, p*).
Then N(g,p*) :p’“*(%1 only if Ordye g = pl1<d<k-1.

Proof. We know that

(gw_ 4+ if d is odd
2! %, if d is even
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Let Ord,s g = p?,1<d < k—1. Then by Lemma 2.4, g = 1 + tp*~¢ for some
integer ¢t where, (t,p) = 1. Hence by Theorem 2.1, all fixed pints are isolated.
Thus we need to find vertices a such that a(1+p*~9)* = a( mod p*) provided
Ord,x g = p?,1 <d < k—1. For instance, if d = 1 then a = p,2p, 3p, ...,p" " 'p
are the pF~1 = p’“*%W fixed points. Thus the proof can easily be deduced in
the light of Lemma 2.4. O

Theorem 2.6. Let Ord,x g1 = Ord,s go. Then N(g1,p") = N(g2,p").

Proof. Let Ordps g1 = Ordys g2 = . Then 3 is the least positive integer
such that glﬁ = gg =1 (mod p*). Suppose «a is a fixed point of G(g1,p*). That
is, ag{ = a mod p*). Then by Theorem 2.3 (2), ¢¢ = 1( mod p*). But then
a = tf3 since B is supposed to be least. Now agg = agéﬁ = a(gg)t =a(l)t =
a( mod p*). Thus « is a fixed point of G(gz,p*) as well. O

The following theorem is of great importance and can be proved directly
using the definition of Lambert Map.

Theorem 2.7. If g = p¥ — 1, then the number of fized points in G(g,p") is

ifp=2 k=1
ifp=2, k>1

if p is an odd prime

)
k

N(g.p*) =

S s,

)
+1
5

Proof. Let g = p* — 1. First, we note that all even residues of p* are the fixed
points of G(g,p*) while none of the odd residue of p* serve as a fixed point of
G(g,p"). For this, we let 7 be any integer, then we see that

Q2r+1)(pF -1 = (2r+1)(=1)*" ((mod p*)
= —(2r+1) (' mod p*)
% 2r 41 (mod p*) except p =2

While

2r(pF — 1)%" 2r(—1)?" (' mod p*)

= 2r (' mod p*)

Finally, it is easy to see that if p=2and g =2 —1 =1, then 0 and 1 are the
only fixed points in G(1,2). And if k > 1 with p = 2 and g = 2% — 1, then there
are % even numbers. That is, % fixed points in G(2¥ — 1,2%). Similarly, if p

pP+1
2

is an odd prime then there are even residues of p¥. O
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3. ENUMERATION OF CYCLES

The vertices =1, T2, ..., Tr_1, X, form a cycle of length r if and only if

116" = w5 (mod pF)
229 = 3 (mod p)
g™ = 31(mod p¥)

In this section, we discuss cyclic vertices, enumeration of cycles of different
lengths for the digraph G(g,p*), where p is any odd prime and k > 1. These
can be entertained in the following theorems.

Proposition 3.1. Let p be any odd prime and g # 1 be any integer. Then all
cycles in G(g,p*),k > 1 are of length at most one if and only if g> = 1 (mod p)
or plg.

Proof. Suppose p { g but g2 = 1 (mod p). Since g # 1 be any integer, so by
Lemma 1 [9], g = p* — 1. Then by Theorem 2.3 (4), if ¢ is odd and g = p* — 1
then f(t) = p¥—t and if t is even then f(t) = t. Suppose that there exists a cycle
of length 2. Then any odd node z will be sent to some y = p* — 2. Now since
y is even, so again by Theorem 2.3 (4), f(y) = y # x, a contradiction against
the fact that G(g,p"),k > 1 has a cycle of length 2. Conversely, we suppose
that for any integer g # 1, the digraph G(g,p*),k > 1 contains only cycles of
length at most one. This means that the digraph only contains fixed points or
there is no fixed point in case of cycles of length less than one. Combining (i)
and (ii) of Theorem 2.2, we must get that either p|g or g2 =1 (mod p). O

Corollary 3.2. If g = p* — 1 then the digraph G(g,p*) contains pkz—ﬂ cycles.

Proof. Let g = p* — 1. By Theorem 2.7, G(g, p*) contains pk;l fixed points.

Also by Lemma 1 [9], ord,x g = 2. Hence by Proposition 3.1, there exists no
cycle of length > 1. Thus the only cycles are the fixed points of G(g,p*). O

Lemma 3.3. Let ordys g = p*~1 then the wertices v;, 1 < i < r, such
v; = j (mod p), where 1 < j < p—1 are the cyclic vertices.

