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1. INTRODUCTION

Mathematical modeling of sound wave distribution problems are denote fol-
lowing equation

v M

o " ot

is called the Euler-Bernoulli equations. The vibration, buckling and dynamic

=g(z,t,v)

behavior of various building elements widely used in nano-technology are rep-
resented by the Euler-Bernoulli equations.Due to the new and exceptionally
its electronic and mechanical properties, carbon nanotubes are considered to
be one of the most useful material in future [4, 8. These elements are tack-
led by different boundary conditions depending on different loading conditions.
Therefore, investigation of the solution of Euler-Bernoulli equations with differ-
ent boundary conditions used in the mathematical modeling of the structural
components of nano-materials continues to be a focus of interest amongst math-
ematicians.

In mathematics, the classical statement of Euler-Bernoulli equation is in the
following form:

v 0w

o ot

The inverse problem have been worked by many authors [2, 1, 3, 7]. Tt will
be examined to inverse Euler Bernoulli equations in this article.

=0.

The periodic boundary conditions arise from many important applications
in heat transfer, life sciences[5].
Let T > 0 and denote by Q:={0 <z <7m,0<t<T}.

The quasi-linear time-dependent equation

2 4
% + % —a(t)v = g(z,t,v), (x,t) € Q, (1.1)
with boundary conditions
v(0,t) = wv(m,t),
v, (0, 1) Vg (7, 1),
V32(0,1) Vg (T, 1), (1.2)
Vpzz(0,8) = Ugga(m,t),t € 0,77,

with initial conditions

v(@,0) = ¢(x), vi(2,0) = P(x) 2 € [0, 7], (1.3)

and integral overdetermination conditions
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E(t) = /qu(x,t)dz,t € (0,17, (1.4)
0
for nonlinear source term g(z,t,v) and p(z), ¥ (z) and E(t) are known functions
which are positive and continuous,v(x,t) and a(t) are unknown functions. In
heat propagation in a thin rod in which the law of variation E(t) of the total
quantity of heat in the rod is given in [6].

Definition 1.1. {a(t),v(z,t)} is called the solution of the inverse problem
(1.1)-(1.4).

Definition 1.2. w(t,z) € C(9Q) is refereed test function that gives following
conditions:

w(T,z) = we(T,z) = 0,w(0,t) = w(m,t),w,(0,t) = wy(m, t), we(0,t) =
Wi (T, 1)y Waz (0, 1) = Wiar (7, ), te [0, T .

v(z,t) € C(Q) is named generalized solution that gives following equation:

™

O/TO] ({ 882752 84? - a(t)w} v 9"“) dxdto/ﬂ’UJ(ﬂf, O)w(x)d:wr/ wi(z,0)p(z)dz = 0.

0

Nomenclature

() Initial function

a(t) Unknown coefficient

E(t) Energy

v(z,t) Temperature distribution

g(x,t,v) Source function

vo(t), Vek (1), ver () Fourier coefficients

M  Arbitrary constant

My, My Dimensionless constants
Q:={0<z<m 0<t<T} Domain of z,t

2. SOLUTION OF THE INVERSE PROBLEM

(
(S2) (x) 03[0,77] P(x) € CH0, 7], fxgp
(
(1

S3) g(z,t,v) is provided the following condltlons in  x (—o0,00),
)
O ™Mg(x,t,v)  9Mg(,t,7)

ox" ox"
where b(x,t) € L2(Q), b(x,t) > 0,

<b(x,t)|lv-"2] ,n=0,1,2,
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(2)g(z,t,v) € Q x (—00,00), t € [0,T)],|g(x,t,v)| < M,
(3) a(t) € C[0,T).

