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Abstract. A Roman dominating function (RDF) of a graph G = (V,E)

is a function f : V (G) → {0, 1, 2} satisfying the condition that every

vertex u for which f (u) = 0 is adjacent to at least one vertex v for which

f (v) = 2. A vertex u with f (u) = 0 is said to be undefended if it is not

adjacent to a vertex with f(v) > 0. For a graph G, a function f : V (G)

→ {0, 1, 2} is said to be a weak Roman dominating function (WRDF) if

each vertex u with f (u) = 0 is adjacent to a vertex v with f(v) > 0

such that the function f ′: V (G) → {0, 1, 2} defined by f ′(u) = 1,

f ′(v) = f (v)− 1 and f ′(w) = f (w) if w ∈ V− {u, v}, has no undefended

vertex. The weight of f is defined to be the value f(V ) =
∑

u∈V f (u).

The minimum weight of a weak Roman dominating function of a graph

G is called the weak Roman domination number of G and is denoted by

γr(G). A WRDF with weight γr(G) is called a γr(G)-function. A set S ⊆
V is a global dominating set if S dominates both G and its complement

G. The global domination number γg(G) of a graph G is the minimum

cardinality of a global dominating set S. We extend the idea of

global domination to weak Roman domination as follows: For a graph

G, the function f : V (G) → {0, 1, 2} is a global weak Roman dominating

function (GWRDF) if f is a WRDF for both G and its complement G.

The weight of a global weak Roman dominating function is the value

f (V ) =
∑

u∈V f (u). The minimum weight of a global weak Roman

∗Corresponding Author

Received 13 July 2021; Accepted 15 February 2022

©2026 Academic Center for Education, Culture and Research TMU

217



218218 1

dominating function of a graph G is called the global weak Roman

domination number of G and is denoted by γgr(G). In this paper, we

initiate a study of this parameter.

Keywords: Weak Roman domination, Global weak Roman domination.
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1. Introduction

Cockayne et al. [1] defined a Roman dominating function (RDF) in a graph

G to be a function f : V (G) → {0, 1, 2} satisfying the condition that every

vertex u for which f (u) = 0 is adjacent to at least one vertex v for which

f (v) = 2. The weight of a Roman dominating function is the value f (V )=∑
u∈V f (u). The minimum weight of a Roman dominating function of a graphG

is called the Roman domination number of G and is denoted by γR(G). Roman

domination in graphs has been studied in [5, 6, 7, 11]. This definition of a

Roman dominating function was motivated by an article in Scientific American

by Ian Stewart titled “Defend the Roman Empire” [13].

Henning et al.[4] defined the weak Roman dominating function as follows:

For a graph G, let f : V (G) → {0, 1, 2} be a function. A vertex u with

f (u) = 0 is said to be undefended with respect to f if it is not adjacent

to a vertex v with the positive weight. The function f : V (G) → {0, 1, 2}
is said to be a weak Roman dominating function (WRDF) if each vertex u

with f (u) = 0 is adjacent to a vertex v with f(v) > 0 such that the function

f ′: V (G) → {0, 1, 2} defined by f ′(u) = 1, f ′(v) = f (v)− 1 and

f ′(w) = f (w) if w ∈ V− {u, v}, has no undefended vertex. We say that v

defends u. The weight of f is defined to be
∑

u∈V f (u). The minimum weight

of a weak Roman dominating function of a graph G is called the weak Roman

domination number of G and is denoted by γr(G). A WRDF with weight γr(G)

is called a γr(G)-function. Much works related to Weak Roman domination in

graphs has been done in [8, 9, 10]. A weak Roman dominating function f can

also be written as f = {V0, V1, V2} where Vi = {v/f(v) = i}, i = 0, 1, 2. Notice

that in a WRDF, every vertex in V0 is dominated by at least one vertex in

V1 ∪V2, while in an RDF every vertex in V0 is dominated by atleast one vertex

in V2. Furthermore, in a WRDF every vertex in V0 can be defended without

creating an undefended vertex.

