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1. INTRODUCTION

Let A denote the class of functions f which are analytic in the open unit disk
A ={z€eC: |z| <1} and normalized by the conditions f(0) = f/(0) =1 =0
showing in the form

f(z) :z—i—Zanz”. (1.1)

We let S to denote the class of functions f € A which are univalent in A (see
[5, 7, 9]). Every function f € S has an inverse f~!, which is defined by

@) =2 (z€D)
and
17 w) = w (jul <n(h, (2 7).
In fact, the inverse function f~! is given by
fHw) = w — agw?® + (243 — az)w® — (5a3 — bagaz + ag)w* +--- . (1.2)

A function f € A is said to be bi-univalent in A, if both f and f~! are
univalent in A (see [21]).

We denote op the class of bi-univalent functions in A given by (1.1). For
a brief history and interesting examples of functions in the class o, see [21].
In fact that this widely-cited work by Srivastava et al. [21] actually revived
the study of analytic and bi-univalent functions in recent years and that it
has led to a flood of papers on the subject by (for example) Srivastava et al.
7,8, 17, 18, 19, 20, 22, 23, 24, 28, 29] and others [30, 31].

Some of the important and well-investigated subclasses oz of bi-univalent
function include (for example) the subclass Hx(8) (0 < 5 < 1) and the subclass
S§*(B) bi-starlike functions of order (0 < 8 < 1)(see [6, 21]). By definition, we
have

Hs(B)={f €op: Re(f'(z)) > B, Re(q'(w)) > B (z,w € A)}
and
. {20} (et} »)
S*(8) {fEUB.Re{ 5 > 0B, Re o(w) > 08 (z,weA),
where the function g = f~! given by (1.2).
For each function f € S function

h(z) = ¥/ f(z™) (1.3)

is univalent and maps unit disk A into a region with m-fold symmetry. A

function f is said to be m-fold symmetric (see [13, 14]) if it has the following
normalized form:

F2) =2+ amen 2™ (z € A;m e N). (1.4)
k=1
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We denote by S, the class of m-fold symmetric univalent functions in A, which
are normalized by the series expansion (1.4). In fact, the functions in class S
are one-fold symmetric.

In [22] Srivastava et al. defined m-fold symmetric bi-univalent functions ana-
logues to the concept of m-fold symmetric univalent functions. They gave some
important results, such as each function f € op generates an m-fold symmetric
bi-univalent function for each m € N. Furthermore, for the normalized form of
f given by (1.4), they obtained the series expansion for f~1 as follows:

Flrw) =w+ ) Apppw™ ! (1.5)
k=1

1
=W — Qi w™ T + [(m+ a2, — agmprJw?™ T — [i(m +1)(3m + 2)a?, 4

—(3m + 2)am+1a2m+1 + (lgm+1]w3m+1 + - (16)
We denote by ¥, the class of m-fold symmetric bi-univalent functions in A.
For m = 1, formula (1.6) coincides with formula (1.2) of the class og. Some
examples of m-fold symmetric bi-univalent functions are given as follows:

1 1
2™ N |1 14+2m\™ g L
(i) [ZIOg(l—zm> ] and ot =210

with the corresponding inverse functions
1 m ER m 1
w™ ™ eQw —1\™ e 1\ ™
s N\ e and | ———1]
1 + wm eQw + 1 ew

Recently, many authors investigated bounds for various subclasses of m-fold
bi-univalent functions (see [3, 10, 11, 12, 15, 16, 18, 24, 25, 26]).
The aim of the this paper is to introduce new subclass of ¥,, and ob-

respectively.

tain estimates on initial coefficients |a;,41], |a2m+1| and general coefficients
|@mi+1|(k > 2) for functions in the subclass and improve some recent works of
many authors.

2. PRELIMINARY RESULTS

In the present paper by using the Faber polynomial expansions we obtain es-
timates of general coefficients |a,,x+1| where k > 2, of functions in the subclass
Hs,, (A, B) of E,,. For this purpose we need the following lemmas.

