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ABSTRACT. The purpose of the present paper is to introduce and investi-
gate two new subclasses Ky, (A,7; ) and K5, (A, 7; B) of S consisting
of analytic and m-fold symmetric bi-univalent functions defined in the
open unit disk U. We obtain upper bounds for the coefficients |am+1|
and |agm+1| for functions belonging to these subclasses. Many of the
well-known and new results are shown to follow as special cases of our

results.
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1. INTRODUCTION

Let A denote the class of functions f that are analytic in the open unit disk
U={z€C:|z] <1}. And normalized by the conditions f(0) = f'(0)—1=0

and having the form:

f(z)=z+ Z apz”.
k=2
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Let S be the subclass of A consisting of the form (1.1) which are also uni-
valent in U. The Koebe one-quarter theorem (see [4]) states that the image of
1

U under every function f € S contains a disk of radius 3. Therefore, every

function f € S has an inverse f~! which satisfies f~1(f(2)) = z, (z € U) and
F(f~Hw)) = w, (lw] < ro(f),m0(f) = 7), where

g(w) = fHw) =w — agw? + (2a§ — a3) w? — (5@% — basas + a4) wra .,
(1.2)

A function f € A is said to be bi-univalent in U if both f and f~! are
univalent in U. We denote by ¥ the class of bi-univalent functions in U given
by (1.1). For a brief history and interesting examples in the class ¥ see [18],
(see also [6, 7, 8, 10, 14, 15, 21, 22]).

For each function f € S, the function h(z) = (f(zm))%, (z € Uym € N)
is univalent and maps the unit disk U into a region with m-fold symmetry.
A function is said to be m-fold symmetric (see [9, 12]) if it has the following
normalized form:

o0
f) =24 amr1z™F, (z€UmeN). (1.3)
k=1
We denote by S, the class of m-fold symmetric univalent functions in U,
which are normalized by the series expansion (1.3). In fact, the functions in
the class S are one-fold symmetric.

n [19] Srivastava et al. defined m-fold symmetric bi-univalent functions
analogues to the concept of m-fold symmetric univalent functions. They gave
some important results, such as each function f € ¥ generates an m-fold sym-
metric bi-univalent function for each m € N. Furthermore, for the normalized
form of f given by (1.3), they obtained the series expansion for f~1 as follows:

g(w) = — appw™ ™ + [(m+ a2, g — asmir] w?™ !

1
— i(m +1)(3m+ 2)af’n+1 — (Bm+ 2)amt1a2m+1 + a3m+1} w3t

(1.4)

where f~! = g. We denote by X,, the class of m-fold symmetric bi-univalent
functions in U. It is easily seen that for m = 1, the formula (1.4) coincides
with the formula (1.2) of the class ¥. Some examples of m-fold symmetric
bi-univalent functions are given as follows:

moNT (1 (1+2m\]™
—1 —log (1 —2™
()" [5os (55)] 7 and -roga—m

with the corresponding inverse functions

3=

1

m L m 1
wm m 62w _ 1 m d e’w _ 1 m
an. —
1+wm T \e2w™ +1 ew™ ’

respectively.
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Recently, many authors investigated bounds for various subclasses of m-fold
bi-univalent functions (see [1, 2, 5, 16, 17, 19, 20]).

The aim of the present paper is to introduce the new subclasses Ky, (A, 7; @)
and K3, (X, 7;8) of ¥, and find estimates on the coefficients |an, 41| and
|a2m+1| for functions in each of these new subclasses.

In order to prove our main results, we require the following lemma (see [4]).

Lemma 1.1. If h € P, then |cx| < 2 for each k € N, where P is the family of
all functions h analytic in U for which

Re(h(2)) >0, (z€eU),

where
h(z)=1+criz+c2>+---, (z€U).