By Fourier method, we have

v(z,t) = [(po—l—wot—k // (t—7) ,T)+g(&,T,0)) dﬁdr] (2.1)

. 2 Yek " 2
+ Zcos 2kx (gock cos(2k)“t + k)2 sin(2k) t)

ZCOSQkx ( k)2 // a(T)v(&,7) + g(&,7,v)) sin(2k)*(t — ) costfd{dT)
00

Z sin 2kx (gask cos(2k)%t + (;l}]:)cz sin(2k)2t)

// v(&,7) + g(&,7,v))sin(2k)?(t — 7) sin 2k§d§d7) ,
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/ av(z, t)de = E (1),0 < t < T. (2.2)

From (2.1) and (2.2),we obtain
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a(t) = %(g) (2.3)
T kZ::1 (2k)* ((psk cos(2k)%t + (w”’SQ sm(2k)2t))
a E(t)
T ;;1 (2k)* 7r(22k)2 Oft;fr(a(T)v(f, 7) + g(&,7,v))sin ((2k)2(t — 7)) sin 2kEdEdT

E(1)

Definition 2.1. Denote the following set;
Let {v(t)} = {vo(t), ver(t), vsk(t), k = 1,...,n} satisfy such

that
[vo (B)] Z
osier 2 (rf1a<x [ver (2)] 0StET [osi (¢ )|> = oo
— lvo(®)| Z
lo@l = oster 2 ( <ier [rex (?)] orgntang|vSk(t)|)

is the norm of By Banach space.

Theorem 2.2. If the conditions (S1)-(S3) be ensured. Then the Euler-Bernoulli
problem has a unique solution.

Proof. Let, iteration to equation (2.1)

t m
oSNy = vg°>(t)+§//(t—7) (a™ ()™ (€, 7) + gl 7,0 ™M) dedr
00
t
WY = R0+ o / [ (@™ (€,m) + 96,7, 00)) sin(28)2(¢ ~ ) cos 2kedea)

0

™

// <N)(T)U<N)(§ )+ g(&, T, 2 ))) sm(2k) (t — 7) sin 2k¢ d&dr,

0

YW = W)+

2k)2

"/}ck
(2k)?

wsk

sin(2k)2t,u$€)(t) = puk cos(2k)?t+ k)2

ul (t) = potibot, uly) (t) = pex cos(2k)t+
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(2)° (spuk cos(2k)t + bty sin(2k)21) )

™ ioj (2k)° 77(22k)2 Ojgz (a(r)v(& 1) + g(& 7, v™))) sin ((2k)%(t — 7)) sin 2kEdEdT
E(t)

E@)

According to the theorem, we obtain v(?)(t) € By, t € [0, T].

s

t
o0 = o0+ 2 | / (4@ (€,7) + gl 7,0 ) dedr
0

t
Adding and subtracting | [ g(&,7,0)dédr and after applying Cauchy, Bessel,

00
Lipschitz inequalities, we obtain

3
Do| < T 2\/T [ [
o<ier ‘“O ()] < lwol + T [tho| + v (t> clo.1]

+2\/7H O] LTS +2\/79 (,2,0)ll 0 -

vi,lc) t) = vgg) (t)+ (a(o) (T)v(o)(§7 7)+g(&, T, v(o))) sin(2k)2(t—7') cos 2k&dédr.

After applying Cauchy, Bessel, Lipschitz ,Holder inequalities, we have

o0 2 o
™
< J—
§_ Jnax |v ol )‘ = kE_l\sockHMg_llzbck\

T

o) o], 10l

a® () H

B C1o,1]

/T
15 lg(z,t,0)[l 1,0

and by the same approaches,
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oo 2 00
(1) < ™
ocier |k (t)‘ = Z‘SDSH + 21 Z‘wsﬂ
k=1 k=1 k=1
s T
VL0 ’ ©0) (¢ H H 0 (¢ H b(a t
+5% Hv O ] e Ol L0 P
\F
+ llg(z,t O)HLQ(Q)
we get
ol s
1) - e )
HU (t)) B OgltaSXT Z (OrgtaéxT )’ + Ogl%XT sk ( ) )
2 o0
¥ T
< ‘20 +Z (lper| + leskl) + ﬂz [Vek| + [¥skl)
k=1 k=1
3 VT
2/ + —) |[v© ‘ (0) H
+ \/3:+ 6 )HU (*) B (1) c[o,T]