Lemma 2.1. [1, 2] Let f(z) = z+ > anz", be univalent function in A = {z €
n=2

C:|z] < 1}. Then we can write,

2f'(2)
f(2)

oo
=1-> Filaz,as,..,a541)2", (2.1)
k=1
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where Fy(ag,as, ...,ax+1) i a Faber polynomial of degree k,
Fy(ag,as,...,ax41) = Z Aliyig,in) @5 a5 @ (2.2)
i1+2i24...+kip=Fk
and

A (1) Et2intSia (kA L)k (h+ia+ ... +ig =Dk
(41,02,..50k) '_( ) it Viol i :
1:22:... 0k

The first Faber polynomials Fy(as,as, ...,ax+1) are given by:

Fl(a2) = —ag, FQ(Q27Q3) = CL% — 2(13 and Fg(a2,a3,a4) = *ag + 3(12&3 — 3&4.

Lemma 2.2. Let f(2) = 2+ Y. amrr12™F L, be univalent function in A =

{z € C:|z| < 1}. Then we ccmkalrite,
y
Z}f(g) =1 Fulams1)2™ — Fom(Gmi1, Gomy1)2®™ — - —
Froak(@m1, G215+ 5 Gmkg1)2™F = oo (2.3)
where
Fp(am+1) = Fp(0,-++,0,am+1),
Fori(@ma1, 02m+1) = Form(0,- -+ ,0,am41,0,- - ,0,a2m41),
Fr(@m+1,@2m+1,7 5 Gmk1) =
Fi (0, 0, a1, 0, 0, a1, 50+ 5 0, @0 1ymr1, 0y 5 0y Grgeg 1), -

Proof. By using Lemma 2.1 for function f(z) = z+am112™ " +agm 122 +
- € X, we have

Zf;i’j) —-1— ZFk(a27a3,. .. aak+1)2’k.

f E>1
Noting that (2.2), for ¢t € N, we have

th(oa e 70a Am41, Oa o 70a a2m+1707 e 7O7atm+1) =
tm
i i2m itm
§ Al izseonsivm) Crep1 G2t Qg1 -

Ml +2Migm+- - +tmig, =tm

Also, for 1 < j<m —1 and t € N, the equation
My + 2Mioy, + - -+ +tMigy, =tm +j
doesn’t have positive integer solution, so

th+j(07"' 707am+1707"' 707a2m+1707"' 707atm+1707"' 70) =

tm+j

Z o imdom . odtm
A(ll7127~~~,2tm+j)&m+1a2m+1 atm+1 - O
My, +2Mioy +-F+tMity, =tm-+j
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[ee]
By applying Lemma 2.2 for the function zf/(2) = 2+ 3 (mk+1)anps1 2™,
k=1
we can obtain the following lemma.

o0

Lemma 2.3. Let f(2) = 2+ Y @mprr12™F L, be univalent function in A =
k=1

{z € C:|z| < 1}. Then we can write,

2f"(2) _ 2(z1'(2))
f'(2) 2f'(2)
Fzm((m + Damt1, (2m + 1)a2m+1>z2m ——

1+

=1-F, ((m + 1)am+1)zm —

o <(m 4 Damar, (2m + Dasmar, -, (mk + 1)amk+1)zm’€ — . (24)

Lemma 2.4. [14] If h € P, then |cx| < 2 for each k, where P is the family of
all functions h analytic in A = {z € C: |z| < 1} for which Re(h(z)) > 0 where
h(z) =14 c1z2 + c2® +c32° + - -

3. THE SUBCLASS Hy, (), B)

In this section, we introduce the general subclass Hx, (A, 5).

Definition 3.1. For 0 < 8 < 1 and A > 0, a function f € X, given by (1.4)
is said to be in the subclass Hyx (A, B), if the following two conditions are

satisfied:
Re{(l—)\)zf/(z)+)\<1+Zf//(z)>}>5(z€A) (3.1)

f(2) f'(z)

and

g(w) g'(w)

where g = f~1 given by (1.5).

Re {(1 _ e Ly (1 + wg%w)) } > B (we A), (3.2)

Remark 3.2. By setting A = 0, the subclass Hyx, (5, A) reduces to the subclass
Sg considered by Altinkaya and Yalcin [4].