2. COEFFICIENT ESTIMATES FOR THE FUNCTIONS CLASS Kx, (A, 7; @)

Definition 2.1. A function f € 3,, given by (1.3) is said to be in the class
K, (A v;«) if it satisfies the following conditions:

NG T\ e
and
ar wlivg/(w wlivg/(w ' T weU 2.2
! g<w>>1‘”+<<g<w)>1‘”> com (welh 2

0<a<1,0<A<1,y>0, meN),
where the function g = f~1 is given by (1.4).

Theorem 2.2. Let f € Ky (A, v;a) (0<a<1,0<A<1,v>0, meN)
be given by (1.3). Then

/9Ye"
|am+1| S
(m +7)\/(/\ +1) (2/\a (m%7 + 1) +(1—a)A+ 1)) +2a(1 = A)
(2.3)
and
azps] < 2t ) o (2.4

(m+9)°(A+1)?  Cm+y)A+1)
Proof. Tt follows from conditions (2.1) and (2.2) that

(2ope (2N e )
2 (f(z))l_'*+<( ) ) 2
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and
%
1w g (w) | (w79 (w) o
2 w4 22 ) = latw)” (26)
(g(w)) (g(w))
where g = f~! and p, g in P have the following series representations:
P(2) = 1+ pmz"™ + pom2®™ + pam 2™ + - - (2.7)

and

q(w) =1+ g™ + qamw”™ + gamuw®™ + -+ . (2.8)

Comparing the corresponding coefficients of (2.5) and (2.6) yields

(m+7)(A+1)

2 m+1 = QP (2.9)

(2m +7)(A + 1) (m+9)*(1=N) ,

AN (2a2m+1 + (7 - 1)a?n+1) + 402 Am+1
ala—1
= apom + %p?ﬂ,? (210)
m + A+1
—%amﬂ = agm (2.11)
and
2m+~) (A +1 m+7)2 (1= A
CrFVOED (o 47+ 1)a, ., — 2a3r) + PFVLZN 2
4\ 4\
ala—1
= agam + %qfw
(2.12)
Making use of (2.9) and (2.11), we obtain

and ) )
m+7)2 A+ 1
) Q3D e = 0+ ). (2.14)

Also, from (2.10), (2.12) and (2.14), we find that
<@m+WXm+wa+n+mm+wfu—Av )

2\ 2)2 mtl

ala—1

= a(pam + gam) + % (2, + 42)
(-1 (m+9)*\+1)? ,

= a(p2m + ¢2m) + g ayi-

Therefore, we have
s _ 4220 (o + Gom)
Uiy = 5 - .
(m +7) [()\ +1) (2)\04 (m + 1) F(1—a)A 1)) +2a(1 — A)}

(2.15)
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Now, taking the absolute value of (2.15) and applying Lemma 1.1 for the coef-
ficients ps,, and gg2,,, we obtain

4\
(m—l—’y)\/(/\—F 1) (2)\oz (m’iv + 1) +(Q-a)A+ 1)) + 2a(1 — /\)'

This gives the desired estimate for |a,+1| as asserted in (2.3).
In order to find the bound on |agy, 1|, by subtracting (2.12) from (2.10), we
get

|am+l| §

@2m+7)(A+1) @2m+y)m+1)(A+1) ,
fa2m+l - I a"H‘l
= a(p2m — G2m) + ala—1) (p2, — az,) - (2.16)

2
It follows from (2.13), (2.14) and (2.16) that

A2a?(m +1) (p2, + ¢2,) L A (P2m — G2m)
(m+7)2 (A +1)? 2m+y)A+1)

Taking the absolute value of (2.17) and applying Lemma 1.1 once again for the

(2.17)

a2m+41 =

coefficients py,, pPom, ¢m and go,,, we obtain

| < 8M\2a2(m + 1) 4\«

Q. )

TS )P A+ )2 Cm+y)(A 1)

which completes the proof of Theorem 2.2. O

3. COEFFICIENT ESTIMATES FOR THE FUNCTIONS CLASS K3, (A, 7; )

Definition 3.1. A function f € ¥, given by (1.3) is said to be in the class
K3, (A,7; B) if it satisfies the following conditions:

Red L wa/(z)+<zwf/(z)>A S8, (zeU) (31

2\ ()" A\
and
. 1 wl_”g’lw) n (wl—vg'lw )A > B, (weUl), (3.2)
2\ (g(w)™” (g(w)) 7

0<B8<1,0<A<1,y>0,meN),
where the function g = f~! is given by (1.4).

