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1. Introduction

Let A denote the class of functions f which are analytic in the open unit disk

∆ = {z ∈ C : |z| < 1} and normalized by the conditions f(0) = f ′(0)− 1 = 0

showing in the form

f(z) = z +

∞∑
n=2

anz
n. (1.1)

We let S to denote the class of functions f ∈ A which are univalent in ∆ (see

[5, 7, 9]). Every function f ∈ S has an inverse f−1, which is defined by

f−1(f(z)) = z (z ∈ ∆)

and

f(f−1(w)) = w

(
|w| < r0(f), r0(f) ≥ 1

4

)
.

In fact, the inverse function f−1 is given by

f−1(w) = w − a2w
2 + (2a2

2 − a3)w3 − (5a3
2 − 5a2a3 + a4)w4 + · · · . (1.2)

A function f ∈ A is said to be bi-univalent in ∆, if both f and f−1 are

univalent in ∆ (see [21]).

We denote σB the class of bi-univalent functions in ∆ given by (1.1). For

a brief history and interesting examples of functions in the class σB, see [21].

In fact that this widely-cited work by Srivastava et al. [21] actually revived

the study of analytic and bi-univalent functions in recent years and that it

has led to a flood of papers on the subject by (for example) Srivastava et al.

[7, 8, 17, 18, 19, 20, 22, 23, 24, 28, 29] and others [30, 31].

Some of the important and well-investigated subclasses σB of bi-univalent

function include (for example) the subclassHΣ(β) (0 ≤ β < 1) and the subclass

S∗(β) bi-starlike functions of order β(0 ≤ β < 1)(see [6, 21]). By definition, we

have

HΣ(β) = {f ∈ σB : Re(f ′(z)) > β , Re(g′(w)) > β (z, w ∈ ∆)}

and

S∗(β) =

{
f ∈ σB : Re

{
zf ′(z)

f(z)

}
> β , Re

{
wg′(w)

g(w)

}
> β (z, w ∈ ∆)

}
,

where the function g = f−1 given by (1.2).

For each function f ∈ S function

h(z) = m
√
f(zm) (1.3)

is univalent and maps unit disk ∆ into a region with m-fold symmetry. A

function f is said to be m-fold symmetric (see [13, 14]) if it has the following

normalized form:

f(z) = z +

∞∑
k=1

amk+1z
mk+1 (z ∈ ∆,m ∈ N). (1.4)
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We denote by Sm the class of m-fold symmetric univalent functions in ∆, which

are normalized by the series expansion (1.4). In fact, the functions in class S
are one-fold symmetric.

In [22] Srivastava et al. defined m-fold symmetric bi-univalent functions ana-

logues to the concept of m-fold symmetric univalent functions. They gave some

important results, such as each function f ∈ σB generates an m-fold symmetric

bi-univalent function for each m ∈ N. Furthermore, for the normalized form of

f given by (1.4), they obtained the series expansion for f−1 as follows:

f−1(w) = w +

∞∑
k=1

Amk+1w
mk+1 (1.5)

= w − am+1w
m+1 + [(m+ 1)a2

m+1 − a2m+1]w2m+1 −
[1
2

(m+ 1)(3m+ 2)a3
m+1

−(3m+ 2)am+1a2m+1 + a3m+1

]
w3m+1 + · · · . (1.6)

We denote by Σm the class of m-fold symmetric bi-univalent functions in ∆.

For m = 1, formula (1.6) coincides with formula (1.2) of the class σB. Some

examples of m-fold symmetric bi-univalent functions are given as follows:(
zm

1− zm

) 1
m

,

[
1

2
log

(
1 + zm

1− zm

) 1
m

]
and [− log(1− zm)]

1
m

with the corresponding inverse functions(
wm

1 + wm

) 1
m

,

(
e2wm − 1

e2wm + 1

) 1
m

and

(
ew

m − 1

ewm

) 1
m

,

respectively.

Recently, many authors investigated bounds for various subclasses of m-fold

bi-univalent functions (see [3, 10, 11, 12, 15, 16, 18, 24, 25, 26]).

The aim of the this paper is to introduce new subclass of Σm and ob-

tain estimates on initial coefficients |am+1|, |a2m+1| and general coefficients

|amk+1|(k ≥ 2) for functions in the subclass and improve some recent works of

many authors.

2. Preliminary results

In the present paper by using the Faber polynomial expansions we obtain es-

timates of general coefficients |amk+1| where k ≥ 2, of functions in the subclass

HΣm
(λ, β) of Σm. For this purpose we need the following lemmas.