A set S ⊆ V is a dominating set if every vertex in V−S is adjacent to

a vertex of S and the minimum cardinality of a dominating set is called the

domination number of G and is denoted by γ(G). E.Sampath Kumar [12],

defined a global dominating set as follows: A set S ⊆ V is a global dominating

set if S dominates both G and its complement G. The global domination
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number γg(G) is the minimum cardinality of a global dominating set in G

and a global dominating set of minimum cardinality is called a γg-set. We

extend the idea of global domination to weak Roman domination as follows:

On a graph G = (V, E ), a function f : V (G) → {0, 1, 2} is said to be a global

weak Roman dominating function(GWRDF) if f is a WRDF for both G and

its complement G. The weight of a global weak Roman dominating function is

the value f (V ) =
∑

u∈V f (u). The minimum weight of a global weak Roman

dominating function of a graph G is called the global weak Roman domination

number of G and is denoted by γgr(G). One can easily observe that for any

graph G, γg(G) ≤ γgr(G) and γr(G) ≤ γgr(G). In this paper, we initiate a

study of this parameter.

2. Notation

By a graph G = (V,E), we mean a finite, undirected graph with neither

loops nor multiple edges with |V (G)| = n. For notation and graph theoretic

terminology, we in general follow [2, 3]. The degree of a vertex v in a graph G

is the number of edges incident with v and is denoted by deg (v). A vertex of

degree zero is called an isolated vertex, while a vertex of degree one is called

a leaf vertex or a pendant vertex of G. We call a vertex v to be a full degree

vertex if deg(v) = n− 1. In any connected graph G, the distance between two

vertices u and v is the number of edges in the shortest path joining u and v if

any and is denoted by d(u, v). The eccentricity of a vertex v is ecc(v) = max

{d(v, w) : w ∈ V }. The radius of a graph G is rad(G) = min {ecc(v) : v ∈ V }
and the diameter of the graph G is diam(G) = max {ecc(v) : v ∈ V }. For n ≥
4, the wheel Wn is defined to be the graph K1 + Cn−1 where Cn−1 is a cycle

on (n − 1) vertices. A graph in which any two distinct vertices are adjacent

is called a complete graph, denoted by Kn. A complete bipartite graph of the

formK1,n is called a star graph. We call the vertex of degree n, the head vertex.

A maximal complete subgraph of a graph G is called a clique. A connected

graph having no cycle is called a tree. A set S of vertices is called independent

if no two vertices in S are adjacent. For any set S ⊆ V, the induced subgraph

S is the maximal subgraph of G with vertex set S and is denoted by G [S ]. A

support is a vertex which is adjacent to at least one leaf vertex. A weak support

is a vertex which is adjacent to exactly one leaf vertex. A strong support is a

vertex which is adjacent to at least two leaf vertices. A set S ⊆ V is said to

be a 2-packing if d(u, v) ≥ 3 for every pair of vertices u, v is S.

3. Paths, cycles and wheels

In this section, we investigate the global weak Roman domination number

of paths, cycles and wheels. One can easily observe that for complete graphs

Kn, γgr(Kn) = n. We omit the proof of the following theorem as it is straight-

forward.
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Theorem 3.1. For n ≥ 4, γgr(Cn) = γgr(Pn) =

⌈
3n

7

⌉
.

One can easily observe that for wheels Wn, γr(Wn) = 2. In the following

theorem, we determine the γgr-values for wheels.

Theorem 3.2. For wheels G = Wn, n ≥ 4

γgr(G) =


4, n = 4,

3, n = 5,

4, n ≥ 6.

Proof. Let v be the vertex in Wn such that deg(v) = n− 1. Let v1, v2 be two

adjacent vertices on the cycle Cn−1.

When n = 4, clearly G = K4. Therefore, γgr(G) = 4.

When n = 5, we define f : V (G) → {0, 1, 2} by f(v) = f(v1) = f(v2) = 1

and f(v3) = f(v4) = 0.

When n = 6, we define f : V (G) → {0, 1, 2} by f(v) = f(v2) = 1, f(v1) = 2

and f(w) = 0 for every w ∈ V (Wn)\{v, v1, v2}.
When n ≥ 7, we define f : V (G) → {0, 1, 2} by f(v) = 2, f(v1) = f(v2) = 1

and f(w) = 0 for every w ∈ V (Wn)\{v, v1, v2}. In all the cases, clearly, f is a

γgr(G)-function. Hence the proof. □

4. Graphs with global weak Roman domination number n and n− 1

In this section we characterize graphs with global weak Roman domination

number n and n− 1 respectively.

Theorem 4.1. For any graph G, γgr(G) = n if and only if G or G = Kn.