Theorem 3.2. Let f € K5, (A\,7:8) (0<B8<1,0<A<1,v>0,meN)
be given by (1.3). Then

2\ 2(1— 5)
m+y (%H)AM#AH

|am+1| S (33)

+
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and
8A\2(m +1) (1 — B)* 4(1-9)
(m+9)°A+1)°  Cm+y)A+1)

Proof. Tt follows from conditions (3.1) and (3.2) that there exist p,q € P such

that 1
I e O e (OA RN 1— B)p(z 3.5
? <<f<2>>”+<<f<z>>”> ) B+ (1= Pp(z) (3.5)

|lazm11| < (3.4)

and

1 [ w7g (w) (wl_”g’(w)>i

- + =B+(1- : 3.6

2 (<g<w>>” (g(w)) gt Ratw. 3
where p(z) and g(w) have the forms (2.7) and (2.8), respectively. Equating

coefficients (3.5) and (3.6) yields
(m+y)(A+1)

DT b = (1= B, (37)
2
W (2am 11+ (v — 1)ai+1)+wa%+1 = (1-B)pam,
(3.8)
A
— ’;))E - 1)‘1m+1 =1 - B)am (3.9)
and
2
W ((2m +4+ 1)afn+1 _ 2a2m+1) 4 WQ%+1
= (1= B)azm. (3.10)
From (3.7) and (3.9), we get
Pm = —Qm (311)

and ) )
m+7y)" (A+1
) QA D = (=87 0+ a3, (312)

Adding (3.8) and (3.10), we obtain
((2m+7)(m+7)(>\+ D | (mtn)’ (1= A)) )

2 2)\2 Umy1 = (1= B)(P2m + g2m)-

Therefore, we have

2)‘_2(1 - 6)(p2m + q2m)

a$n+1: B .
(m+7) (L+1)>\2+L/\+1]

m—+y m—+y

Applying Lemma 1.1 for the coefficients pa,, and ga,,, we obtain

2 2(1 - )

|am1] < .
m + m 2 m
T\ (5 1) R4 A




On subclasses of analytic and m-fold symmetric bi-univalent functions 57

This gives the desired estimate for |a,,+1| as asserted in (3.3).
In order to find the bound on |agm+1|, by subtracting (3.10) from (3.8), we get

2m+v)(A+1 2m+y)(m+1)(A+1
(7—)()a2m+1_( ’7)( )( )a3n+1:(1_/3) (pZm_QQm)7
Y 2\
or equivalently
Gami1 = T i T T e Y 1)

Upon substituting the value of aZ,; from (3.12), it follows that

X2(m+1) (1= B)° 0% +d2) | A1 = B) (pom — @2m)
(m+7)? (A +1)? 2m+~)(A+1)

Applying Lemma 1.1 once again for the coefficients p.,, pom, ¢m and go,, we

aA2m+1 =

obtain
8A2(m +1) (1 - B)° 4(1-p)
‘a/2m+1| S 2 2 2 )\ 1 -
(m+7)"(A+1) 2Zm+y)(A+1)
which completes the proof of Theorem 3.2. O

4. COROLLARIES AND CONSEQUENCES

This section is devoted to the presentation of some special cases of the main
results.