Proof. Let ord,. g = p*~1. By Lemma 2.4, g = 1 (mod p). Then there exist
some integers ¢ such that g = 1+pt, provided ged (p, t) = 1. Also v; = j (mod p),
so v; = j + ps, where ged(p, s) = 1. Consider,

f)=f(G+sp) = (j+ps)g’tP" = (j+ps)(1+ pt)ITPs

= (j+ps)(1+jpt) (mod p*)
j+ps+jipt (mod p2) =41 (say) (3.1)
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Clearly v;41 = j (mod p). Now,
Fig)) = fG+p(s+52) = (j +ps + *pt)(1 + pt)I o+t
= (J+ps+57pt)(1 + jpt)(mod p?)
= (j+ps+2j°pt)(mod p*) = viy2 (say) (3:2)
Note v;12 = j (mod p). Similarly,
Foisa) = fG+p(s+25%) = (j +ps +25°pt) (1 + pt) 747"t
(7 + ps +27%pt)(1 + jpt) (mod p?)
(7 +ps +34°pt) (mod p*) = viys (say) (3.3)
Where, v;13 = j (mod p). Continue in this way, we must arrive at,
Fisp1) = fG+p(s+(p—1)5%))
(7 +ps + (p— 1)72pt) (1 + pt)? tre+(p= D"t
= (j+ps+(p—1)7°pt)(1 + jpt) (mod p?)
(r + ps) (mod p*) = v; (3.4)

By equations (3.1) to (3.4), it is clear that the vertices v; such that v; =
j (mod p) are the cyclic vertices. By adopting the similar steps, this can be
achieved for higher powers of primes as well. ([l

Theorem 3.4. If ord,x g = p*=1, k > 1 then the digraph G(g,p") has p —1
k—1

cycles of length p
Proof. Let ord,» g = pF~1, k> 1. Clearly g = 1 (mod p). By Lemma 3.3, the
vertices congruent to 1,2,--- ,p — 1 modulo p* form cycles. This means that
there exist p — 1 such cycles. Moreover the vertices congruent to 1,2,--- ,p—1

modulo p* can never be multiple of p. However there exist p*~! vertices which

are multiples of p. These are p,2p, ..., (p — 1)p, p?, 2p?, ..., p* 71,

2pF=1, ..., p*~1p. Therefore, there exist p* — p¥=1 = p*~1(p — 1) vertices which
are prime to p. Since these vertices form p — 1 cycles altogether. Hence the
O (-t U S |
length of each cycle is % =prL. O
B o (")
Corollary 3.5. For p =3, the length of longest cycle is =5—.

4. COMPONENTS

Let p be any odd prime. The digraph G(g,p") is said to be connected if for
each vertex pair x and y, zg® = y (mod p¥). A maximal connected graph is
called a component. It is worth mentioning that the discrete Lambert graph
is a functional graph. So every vertex contains a unique image under the map.
This means that the out degree of every vertex is one. Thus the sequence of
images in its graph must terminate at a self loop (a fixed point) or continue
until it becomes a part of cycle. Thus every component contains a unique cycle.
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Suppose a component C' contains no cycle. Then it contains no fixed point, a
cycle of length one, in either. Therefore, C' must contains at least two vertices.
Let vq,vq,...,v; be vertices in C' such that v{ +— vy +— v3 — ... — v;. If this
path terminates at v; then v; must be a fixed point, contrary to our supposition.
Thus v; continues the path such that there must exist vertices v;11,...,v; such
that v; = vip1 =, ..., v; = v; ,1 < 4,5 < k. Thus the vertices v;11,vit1,...,;
form a cycle in C. Since out degree of every vertex is one, so this cycle must
be unique. The above discussion leads the following result. In Fig 2, we depict
Theorem 3.4 and Lemma 3.3.
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FIGURE 2. G(13,3?).

Theorem 4.1. Every component of the digraph G(g,p*) contains a unique
cycle. Thus the number of cycles in G(g,p*) precisely enumerate the number

of components in G(g,p").
Corollary 4.2. If g = p* (9,p").

. . kyq

Proof. Let g = p*—1. Then by Corollary 3.2, the digraph G (g, p*) contains %

¢ 2L
2

cycles. Hence by Theorem 4.1, there exis components in G(g,p"). (Il

Remark 4.3. We referred to a graph as cyclic if each of its component form
a cycle. In the following result we find the values of g for which the graph is
cyclic. Before this, we prove the following lemma.

Lemma 4.4. Let u,v € {0,p,---,(p¥~1 — 1)p} be arbitrary and f be discrete
Lambert maps, then f(u) = v.

Proof. Let u=1rp,1 <r < pk 1 1.

flrp) = (rp)(9)"" (mod p")
frp) = 1(9)"p (mod p")
f(rp) = sp (mod p*), where s = r(g)™
f(rp) = sp (mod p*)
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Theorem 4.5. If ord,» g = p*~ 1, k> 1 then every component is cyclic.

Proof. By Lemma 2.4, g = 1(mod p). Then by Lemma 3.3, the vertices v; such
that v; = j (mod p), 1 < j < p—1 are the cyclic vertices. That is, the vertices
=1,2,---,p— 1(mod p) are cyclic. The remaining vertices must be multiple
p. Hence by Lemma 4.4, either all are fixed points or cyclic or form a tree with
root at zero. But by Theorem 2.1, all fixed points must be isolated. Hence
the third of the possibilities can never ba prevailed. Thus in either case of g
provided ord,. g = p*~1, k > 1, every component must be cyclic. O
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