Proof. Suppose that G = Kn, then clearly γgr(G) = n.

Conversely, suppose that γgr(G) = n. We claim that either G = Kn or

G = Kn. Suppose to the contrary that neither G nor G is Kn. Then there

exists two vertices x and y in G such that xy ∈ E(G). Choose x such that

deg(x) < n − 1. We define f : V (G) → {0, 1, 2} by f(x) = 0, f(u) = 1 for all

u ∈ V (G) \ {x}. This implies f(V ) ≤ n− 1, a contradiction. Hence γgr(G) =

n. □

Theorem 4.2. For any graph G, γgr(G) = n − 1 if and only if either G or G

is one of the graphs K1,3, Kn − e or Kn − 2e where the two edges are incident.

Proof. Suppose that γgr(G) = n − 1. Clearly, G is not complete. If n = 3,

one can easily verify that γgr(G) = 2 implies that G = K3 − e or G = K3

− 2e. If n = 4, then we claim that G = K4 − e or G = K4 − 2e where

both the edges are incident or K4 − 3e where the three edges either form a

triangle in K4 or they are incident in K4. Suppose to the contrary that G =

K4 − 2e where the two edges are not incident in K4 or K4 − 3e where the

three edges form a P4 in K4. In the former case, G = C4 and γgr(G) = 2 and
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in the latter case G = P4 and γgr(G) = 2, which is a contradiction. Thus, if

G = K4 − 3e and the three edges form a triangle in K4, then G = K1,3. If

G = K4 − 3e and the three edges are incident, then G = K3 ∪ K1 and thus

G = K1,3.

If n ≥ 5, we claim that G = Kn − e or Kn − 2e, where the two edges

are incident in G. Assume that n ≥ 5. Since γgr(G) = n − 1, there exists a

γgr-function of G say f = (V0, V1, V2) such that one of the following holds.

i) |V2| = 0, |V1| = n− 1, |V0| = 0.

ii) |V2| = 1, |V1| = n− 3, |V0| = 2.

Suppose that (i) holds. Let x ∈ V0. Clearly, x is adjacent to some vertex in

V1 say y. Now, V1 induces either a Kn−1 or a (n− 1)K1 in G. If V1 induces a

Kn−1, we claim that G is either Kn − e or Kn − 2e, where the two edges are

incident in G. That is, we claim that x is adjacent to at least n − 3 vertices

of V1. Suppose to the contrary that x is not adjacent to at least three vertices

in V1. Then, define g : V (G) → {0, 1, 2} by g(v) = 2, if v = x, g(V ) = 0, if

v /∈ N(x) and g(v) = 1, otherwise. Clearly, g is a GWRDF with g(V ) = n− 2,

a contradiction. Hence, x is adjacent to at least n − 3 vertices in V1. If x is

adjacent to n − 2 vertices in V1, then G = Kn − e. If x is adjacent to n − 3

vertices in V1, then G = Kn − 2e, where both the edges are incident with x in

G. If V1 induces (n − 1)K1, then we claim that G is either P2 ∪ (n − 2)K1 or

P3 ∪ (n − 3)K1. That is, we claim that x is adjacent to at most two vertices

in V1. Suppose to the contrary that x is adjacent to at least three vertices

in V1. Then, define g : V (G) → {0, 1, 2} by g(v) = 2, if v = x, g(v) = 0, if

v ∈ N(x) and g(v) = 1, otherwise. Clearly, g is a GWRDF with g(V ) = n− 2,

a contradiction. Hence, x is adjacent to at most two vertices in V1. If x is

adjacent to exactly two vertices in V1, then G = P3 ∪ (n − 3)K1. That is,

G = Kn − 2e where the two edges are incident in G. If x is adjacent to only y

in V1, then G = P2 ∪ (n− 2)K1. That is, G = Kn − e.

Suppose that (ii) holds. Let V0 = {x, y} and V2 = {z} (x and y are not

adjacent). Now, V1 induces either a Kn−3 or a (n − 3)K1. Suppose that

V1 induces a Kn−3. First, we claim that z is adjacent to every vertex of

Kn−3. Suppose that z is not adjacent to a vertex say w in Kn−3. Then, define

g : V (G) → {0, 1, 2} by g(v) = 1, if v ∈ {y, z, w} and g(v) = 0, otherwise.