Remark 3.3. For one-fold symmetric bi-univalent functions, we denote the sub-
class Hs, (A, 8) = Hs (A, B). Special cases of this subclass illustrated below:

e The subclass Hx (A, 8) is the same the subclass By (3, \) studied by Li
and Wang [27].

e By putting A = 0, then the subclass Hx (), §) reduces to the subclass
Sog (B) of bi-starlike functions of order 5(0 < 8 < 1).

e By putting A = 1, then the subclass Hx (A, §) reduces to the subclass
Kog (B) of bi-convex functions of order S(0 < 8 < 1).
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Theorem 3.4. Let f given by (1.4) be in the subclass Hy,, (A, B) (0 < B8 < 1,
A>0). If a1 =0, 1<t <k—1, then

2(1—-5)
< 7 > 9.
[@mria] < mk(1+ Amk) =~ 2

Proof. By applying Lemmas 2.2 and 2.3 for function f € Hyx (A, 8) of the form
(1.4), we can write

2f'(2) 2" (2)
f(2) f'(z)

— [(1 — )\)Fgm(aerl, a2m+1) + )\Fgm ((m + 1)am+1, (2m =+ 1)042m+1):| 22m — ...

(1=2)

(14 ) = 1= [(0= N F(@ms 1) FAF (1) ) |27

- |:(1_A)ka(am+17 t 7amk+1)+>\ka ((m+1)am+1a Tty (mk+1)anLk+1)] ka
L (3.3)

and similarly for g(w) = f~}(w) = w + . Aprr1w™ 1 we have
k=1

(1-A)wgg(/g;’)+x(1+w;/(/§;’)) —1- {(I—A)Fm(Am+1)+)\Fm((m+1)Am+1)}wm

- [(1 *)\)F2m,(Am+1; A2m+1)+)\F2m <(m+1)Am+la (2m+1)A2m+1)] w2m7. te

- [(1—A)ka(Am+1, o Ak FA ((m+1)Am+17 e (mk+1)Amk+1)} w™*,
. (3.4)

On the other hand, since f € Hyx,, (A, B) by definition, there exist two pos-

itive real part functions p(z) = 1+ > ppxz™ and q(w) = 1+ Y gmpw™"
k>1 k>1
where Re (p(z)) > 0 and Re (¢(w)) > 0 in A. So that

(1-A\) ZJ{(S) A (1 42 (Z)> = B+ (1—B)p(2) (3.5)

and

A O W
(1=X) o) +)\<1+ 7 (w) )—ﬁ—f—(l B)q(w). (3.6)

Comparing the corresponding coefficients of (3.3) and (3.5),we get
- |:<1 - )\)ka(am+17 T 7amk:+1) + AF ((m + 1)am+la T (mk + 1)amk+1)i|

=1 =B)pmr (k=1). (3.7)
Comparing the corresponding coefficients of (3.4) and (3.6),we get

- |:<1_)\>ka(14771+17 e 7Amk+l)+)\ka ((m+1)Am+1a R (mk+1)Amk+1)i|

= (1= B)gmr (k> 1). (3.8)
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Note that for a1 =0 (1 <t <k —1), we get
Amk+1 = —amik+1, Fnk(0,-++ 0, @mpt1) = —mkame+1
and Fyy, (0, S0, (mk + 1)amk+1) = —mk(mk + 1ampr1. (3.9)
So from (3.7), (3.8) and (3.9), we have
mk(1 4+ Amk)amp+1 = (1 — B)Dmk,
mk(1 4+ Amk) A1 = —mk(1 + dmk)ame+1 = (1 — B)qmk-

Taking the absolute values of the above equalities and using Lemma 2.4, we

gain
= =Bl (0= Blaw] __20-5)
mk(1+ Amk)  mk(1+ A mk) = mk(1+ Amk)
So completes the proof. a

Theorem 3.5. Let f given by (1.4) be in the subclass Hs, (A, B) (0 < 8 < 1,
A>0). Then

mtl = m(1+ dm)’ \| m2(1+ Am)

and

la |<min{ 1-58 2(m +1)(1 - p)? (1+m)(1—ﬂ)}
2m+1| > m(1—|—2)\m) m2(1+/\m)2 ) m2(1+/\m) .