Lemma 2.1. [1, 2] Let f(z) = z+
∞∑
n=2

anz
n, be univalent function in ∆ = {z ∈

C : |z| < 1}. Then we can write,

zf ′(z)

f(z)
= 1−

∞∑
k=1

Fk(a2, a3, ..., ak+1)zk, (2.1)
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where Fk(a2, a3, ..., ak+1) is a Faber polynomial of degree k,

Fk(a2, a3, ..., ak+1) =
∑

i1+2i2+...+kik=k

A(i1,i2,...,ik)a
i1
2 a

i2
3 · · · a

ik
k+1 (2.2)

and

A(i1,i2,...,ik) := (−1)k+2i1+3i2+...+(k+1)ik
(i1 + i2 + ...+ ik − 1)!k

i1!i2!...ik!
.

The first Faber polynomials Fk(a2, a3, ..., ak+1) are given by:

F1(a2) = −a2, F2(a2, a3) = a2
2 − 2a3 and F3(a2, a3, a4) = −a3

2 + 3a2a3 − 3a4.

Lemma 2.2. Let f(z) = z +
∞∑
k=1

amk+1z
mk+1, be univalent function in ∆ =

{z ∈ C : |z| < 1}. Then we can write,

zf ′(z)

f(z)
= 1− Fm(am+1)zm − F2m(am+1, a2m+1)z2m − · · ·−

Fmk(am+1, a2m+1, · · · , amk+1)zmk − · · · , (2.3)

where

Fm(am+1) = Fm(0, · · · , 0, am+1),

F2m(am+1, a2m+1) = F2m(0, · · · , 0, am+1, 0, · · · , 0, a2m+1), · · · ,
Fmk(am+1, a2m+1, · · · , amk+1) =

Fmk(0, · · · , 0, am+1, 0, · · · , 0, a2m+1, · · · , 0, · · · , 0, a(k−1)m+1, 0, · · · , 0, amk+1), · · · .

Proof. By using Lemma 2.1 for function f(z) = z+am+1z
m+1 +a2m+1z

2m+1 +

· · · ∈ Σm, we have

zf ′(z)

f(z)
= 1−

∑
k≥1

Fk(a2, a3, · · · , ak+1)zk.

Noting that (2.2), for t ∈ N, we have

Ftm(0, · · · , 0, am+1, 0, · · · , 0, a2m+1, 0, · · · , 0, atm+1︸ ︷︷ ︸
tm

) =

∑
mim+2mi2m+···+tmitm=tm

A(i1,i2,...,itm)a
im
m+1a

i2m
2m+1 · · · a

itm
tm+1.

Also, for 1 ≤ j ≤ m− 1 and t ∈ N, the equation

mim + 2mi2m + · · ·+ tmitm = tm+ j

doesn’t have positive integer solution, so

Ftm+j(0, · · · , 0, am+1, 0, · · · , 0, a2m+1, 0, · · · , 0, atm+1, 0, · · · , 0︸ ︷︷ ︸
tm+j

) =

∑
mim+2mi2m+···+tmitm=tm+j

A(i1,i2,...,itm+j)a
im
m+1a

i2m
2m+1 · · · a

itm
tm+1 = 0.

�
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By applying Lemma 2.2 for the function zf ′(z) = z+
∞∑
k=1

(mk+1)amk+1z
mk+1,

we can obtain the following lemma.

Lemma 2.3. Let f(z) = z +
∞∑
k=1

amk+1z
mk+1, be univalent function in ∆ =

{z ∈ C : |z| < 1}. Then we can write,

1 +
zf ′′(z)

f ′(z)
=
z(zf ′(z))′

zf ′(z)
= 1− Fm

(
(m+ 1)am+1

)
zm −

F2m

(
(m+ 1)am+1, (2m+ 1)a2m+1

)
z2m − · · · −

Fmk

(
(m+ 1)am+1, (2m+ 1)a2m+1, · · · , (mk + 1)amk+1

)
zmk − · · · .(2.4)

Lemma 2.4. [14] If h ∈ P, then |ck| ≤ 2 for each k, where P is the family of

all functions h analytic in ∆ = {z ∈ C : |z| < 1} for which Re(h(z)) > 0 where

h(z) = 1 + c1z + c2z
2 + c3z

3 + · · · .

3. The subclass HΣm
(λ, β)

In this section, we introduce the general subclass HΣm
(λ, β).