Clearly, g is a GWRDF with g(V ) = n−2, a contradiction. Hence z is adjacent

to every vertex in Kn−3. Next, we claim that either x or y is not adjacent to

exactly one vertex of Kn−3. Suppose to the contrary that x is not adjacent to

at least two vertices say, a, b in Kn−3. If y is not adjacent to a and b, then

define g : V (G) → {0, 1, 2} by g(v) = 1, if v ∈ {y, z, b} and g(v) = 0, otherwise.

If y is adjacent to a and y is not adjacent to b, then define g : V (G) → {0, 1, 2}
by g(v) = 1, if v ∈ {z, a, b} and g(v) = 0, otherwise. If y is not adjacent to a

and b, then define g : V (G) → {0, 1, 2} by g(v) = 2, if v = z, g(v) = 1, if v = x
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and g(v) = 0, otherwise. Hence, in the above three cases, we see that g is a

GWRDF of G with g(V ) = n− 2, a contradiction. Hence, x is not adjacent to

at most one vertex of Kn−3. Similarly, y is not adjacent to at most one vertex

of Kn−3.

If x and y are not adjacent to a and b (a ̸= b) then by assigning 0 to a and

b and 1 elsewhere, we get a GWRDF of weight n− 2, a contradiction. If x and

y are not adjacent to the same vertex say a, then by assigning 0 to both y and

a and 0 elsewhere, we get a GWRDF of weight n− 2, a contradiction. Hence,

exactly one of x or y is not adjacent to at most one vertex of Kn−2. Without

loss of generality, let x be not adjacent to at most one vertex of Kn−3 and y

be adjacent to every vertex of Kn−3. If x is not adjacent to exactly one vertex

of Kn−3, then G = Kn − 2e, where the two edges are incident at x in G. If x

is adjacent to every vertex of Kn−3, then G = Kn − e where e = xy.

Suppose that V1 induces a (n−3)K1, then we claim that G = P3∪(n−3)K1.

Since, n ≥ 5, at least two vertices are in Kn−3 say a and b. Now, we claim

that deg(a) = deg(b) = 0. Suppose to the contrary that either deg(a) > 0 or

deg(b) > 0. If {x, y, z, a, b} induces a K1,3 ∪K1, then by assigning 2 to z, the

head vertex of K1,3, 0 to the leaf vertices of K1,3 and 1 elsewhere, we get a

GWRDF of weight n− 2, a contradiction. Otherwise by assigning 0 to a and y

(where a is adjacent to x) and 1 otherwise we get a GWRDF of weight n− 2,

a contradiction. Hence, G = P3 ∪ (n − 3)K1. That is, G = Kn − 2e, where

the two edges are xz and yz. Thus, G or G is one of the graphs K1,3, Kn − e,

Kn − 2e.

Conversely, if G =K1,3 then, G =K1∪K3. Therefore, γgr (G) = 3. Suppose

that G = Kn − e. Then, G contains n − 2 full degree vertices. Hence, G =

(n − 2) K1 ∪ K2. Therefore γgr(G) = n − 1. If G = Kn − 2e, where the two

edges are incident, then G contains n − 3 full degree vertices. Hence, G = (n

− 3) K1 ∪ P3. Therefore γgr(G) = n − 1. □

5. Trees with γgr(T ) = γr(T ) + 1

In this section we prove that for any tree T, γgr(T ) is bounded above by

γr(T) + 1 and bounded below by γr(T ). Further we characterize the class of

all trees for which γgr(T ) = γr(T ) + 1.

Theorem 5.1. For any tree T, γr(T) ≤ γgr(T) ≤ γr(T) + 1.

Proof. Let f = {V0, V1, V2} be a γr(T )-function.

Case (i). V2 ̸= ∅.
If there are two vertices v, w ∈ V2 such that d(v, w) ≥ 3 or d(v, w) = 1 then

{v, w} dominates T . Hence f is a γr(T )-function. Therefore γr(T ) = γgr(T ).

If for every v, w ∈ V2, d(v, w) = 2, then let z ∈ N (v) ∩ N (w). Now

g : V(G) → {0, 1, 2} defined by g(z ) = 1 and f (x ) = g(x ) for every x ∈
V (T ) \ {z} is a WRDF of T . Hence γgr(T ) ≤ γr(T ) + 1.
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If |V2| = 1, then let V2 = {v}. If T is a star with n ≥ 4, clearly γgr(T ) = 3

and γr(T ) = 2. Thus, γgr(T ) = γr(T ) + 1. When T = P3, γgr(T ) = γr(T ).