+<2F + T o ), 15Dl 20

3m
o ™ a0l

According to theorem , v (t) € By .
Same estimations for the step IV,

(N+1) ’ _ ‘ ‘ (N ) ‘ (N) ‘
[, = s +Z (g 0] + g [0

IN

ol Z m ZOO
| 2 + |<Pck| + |@sk| ﬁ |1/)ck| + |¢sk|
k=1 k=1

T3 VT
o3 =0 v, Jovel
+ 37r+ 6 Al ()Bla ()C[O,T]
T T
2y 5+ ) [ VW), e D0

+(2\/;+ 7T\F) lg(z, £, 0)ll 1,0 -

According to v(¥)(t) € By and theorem we obtain v(V+1(¢) € By,

{ ( )} - {UO( ) vck( ) vsk(t)7 k= 1,2,} € Bl.
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Same estimations for the step IV,

a0y
clo,T]
1 7" o 1" /
< — (e t‘ 2
< E(t)( ()“r ;(‘Pck+wck)
) t‘ (V) (¢ H
+\/€ Umz () B a () C{O,T]
L (N)tH bz, t
+ 75 ‘v @] 5, 160 Dl o)

(N)
£ GOl I CERDT s
+7 [lg(2,t,0)ll 1, (0))-

We have aN+1(t) € B;.
For N — oo .oV (t),a™+D are converged.
After applying Cauchy, Bessel ,Lipschitz, Holder inequalities, we obtain

< @5 S0
ey 2 YT o 1bte

T3 T
+(2y 3.t T) lg(z,t,0)|l 1, -

4 = efg T

+<2\/§ + [ @@, 1)y q0 + 20).

Hvu)(t) _ U<o>(t>‘ a<o>(t>H

By c[o,T)

&

B, Clo,7]

Hah)(t)—a(o)(t) clo.1) = \/GEL@)B‘U%)_%? By a(O)(t)HC[o,T]
v P, e
For the step N :
a0 @) - o) con \/EEL(t)B‘ -, a(N)(t)HC[o,T]
071 R I I
HU(N+1)(t) ~ ™ @HBI < Dij IIb(x,t)HgQ(Qy (2.5)
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™
B = 1- H?](N)‘ ,
V6E(t) B,
i ™
D = 1= s 1, = 55w [V O] o 147
VeEmB 1" s~ 3E@ I Ol o 172115,
s ol ],
E(t)9 Clo,T] By
vWVHD 5 y(N) TN s 00, then M+ — o) N — oo,
Let us show
]&@wvw“)(t) = v(t), ]}gnoanH)(t) = a(t).
T 7T
_ (N+1)’ < (o) — VD H t) — oWV (¢ (N+1) t‘
[o=o®], = @ys T a0 -0l o),
T 7T
+(24) oo+ —— v—v(NH)‘ aN (¢
( 37T 6 ) Bl (> C0,T]
T3 7T
- rv+Le _ . (N+1)
Hey g+ ) oo b e
T3 7T
°  mvT | (V) _ ()
Hay g+ ) o = b )l

Let us consider ||v(N+1)(t) — o) (t)HBland applying Gronwall’s inequality

2
<

Hv(t) - U<N+1>(t)‘

B,
2 | L bl o) 20

H\? 2
<o () (I 0lh)
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¢ = 1= g5 1 o 1], ~ 5555 12 Ol g [+
SE )B co, II'® 1B, 3BE(t) clo,1] B’
2L+ %) 2 T
Fo= e Y| | Yo
C Y @ ®) clo,1] + 3BE(t) @ (*) c0,7)
+ama 0],
\/>E B,
T3 | =T T3 | 7T
G = 1- GV +767) H <N+1>‘ + GV + 5 H (N+1) (¢ )‘
C 3BE clo,7) C \fE B’