Definition 3.1. For 0 ≤ β < 1 and λ ≥ 0, a function f ∈ Σm given by (1.4)

is said to be in the subclass HΣm(λ, β), if the following two conditions are

satisfied:

Re

{
(1− λ)

zf ′(z)

f(z)
+ λ

(
1 +

zf
′′
(z)

f ′(z)

)}
> β (z ∈ ∆) (3.1)

and

Re

{
(1− λ)

wg′(w)

g(w)
+ λ

(
1 +

wg
′′
(w)

g′(w)

)}
> β (w ∈ ∆), (3.2)

where g = f−1 given by (1.5).

Remark 3.2. By setting λ = 0, the subclass HΣm(β, λ) reduces to the subclass

SβΣm
considered by Altinkaya and Yalcin [4].

Remark 3.3. For one-fold symmetric bi-univalent functions, we denote the sub-

class HΣ1(λ, β) = HΣ(λ, β). Special cases of this subclass illustrated below:

• The subclass HΣ(λ, β) is the same the subclass BΣ(β, λ) studied by Li

and Wang [27].

• By putting λ = 0, then the subclass HΣ(λ, β) reduces to the subclass

SσB
(β) of bi-starlike functions of order β(0 ≤ β < 1).

• By putting λ = 1, then the subclass HΣ(λ, β) reduces to the subclass

KσB
(β) of bi-convex functions of order β(0 ≤ β < 1).



102 S. Salehian, A. Motamednezhad, N. Magesh

Theorem 3.4. Let f given by (1.4) be in the subclass HΣm
(λ, β) (0 ≤ β < 1,

λ ≥ 0). If amt+1 = 0, 1 ≤ t ≤ k − 1, then

|amk+1| ≤
2(1− β)

mk(1 + λmk)
, k ≥ 2.

Proof. By applying Lemmas 2.2 and 2.3 for function f ∈ HΣm
(λ, β) of the form

(1.4), we can write

(1−λ)
zf ′(z)

f(z)
+λ
(

1+
zf

′′
(z)

f ′(z)

)
= 1−

[
(1−λ)Fm(am+1)+λFm

(
(m+1)am+1

)]
zm

−
[
(1− λ)F2m(am+1, a2m+1) + λF2m

(
(m+ 1)am+1, (2m+ 1)a2m+1

)]
z2m − · · ·

−
[
(1−λ)Fmk(am+1, · · · , amk+1)+λFmk

(
(m+1)am+1, · · · , (mk+1)amk+1

)]
zmk

− · · · (3.3)

and similarly for g(w) = f−1(w) = w +
∞∑
k=1

Amk+1w
mk+1, we have

(1−λ)
wg′(w)

g(w)
+λ
(

1+
wg

′′
(w)

g′(w)

)
= 1−

[
(1−λ)Fm(Am+1)+λFm

(
(m+1)Am+1

)]
wm

−
[
(1−λ)F2m(Am+1, A2m+1)+λF2m

(
(m+1)Am+1, (2m+1)A2m+1

)]
w2m−· · ·

−
[
(1−λ)Fmk(Am+1, · · · , Amk+1)+λFmk

(
(m+1)Am+1, · · · , (mk+1)Amk+1

)]
wmk,

− · · · . (3.4)

On the other hand, since f ∈ HΣm
(λ, β) by definition, there exist two pos-

itive real part functions p(z) = 1 +
∑
k≥1

pmkz
mk and q(w) = 1 +

∑
k≥1

qmkw
mk

where Re (p(z)) > 0 and Re (q(w)) > 0 in ∆. So that

(1− λ)
zf ′(z)

f(z)
+ λ

(
1 +

zf
′′
(z)

f ′(z)

)
= β + (1− β)p(z) (3.5)

and

(1− λ)
wg′(w)

g(w)
+ λ

(
1 +

wg
′′
(w)

g′(w)

)
= β + (1− β)q(w). (3.6)

Comparing the corresponding coefficients of (3.3) and (3.5),we get

−
[
(1− λ)Fmk(am+1, · · · , amk+1) + λFmk

(
(m+ 1)am+1, · · · , (mk+ 1)amk+1

)]
= (1− β)pmk (k ≥ 1). (3.7)

Comparing the corresponding coefficients of (3.4) and (3.6),we get

−
[
(1−λ)Fmk(Am+1, · · · , Amk+1)+λFmk

(
(m+1)Am+1, · · · , (mk+1)Amk+1

)]
= (1− β)qmk (k ≥ 1). (3.8)
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Note that for amt+1 = 0 (1 ≤ t ≤ k − 1), we get

Amk+1 = −amk+1, Fmk(0, · · · , 0, amk+1) = −mkamk+1

and Fmk

(
0, · · · , 0, (mk + 1)amk+1

)
= −mk(mk + 1)amk+1. (3.9)

So from (3.7), (3.8) and (3.9), we have

mk(1 + λmk)amk+1 = (1− β)pmk,

mk(1 + λmk)Amk+1 = −mk(1 + λmk)amk+1 = (1− β)qmk.