If T is not a star, then |V1| ≥ 1. Suppose that there is a vertex y ∈ V1 such

that d(v, y) ̸= 2. (Otherwise choose f such that d(v, y) ̸= 2 for some y ∈ V1).

Now {v} dominates V (T ) \ N(v) in T and N (v) ∪ {y} induces a clique in T .

Hence f is a γr(T )-function. Therefore γr(T ) = γgr(T ).

Case (ii). V2 = ∅.
If T = P2, then clearly γgr(T ) = γr(T ) + 1. Let T ̸= P2. Then |V1| ≥ 2. If

|V1| = 2, then T = P4 or P3. In both the cases γr(T ) = γgr(T ). Let |V1|
≥ 3. Let v, w ∈ V1. In T , both v and w are adjacent to every vertex of

V (T ) \ {(NT (v) ∪ NT (w))}. Further, A = {v} ∪ (NT (w) \ {y}) and B =

{w}∪(NT (v)\{y}), where y ∈ N (v) ∩ N (w) induces a clique in T respectively.

(The possibility that N (v) ∩ N (w) = ∅ is not ruled out). Also, since |V1| ≥ 3,

there exists a z ∈ V1, such that either NT (w) ∪ {z} or NT (v) ∪ {z} induces a

clique in T . Without loss of generality, let NT (w) ∪ {z} induce a clique in T .

Now, for every u ∈ V0 ∩ A and u ∈ V0 ∩ B , f ′ : V (T ) → {0, 1, 2} is defined

by f ′(z ) = f (z ) − 1, f ′(u) = f (u) + 1 and f ′(x ) = f (x ) and f ′(w) = f (w) −
1, f ′(u) = f (u) + 1, f ′(x ) = f (x ) respectively for every x ∈ V (T ) \ {u, z, w}
leaves no vertex undefended in T . Hence f is a γr(T ) - function. Therefore,

γr(T ) = γgr(T ). □

Theorem 5.2. For any tree T, γgr(T) = γr(T) + 1 if and only if each support

vertex of T is adjacent to at least three leaf vertices and the distance between

any two support vertices is exactly two.

Proof. Suppose that γgr(T ) = γr(T ) + 1. Let f = (V0, V1, V2) be a γr(T )-

function. First we claim that the distance between any two support vertices

is exactly two. Suppose that there are two support vertices x and y such that

d(x, y) ̸= 2. Now we consider the following cases. Case (i). x ∈ V1 ∪ V2,

y ∈ V2.

If x, y ∈ V2, then clearly, {x, y} is a dominating set in T . Thus f is a

γgr(T )-function, a contradiction.

If x ∈ V1 and y ∈ V2, then {y} dominates V (T ) \ N(y) in T and N (y) ∪
{x} induces a clique in T . Hence f is a γgr(T )-function. Therefore γgr(T ) =

γr(T ), a contradiction.

Case (ii). x, y ∈ V1.

Clearly |V1 ∪ V2| ≥ 3. Hence there exists a vertex z ∈ V2 ∪ V1. Suppose

that z ∈ NT (x)∪NT (y). Without loss of generality, let z ∈ NT (x ). Then both

NT (x) ∪ {z} and NT (y) ∪ {x} induce cliques in T respectively. Further, for

each u ∈ V0∩ (N(x)∩N(y)) in T the function f ′ : V (T ) → {0, 1, 2} defined by

f ′(u) = f (u) + 1, f ′(y) = f (y) − 1, f ′(w) = f (w), for every w ∈ V (T ) \ {u, y}
leaves no vertex undefended. Hence γgr(T ) = γr(T ), a contradiction.
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If z /∈ NT (x ) ∪ NT (y), then either d(z, y) ≥ 3 or d(z, x ) ≥ 3. Without

loss of generality let d(z, y) ≥ 3 then both {z} ∪ NT (y) and {y} ∪ NT (x )

induce cliques in T respectively. Further for each u ∈ V0 ∩ (N (x ) ∩ N (y)) in

T , the function f ′ : V (T ) → {0, 1, 2} defined by f ′(u) = f (u) + 1, f ′(x ) =

f (x ) = f (x )−1, f ′(w) = f (w), for every w ∈ V (T ) \ {u, x} leaves no vertex

undefended. Hence γgr(T ) = γr(T ), a contradiction. Therefore d(x, y) =

2. Hence we conclude that the distance between any two support vertices is

exactly two.