(2 §+m6/f)ﬁ‘
v

+@M47Wf*waH oy 2 ™)
C 3 clo, T] 3 6
oD oy, N g N — 00,

For the uniqueness, let (u,a), (v,b) are two solutions of (1.1)-(1.4). If we
use the same approaches to |u(t) — v(t)| and |a(t) — b(t)|, we have:

u(t) ~v@)l5, < @J3+”“>u b(t) ., 1) 5,

oy 2 T, jjw@ﬂwvwwwW@m ,

VBE(t)B
+5m M@0 o) = vOlla,

la(t) = 5O)lcor < lalt)],, 1, Mtz (t) = va(B)] 5,

m m 2y E + =)
lu() —o@®)llp, < (2\/§+ f)wlla(t)llcm lu@®llp, + ——5——| x

2

//b?(gm)\u(T)—U(T)\zdgch . (2.7)
0 O

If Gronwall inequality is applied to (2.7) , u(t) = v(t) then a(t) = b(t). O

The proof is completed.

3. STABILITY OF THE SOLUTION (A,U)

Theorem 3.1. If the condition (S1)-(53) are implemented then the solution
(a,v) of the problem depends continuously on p, 1, E
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Proof. Suppose ¥ = {¢,¢, E, f} and ¥ = {$,¢, E, f} . For M;, i =
0, 1, 2(positiveconstants) such that
||E||C2[0,T] < Mo, ”EHC2[0 T] < MO, ||‘PH03[0,W] < My, H@HCS[O,W] < M,
Hw“cl[o’ﬂ'] < My, Hchl[O,ﬂ’] < M.

Let us show %] = (1Bl gso.z) + I¢lloson + 16lngon)- Let (av) and
(@, ) are solutions of problems (1.1)-(1.4) corresponding to the data ¥ =
{p,, E, f} and ¥ = {@,E, E, f} respectively.

o) ~o@)ls, < o=l +5 =2l 2y 2 T oty ~ 1)y O,
+<2\/3i7r “F>|| () =2l , 1@l
+(2\/; ) o) ~ 50, 1662 Do

1 _
—a < | — -7 -
la(t) —a@®)llcpr < <1 _ \/EZ‘U)) (H‘P ‘PHcs[O’ﬂ + H?b z/JHclw>

1 _ _
+ (1_W> [v(t) =@l g, @)l o7y
VBE(t)

s o) = 90, 18l

where

— 2 o
le=F) = o=, +5 107,

1 B _
’ (1 o \/62@)) <HS0 - 80”03[0“1 i Hd) B ¢Hcl[o,ﬂ) '

Wf T
M = (\/;+6)/ " VeE@)

((2 RIS JE()>| u(ll,,

lo-o2, < 203w -

c3[0,n]

where

My =

t m
x exp 2M3 / / V2 (¢, T)dedr
0 0
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For¥ — WU then v — v. Hence a — a. ]

4. NUMERICAL METHOD FOR EULER-BERNOULLI PROBLEM

We obtain the following problem after linearization:

82v(n) 84U(n)

-7 . Z7 (n) — (n—1)
5 + 9 a(t)v gz, t,v ), (x,t) € Q, (4.1)
o™ (0,t) = o™ (m,t),
’U;n) (O’t) - U(n) (W,t),
’Uig) (07 t) - ’U;’;) (7Ta t)v (42)
u{m (0,t) ol (m,t),t € [0,T7,
v (2,0) = p(z), v (2,0) = P(x) ,z € [0,7], (4.3)
B(t) = / 2™ (z,t)dz, t € [0,T]. (4.4)
0

Let v (z,t) = w(x,t) and g(x,t,v" 1) = g(x,t). Then the problem:

2w A
88? + (3? —a(t)w =g(x,t), (z,t) € Q, (4.5)
w(0,t) = w(m,t),
we(0,t) = wy(m,t),
Wee (0, 1) = Wee(m, 1), (4.6)
Wezr(0,8) = Wyee(m,t), t€[0,T7],
w(z,0) = p(x), w(z,0) =Y(z), = €[0,7], (4.7)
E(t)= [ zw(z,t)dz, t €[0,T]. (4.8)
/