Taking the absolute values of the above equalities and using Lemma 2.4, we

gain

|amk+1| =
(1− β)|pmk|
mk(1 + λmk)

=
(1− β)|qmk|
mk(1 + λmk)

≤ 2(1− β)

mk(1 + λmk)
.

So completes the proof. �

Theorem 3.5. Let f given by (1.4) be in the subclass HΣm
(λ, β) (0 ≤ β < 1,

λ ≥ 0). Then

|am+1| ≤ min

{
2(1− β)

m(1 + λm)
,

√
2(1− β)

m2(1 + λm)

}
and

|a2m+1| ≤ min

{
1− β

m(1 + 2λm)
+

2(m+ 1)(1− β)2

m2(1 + λm)2
,

(1 +m)(1− β)

m2(1 + λm)

}
.

Proof. By putting k = 1, 2 in (3.7), we get:

m(1 + λm)am+1 = (1− β)pm, (3.10)

2m(1 + 2λm)a2m+1 −m(1 + 2λm+ λm2)a2
m+1 = (1− β)p2m. (3.11)

Similarly, by putting k = 1, 2 in (3.8), we get:

−m(1 + λm)am+1 = (1− β)qm, (3.12)

−2m(1 + 2λm)a2m+1 +m(1 + 2m+ 2λm+ 3λm2)a2
m+1 = (1− β)q2m. (3.13)

From (3.10) and (3.12), we get

pm = −qm (3.14)

and

a2
m+1 =

(1− β)2(p2
m + q2

m)

2m2(1 + λm)2
. (3.15)

Adding (3.11) and (3.13), we get

a2
m+1 =

(1− β)(p2m + q2m)

2m2(1 + λm)
. (3.16)

From the equations (3.15), (3.16) and by using Lemma 2.4, we get:

|am+1| ≤
2(1− β)

m(1 + λm)
and |am+1| ≤

√
2(1− β)

m2(1 + λm)
,
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respectively. So we get the desired estimate on the coefficient |am+1|.
Next, in order to find the bound on the coefficient |a2m+1|, we subtract

(3.13) from (3.11), we get

a2m+1 =
(1− β)(p2m − q2m)

4m(1 + 2λm)
+

(m+ 1)

2
a2
m+1. (3.17)

Therefore, we find from (3.15) and (3.17) that

a2m+1 =
(1− β)(p2m − q2m)

4m(1 + 2λm)
+

(m+ 1)(1− β)2(p2
m + q2

m)

4m2(1 + λm)2
. (3.18)

Also, from (3.16) and (3.17), we have

a2m+1 =
[1 + 2m+ 2λm+ 3λm2]p2m + [1 + 2λm+ λm2]q2m

4m2(1 + λm)(1 + 2λm)
(1− β). (3.19)

So, from the equations (3.18), (3.19) and applying Lemma 2.4, we get

|a2m+1| ≤
1− β

m(1 + 2λm)
+

2(m+ 1)(1− β)2

m2(1 + λm)2

and

|a2m+1| ≤
(1 +m)(1− β)

m2(1 + λm)
.

�

Theorem 3.6. Let f given by (1.4) be in the subclass HΣm
(λ, β) (0 ≤ β < 1,

λ ≥ 0). Also let ρ be real number. Then

|a2m+1 − ρa2
m+1| ≤


(1−β)

m(1+2λm) ; |T (ρ)| ≤ 1

(1−β)|T (ρ)|
m(1+2λm) ; |T (ρ)| ≥ 1

where

T (ρ) =
(m− 2ρ+ 1)(1 + 2λm)

m(1 + λm)
.

Proof. From the equation (3.17), we get

a2m+1 − ρa2
m+1 =

m− 2ρ+ 1

2
a2
m+1 +

(1− β)(p2m − q2m)

4m(1 + 2λm)
. (3.20)

From the equation (3.16) and (3.20), we have

a2m+1 − ρa2
m+1 =

(1− β)

4m(1 + 2λm)

{[
(m− 2ρ+ 1)(1 + 2λm)

m (1 + λm)
+ 1

]
p2m

+

[
(m− 2ρ+ 1)(1 + 2λm)

m(1 + λm)
− 1

]
q2m

}
.