Finally, we claim that each support vertex is adjacent to at least three leaf

vertices. Suppose to the contrary, that there is a support vertex say x, which

is adjacent to exactly two leaf vertices. Let u1 and u2 be the leaf neighbors of

x. If there is a strong support vertex w ̸= x, then define g : V (T ) → {0, 1, 2}
such that

g(v) =


2, if v is a strong support and v ̸= x,

1, if v = x or v = u1 or v is a weak support

0, otherwise.

Now, {w} dominates V (T ) \ N (w), and {u1} induces a clique with N (w).

Therefore, g is a γgr(T )-function and a γr(T )-function as well. Thus, γgr(T )

= γr(T ), a contradiction.

If T does not have a strong support vertex other than x, then we define

g : V (T ) → {0, 1, 2} as follows:

g(v) =


2, if v = x,

1, if v is a leaf vertex and v /∈ N(x)

0, otherwise.

Now, {x} dominates V (T )\N(x) and N(x)∪{z} induces a clique, where z is a

leaf vertex which is not adjacent to x. Therefore, g is a γgr(T )-function and a

γr(T )-function as well. Thus γgr(T ) = γr(T ), a contradiction.

If there is no strong support vertex in T , then we define g : V (T ) → {0, 1, 2}
as follows:

g(v) =

{
0, if v is a leaf vertex ,

1, otherwise.

Clearly, g is a γgr(T )-function and a γr function as well. Hence, each support

vertex is adjacent to at least three leaf vertices. Thus γgr(T ) = γr(T ), a

contradiction. Hence the proof.

Conversely, if T is of the given type, then clearly γgr(T ) = 2s + 1 and γr(T )

= 2s, where s is the number of support vertices.

Hence γgr(T ) = γr(T ) + 1. □
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6. Trees with γgr(T ) = γg(T )

In this section we characterize trees T with γgr(T ) = γg(T ). We now define

a family of trees ℑ as follows:

A tree T ∈ ℑ if the following holds.

(i) T has no strong support vertex.

(ii) Every non-support vertex w which is adjacent to a support vertex has at

least one neighbor, which is neither a support vertex nor adjacent to a

support vertex.

(iii) For every vertex w which is neither a support vertex nor adjacent to a

support vertex, each member of N (w) is adjacent to a support vertex. If

more than one such vertex exists then the set of all such vertices form a

2-packing.

Figure 1. A tree T ∈ ℑ. Dark circles indicate a γg-set of T .

Theorem 6.1. For any tree T, γgr(T) = γg(T) if and only if T ∈ ℑ.

Proof. Suppose that γgr(T ) = γg(T ). We claim that T ∈ ℑ. Since γgr(T ) =

γg(T ), for every γr-function f = (V0, V1, V2) of T , V2 = ∅ and V1 is a γg(T )-

set. First, we claim that T has no strong support vertex. Suppose that, w is a

strong support vertex.Then, there is a γr-function g of T such that g(w) = 2,

which implies that V2 ̸= ∅, a contradiction. Hence, no vertex is a strong support

vertex. Hence (i) holds. Let w be a non-support vertex which is adjacent to

a support vertex. Now, we claim that w has at least one neighbor which is

neither a support vertex nor adjacent to a support vertex. Suppose to the

contrary, that each member of N(w) is either a support vertex or adjacent to

a support vertex. Then, w is not defended by any vertex in V1, which implies

that f is not a WRDF, a contradiction. Hence (ii) holds. Let w be a vertex

which is neither a support vertex nor adjacent to a support vertex. We claim

that each member of N (w) is adjacent to a support vertex. Suppose that at

least one member say w1 in N (w) is not adjacent to a support vertex. Let w2

∈N (w) \ {w1}. Let V1 = S. Now, we consider the following cases.

Case (i). w ∈ S, w1, w2 /∈ S.
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Subcase (a). w1, w2 ∈ DG(w).

Now, since w1, w2 ∈ DG(w), there exists vertices a1 ∈ N (w1) \ {w} and b1
∈ N (w2) \ {w} respectively such that a1, b1 ∈ S. By our assumption, a1 is not

a support.