We use finite-difference method for numerical approximation (4.5)-(4.8):

1 - . N1 . . . . . L
= (wzJr —2w] +w! >+ﬁ (wi+2 — 4w | + 6w} —4w]_, +w§_2) =dw]+f]

w? = @w% (’ull — v?) =; (4.9)
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wh =k s (4.10)
w] = v 0, (4.11)
wl | = ol (4.12)
wh =l =l =, (413)

The region [0, 7] x [0, T is divided into an N, x N, mesh with the spatial step
size h = /N, in x direction and the time step size 7 = T/N, respectively.

Grid points z;, t; are defined by

x; =1th; 1 =0;1;2;...; Ny;

t; =47 k=0;1;2;...; Nyg;

w] = w(zi,t;), g = Glwi, t;), o = alt;).

Integrate (4.5) with respect to = from 0 to 7 and use (4.6) and (4.7), we
obtain

alt) = % [E”(t) b T () — /0 " e, t)da:] . (4.14)

The discretization of (4.14) is

{((Ej+1 —2FE7 + Ejfl) /72) + 7 (w{vz+3 — wa\,ﬁg + ng\,z — wgvzil) — (fow xﬁfdm)]
EBi ’

ot =

where BV = E(t;), j =0,1,..., Ny.

We mention that the integral is numerically calculated using trapezoidal
rule.
J(s)

a?®) | w!"®) are the s-th iteration step of a/,w! , respectively. At each s-th

iteration step, a/(®) is

(52059 20 1 72e0) 1) 4 (i 2wl w2l ) = (5 )]
Ej '

a® =

The iteration of (4.9)-(4.13) is

1 j s (s j—1(s— 1 i (s (s i (s (s j (s i (s (s ~j(s
= (wZH( ) _ 2wf-( ) —|—w2]- 1 1))+ﬁ (wZiQ) —4wfj_1) —|—6w1]-( ) —4wf-£1) +wf£2)) = a](*)wf-( )+gf( )
(4.15)

w = d)i,% (w) —wy) =1 (4.16)
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g(s) _  3(s)
Wy T = WN, 415

g(s) _, d(s)
wy "~ = WN, G925

w%(s) - w]—(;) = w%f% - w?\f(j)fl’

System (4.16)-(4.20) is solved and w! T s determined.

%

ExXAMPLE 4.1. The analytical solution is

{a(t), v(z,t)} = {1 +exp(t), (1+ cos2x)exp(t)},

for the given functions
2

o(z) = (1+cos2z), E(t) = T exp

2
glz,t,v) = (16cos2z — v)exp(t).

Here h = 0.0393, 7 = 0.005.

a1+ — gk +1($)] < h/100 is the convergence criterion for a(t).

(),

(4.17)
(4.18)
(4.19)

(4.20)

The analytical solution and the approximate solution can be seen Figures 1

and 2 when the last time 7' = 2.

exact k()
— — ~numerical k()| /|

1 \ I I I I I I I I
0 02 04 06 08 1 12 14 16 18 2
t

FIGURE 1. The exact and approximate solutions of a(t). The

approximate solution is shown with dashed line.
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FIGURE 2. The exact and approximate solutions of u(x,2).
The approximate solution is shown with dashed line.

EXAMPLE 4.2. (discontinuous coefficient)
In Example 1, a continuous function is given. Now, a more severe discon-
tinuous function is [consjidered:
1,1 € 10,1
a(t) _{ ~1,te 1,2
The step sizes are h = 0.0393, 7 = 0.005. We obtain Figures 3 which shows
the analytical and the approximate solutions of a(¢) when the last time 7' = 2.

0.5

k(t)

FIGURE 3. The exact and approximate solutions of a(t). The
approximate solution is shown with dashed line.
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