Next, taking the absolute values we obtain

|a2m+1 − ρa2
m+1| ≤

(1− β)

4m(1 + 2λm)

{ ∣∣∣∣ (m− 2ρ+ 1)(1 + 2λm)

m (1 + λm)
+ 1

∣∣∣∣ |p2m|
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+

∣∣∣∣ (m− 2ρ+ 1)(1 + 2λm)

m(1 + λm)
− 1

∣∣∣∣ |q2m|
}
.

Then, by using Lemma 2.4, we conclude that

|a2m+1 − ρa2
m+1| ≤


(1−β)

m(1+2λm) ; |T (ρ)| ≤ 1

(1−β)|T (ρ)|
m(1+2λm) ; |T (ρ)| ≥ 1.

�

4. Corollaries and Consequences

By setting λ = 0 in Theorem 3.4, we conclude the following result.

Corollary 4.1. Let f given by (1.4) be in the subclass SβΣm
(0 ≤ β < 1). If

amt+1 = 0, 1 ≤ t ≤ k − 1, then

|amk+1| ≤
2(1− β)

mk
, k ≥ 2.

By setting λ = 0 in Theorem 3.5, we conclude the following result.

Corollary 4.2. Let f given by (1.4) be in the subclass SβΣm
(0 ≤ β < 1). Then

|am+1| ≤


√

2(1−β)

m ; 0 ≤ β ≤ 1
2

2(1−β)
m ; 1

2 ≤ β < 1

and

|a2m+1| ≤


(m+1)(1−β)

m2 ; 0 ≤ β ≤ 1+2m
2(1+m)

2(m+1)(1−β)2

m2 + 1−β
m ; 1+2m

2(1+m) ≤ β < 1.

Remark 4.3. The bounds on |am+1| and |a2m+1| given in Corollary 4.2 are

better than those given in [4, Corolary 7].

By setting λ = 0 in Theorem 3.6, we conclude the following result.

Corollary 4.4. Let f given by (1.4) be in the subclass SβΣm
(0 ≤ β < 1) . Also

let ρ be real number. Then

|a2m+1 − ρa2
m+1| ≤


(1−β)
m ; |m− 2ρ+ 1| ≤ m

(1−β)|m−2ρ+1|
m2 ; |m− 2ρ+ 1| ≥ m.

By setting m = 1 in Theorem 3.5, we conclude the following result.
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Corollary 4.5. Let f given by (1.1) be in the subclass BΣ(β, λ) (0 ≤ β < 1,

λ ≥ 0). Then

|a2| ≤


√

2(1−β)
1+λ ; λ+ 2β ≤ 1

2(1−β)
1+λ ; λ+ 2β ≥ 1

and

|a3| ≤


2(1−β)

1+λ ; 0 ≤ β ≤ 3+4λ−3λ2

4(1+2λ)

1−β
1+2λ + 4(1−β)2

(1+λ)2 ; 3+4λ−3λ2

4(1+2λ) ≤ β < 1.

Remark 4.6. The bounds on |a2| and |a3| given in Corollary 4.5 are better than

those given in [27, Theorem 3.2].

By setting λ = 0 in Corollary 4.5, we conclude the following result.

Corollary 4.7. Let f given by (1.1) be in the subclass SσB
(β) of bi-starlike

functions of order β(0 ≤ β < 1). Then

|a2| ≤


√

2(1− β); 0 ≤ β ≤ 1
2

2(1− β) ; 1
2 ≤ β < 1

and

|a3| ≤


2(1− β) ; 0 ≤ β ≤ 3

4

(1− β) + 4(1− β)2 ; 3
4 ≤ β < 1.

Remark 4.8. The bounds on |a2| and |a3| given in Corollary 4.7 are better than

those given in [27, Corollary 3.3].

By setting λ = 1 in Corollary 4.5, we conclude the following result.

Corollary 4.9. Let f given by (1.1) be in the subclass KσB
(β) of bi-convex

functions of order β(0 ≤ β < 1). Then

|a2| ≤ 1− β

and

|a3| ≤


1− β ; 0 ≤ β ≤ 1

3

1−β
3 + (1− β)2 ; 1

3 ≤ β < 1.
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