If DG(a1) = ∅, then (S \ {a1, w} ∪ {w1}) is a GDS of G, a contradiction

to the minimality of S. If DG(a1) ̸= ∅, let a2 ∈ DG(a1). Now, a2 is not a

leaf vertex. Hence, there exists a a3 ∈ N (a2) \ {a1}. Now, if a3 ∈ S, then

(S \ {a1, w} ∪ {w1}) is a GDS of G, a contradiction to the minimality of S. If

a3 /∈ S, then there exists a z ∈ N (a3) \ {a2} such that z ∈ S and z defends a3.

Now, (S \ {z, a1, w}) ∪ {w1, a3} is a GDS of T, contradicting the minimality

of S.

Subcase (b). w1 ∈ DG(w), w2 /∈ DG(w).

Since w2 /∈ DG(w), there exists a vertex b1 ∈ N(w2) \ {w} such that b1 ∈ S

and b1 defends w2. Now, (S \ {b1, w})∪ {w2} is a GDS of G, contradicting the

minimality of S.

Subcase (c). w1 /∈ DG(w), w2 ∈ DG(w).

Since w1 /∈ DG(w), there exists a vertex a1 ∈ N(w1) \ {w} such that a1 ∈ S

and a1 defends w1. Now, S \ {a1, w} ∪ {w1} is a GDS of G, contradicting the

minimality of S.

Subcase (d). w1, w2 /∈ DG(w).

There exists a a1 ∈ N(w1) \ {w} and b1 ∈ N(w2) \ {w}, such that a1, b1 ∈
S and a1 defends w1 and a2 defends w2. If DG(w) = ∅, then (S \ {a1, b1, w})
∪ {w1, w2} is a GDS of G, contradicting the minimality of S. If DG(w) ̸= ∅,
then there exists a w3 ∈ (N(w) \ {w1, w2}) such that w3 ∈ DG(w). Now, w1 /∈
DG(w) and w3 ∈ DG(w). Then, as discussed in subcases (b) and (c), we get

a contradiction.

Case (ii). w ∈ S, w1 ∈ S, w2 /∈ S.

Since deg w1 > 1, there exists a vertex a1 ∈ (N(w1) \ {w}). If DG(w1) = ∅,
then (S \ {w1}) is a GDS of G contradicting the minimality of S. If DG(w1) ̸=
∅ without loss of generality, let a1 ∈ DG(w1). Since w1 is not a support, there

is a vertex a2 ∈ N (a1) \ {w1}. If a2 /∈ S, then there is a vertex a3 ∈ N (a2) \
{a1}, such that a3 ∈ S and a2 ∈ DG(a3). Then (S \ {w1, a3}) ∪ {a2} is a GDS

of G, contradicting the minimality of S.

Case (iii). w ∈ S, w1 /∈ S, w2 ∈ S.

Without loss of generality, let w1 ∈ DG(w). As in the Case 1, there exists

vertices a1, a2 such that w1, a1, a2 form a path in that order. If a1 ∈ S, then

(S \ {w}) is a GDS of G, contradicting the minimality of S. If a1 /∈ S, then

without loss of generality, let a2 ∈ S and a2 defends a1. Now (S \ {w, a2}) ∪
{a1} is a GDS of G, contradicting the minimality of S.

Case (iv). w /∈S, w1, w2 ∈ S.

Without loss of generality, let w ∈ DG(w1). Then, there exists a1 ∈ N (w1) \
{w}. If a1 ∈ S, then S \ {w1} is a GDS of G, contradicting the minimality of S.
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If a1 /∈ S, then there exists a2∈ N (a1) \ {w1} such that a2 ∈ S and a2 defends

a1. Now, (S \ {w1, a2}) ∪ {a1} is a GDS of G, contradicting the minimality of

S.

Case (v). w /∈ S, w1 ∈ S, w2 /∈ S, w ∈ DG(w1).

Since w2 is not a support vertex, there exists vertices b1, b2 such that w2,

b1, b2 form a path in that order with b1 ∈ S and b1 defends w2. Now, if b2 ∈
S, then (S \ {b1, w1}) ∪ {w} is a GDS of G, contradicting the minimality of

S. Hence, b2 /∈ S. If some vertex z in N (b2) other than b1 can defend b2, then

(S \ {b1, w1, z}) ∪ {b2, w} is a GDS of G, contradicting the minimality of S.