For one-fold symmetric bi-univalent functions, Theorems 2.2 and 3.2 reduce
to the following corollaries:

Corollary 4.1. Let f € Ks(\,v;a) (0<a<1,0<A<1,v>0) be given by
(1.1). Then

las| < 4
(1 +7)\/(>\ +1) (%ﬂ*’” +(1—a) A+ 1)) +2a(1 — \)
and
162202 4\

las| <

+ .
1+ +1)?  C+nN(+1)
Corollary 4.2. Let f € KE(A\,7;8) (0<8<1,0<A<1,v>0) be given by

(1.1). Then
2\ 2(1 —
ool < 77 \/2+%\2(+ ﬁ)wr 1
TV 1 Tty
and

16A2 (1 — B)? 4(1-p)
1+ A+1)7?  C+7nA+1)

The classes Kx(A,7; ) and K& (A, v; 8) are defined in the following way:

las| <
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Definition 4.3. A function f € X given by (1.1) is said to be in the class
Kx (A v; ) if it satisfies the following conditions:

ol (20 (2@ ][ Lom Ly
712 <f<z>>1‘”+<<f<z>>1‘”> <3 keU)

and

1

1 [ w g (w w' g (w) \ arm

arg | = + — < —, (wel),

2 ((g(w))1 ! 2 :
0<a<1l,0<A<1,y>0),

where the function g = f~1 is given by (1.2).

Definition 4.4. A function f € ¥ given by (1.1) is said to be in the class
K (A v; B) if it satisfies the following conditions:

N UOMN (zl”f’(Z)

Re T T
2\ (f=) (f)) 7

>A >08, (z€U)

and

1 (wi g ) (wi g )
R@ - ) w U )
2\ (g(w)' ™ i <(9(w))1_7> 8 wel)

0<B8<1,0<A<1,v>0),
where the function g = f~1 is given by (1.2).

Remark 4.5. 1t should be remarked that the classes Ky, (A, v; ), K55 (A, 7; 5),

Kx (A, v; ) and K§ (A, 7; B) are a generalization of well-known classes consider
earlier. These classes are:

(1) For v = 0, the classes Kx,, (), ;) and K35 (A, v;8) reduce to the
classes Sy, (o, A) and Sy, (8, A) which were given recently by Altinkaya
and Yalcin [2].

(2) For A =1 and v = 0, the classes Ky, (A,7;a) and K3, (A, 7;B) reduce
to the classes S% —and ng which were introduced by Altinkaya and
Yalcin [1].

(3) For A = v = 1, the classes Kx, (A, 7;a) and K35 (A,7; ) reduce to
the classes 1§, ,, and Hy ;. (3) which were introduced by Srivastava et
al. [19].

(4) For A =1, the classes Kx(A,7v; o) and K3 (A, 7y; 8) reduce to the classes
Ps(a,7) and Pg(8,v) which were considered by Prema and Keerthi
[13].

(5) For A =1 and v = 0, the classes Kx(\,v; ) and K& (A, ~; 8) reduce to
the classes S (a) and S5 (8) which were given by Brannan and Taha
[3].
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(6) For A = v = 1, the classes Kx(X,v;a) and K3(A, v; 8) reduce to the
classes H$ and Hyx () which were investigated by Srivastava et al. [18].

Remark 4.6. By specifying the parameters A and -, we can derive a number of
known results. Some of them are given below:

(1) If we take v = 0 in Theorems 2.2 and 3.2, we obtain the results which
were proven by Altinkaya and Yalcin [2, Theorems 1 and 2].

(2) If we take A = v = 1 in Theorems 2.2 and 3.2, we obtain the results
which were proven by Srivastava et al. [19, Theorems 2 and 3].

(3) If we put A = 1 in Corollaries 4.1 and 4.2, we have the results which
were proven by Prema and Keerthi [13, Theorems 2.2 and 3.2].

(4) If we set A =1 and v = 0 in Corollaries 4.1 and 4.2, we have the results
obtained by Murugusundaramoorthy et al. [11, Corollaries 6 and 7).

(5) If we take A = v = 1 in Corollaries 4.1 and 4.2, we obtain the results
obtained by Srivastava et al. [18, Theorems 1 and 2.
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