If some vertex z other than b1 can defend w2, then (S \ {z, b1}) ∪ {w2} is a

GDS of G, contradicting the minimality of S. Hence, w2, b2 ∈ DG(b1). Next,

we claim that N (w2) ∩ S = {b1}. Suppose that, there exists a vertex z ∈
(N(w2)\{w, b1}) ∩ S. Note that z is not a support vertex and z cannot defend

w2. Hence, there exists vertices z1, z2, z3 such that z, z1, z2, z3 form a path

in that order with z3 ∈ S, z1, z2 /∈ S and z3 defends z2. Now, (S \ {z3, z, b1})
∪ {z2, w2} is a GDS of G, contradicting the minimality of S. Now, when b1
defends b2, w2 is left undefended, a contradiction.

LetW = {v/v is neither a support vertex nor adjacent to a support vertex}.
We claim that W is a 2− packing. Suppose that, v1, v2 ∈ W such that d(v1,

v2) ≤ 2. Then, clearly v1, v2 ∈ S. If d(v1, v2) = 1, then (S \ {v1}) is a GDS

of G, contradicting the minimality of S. If d(v1, v2) = 2, then (S \ {v1, v2}) ∪
{x}, where x ∈ N (v1) ∩ N (v2) is a GDS of G, contradicting the minimality of

S. Hence, W is a 2− packing. Hence T ∈ ℑ.
Conversely suppose that T ∈ ℑ. We claim that γgr(T ) = γg(T ). Now let W

= {v ∈ V (T ) : v is neither a support vertex nor adjacent to a support vertex}.
Let A = set of all support vertices. Now W ∪ A is a γg-set of T. Now define f

: V (T ) → {0, 1, 2} such that

f(v) =

{
1, if v ∈ W ∪A,

0, otherwise.

Then, clearly f is a γgr-function of T and
∑

v∈V f (v) = |W ∪ A | = γg(T ).

Therefore γgr(T ) = γg(T ). □

Acknowledgments

The authors would like to thank the reviewers for their thoughtful comments

and efforts towards improving our manuscript.

References

1. E. J. Cockayne, P. A. Dreyer, S. M. Hedetniemi, Roman Domination in Graphs, Discrete

Math., 78, (2004), 11-22.

2. T. W. Haynes, S. T. Hedetniemi, P. J. Slater, (Eds), Domination in Graphs; Advanced

Topics, Marcel Dekker, New York, 1998.



228 P. R. Leely Pushpam, N. Srilakshmi

3. T. W. Haynes, S. T. Hedetniemi, P. J. Slater, (Eds), Fundamentals of Domination in

Graphs, Marcel Dekker, New York, 1998.

4. S. T. Hedetniemi, M. A. Henning, Defending the Roman Empire - A New Strategy,

Discrete Math., 266, (2003), 239-251.

5. M. A. Henning, A Characterization of Roman Trees, Discuss Math. Graph Theory, 22,

(2002), 325-334.

6. M. A. Henning, Defending the Roman Empire from Multiple Attacks, Discrete Math.,

271, (2003), 101-115.

7. C. S. Revelle, Can you Protect the Roman Empire?, John Hopkins Magazine, 2, (1997),

70.

8. P. Roushini Leely Pushpam, T. N. M. Malini Mai, Weak Roman Domination in Graphs,

Discuss. Math. Graph Theory, 31, (2011), 115-128.

9. P. Roushini Leely Pushpam, M. Kamalam, Efficient Weak Roman Domination in Graphs,

International Journal of Pure and Applied Mathematics, 101(5), (2015), 701-710.

10. P. Roushini Leely Pushpam, M. Kamalam, Efficient Weak Roman Domination in My-

scielski Graphs, International Journal of Pure and Engg. Mathematics, 3(II), (2015),

93-100.

11. P. Roushini Leely Pushpam, S. Padmapriea, Global Roman Domination in Graphs, Dis-

crete Applied Math., 200, (2016), 176-185.

12. E. Sampath Kumar, The Global Domination Number of a Graph, J. Math. Phy. Sci.,

23, (1989), 377-385.

13. I. Stewart, Defend the Roman Empire, Scientific American, 281, (1999), 136-139.