Proof. By putting k = 1,2 in (3.7), we get:

m(1l 4+ Am)am+1 = (1 — 8)pm, (3.10)

2m(1 + 2 m)azm41 — m(1 +2xm + Am*)aZ, .1 = (1 — B)pam. (3.11)
Similarly, by putting & = 1,2 in (3.8), we get:

—m(1 4+ Am)am+1 = (1 — B)gm, (3.12)

—2m(1 + 2Am)azgm+1 +m(1 +2m + 22m + 3Am?)aZ, 1 = (1 — B)gam. (3.13)
From (3.10) and (3.12), we get

Pm = —Qm (314)

and

> (1= B)*(Pp + a2
= .1
Gme+1 2m2(1 + Am)? (3.15)
Adding (3.11) and (3.13), we get

, (1 = B)(pom + d2m) (3.16)

m+1 = 2m2(1+ Am)
From the equations (3.15), (3.16) and by using Lemma 2.4, we get:

2(1-5) 2(1-5)
m(1 + Am) m2(1+ Am)’

lam+1] < and |am41] <
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respectively. So we get the desired estimate on the coefficient |am,41]-
Next, in order to find the bound on the coefficient |ag;,+1|, we subtract
(3.13) from (3.11), we get

(1= B)(P2m — G2m) | (m+1)
am(1 + 2\m) 5 Gt (3.17)

Therefore, we find from (3.15) and (3.17) that
(1= B)(p2m — gam) | (m+1)(A = B)*(p7, + a3

a2m+41 =

_ 3.18
d2m+1 4m(1 + 22m) 4m2(1 + Am)? (3.18)
Also, from (3.16) and (3.17), we have
(14 2m + 22m + 3Am2]pay, + [1 + 22m + Am?|gam
= 1-4). (3.19
d2m+1 Am2(1 + dm)(1 + 2m) (1=4). (319)
So, from the equations (3.18), (3.19) and applying Lemma 2.4, we get
1-5 2(m+1)(1—B)?
<
la2mia] < m(1+ 2Am) - m2(1+ Am)?
" (1+m)(1- )
1+m)(1-38
< — .
(@2m+1] = m2(1+ Am)
(I

Theorem 3.6. Let f given by (1.4) be in the subclass Hs (A, B) (0 < 8 < 1,
A >0). Also let p be real number. Then

(=8 .
, miFmmy 5 TP <1
a2m+1 — pas, 1] <

A=B)ITP)| . IT(p)| > 1

m(1+2am)
where ) D14 o
- 0 s
Proof. From the equation (3.17), we get
az2m+41 — P(172n+1 =T ?} - 1a’$n+1 4 45251?2)\”3)27”) (3:20)

From the equation (3.16) and (3.20), we have

9 (1-7) (m—2p+1)(1+2A\m)
m - = 1 m
2m+1 = Phm1 4m(1 + 22m) { [ m (1 + Am) T
(m—2p+1)(1+2Am)
— 1| qom ¢-
+ [ m(1+ Am) ©
Next, taking the absolute values we obtain
1-0) (m—2p+1)(14+2xm
Ly e
[2m+1 = P ] < 4m(1 + 22m) { m (1 + Am)

)4 1\ (pam]
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(m—=2p4+1)(1+2xm)
+ m(1+ Am) _1‘|q2m|}'

Then, by using Lemma 2.4, we conclude that

m((11+_2BA)m)5 T(p) <1

|(12m+1 - Pa31+1| <

1-8)|T
St 1) > 1

4. COROLLARIES AND CONSEQUENCES

By setting A = 0 in Theorem 3.4, we conclude the following result.

Corollary 4.1. Let f given by (1.4) be in the subclass ng 0<pB<). If
Amit+1 :0, 1 StS k?—l, then

2(1-5)

k> 2.
mk bl -

|amk+1| S
By setting A = 0 in Theorem 3.5, we conclude the following result.

Corollary 4.2. Let f given by (1.4) be in the subclass ng (0< B <1). Then

VI 0< B <

m ?

[

|am+1| S
2(1-8) . 1
3 <pB<1

m ’

and

(m+1)(1-8) . 1+2m
e 0< B < ot

|a2m+1| S

2(m+1)(1-B)° | 1-8, 142
S+ R saam S8 < L

Remark 4.3. The bounds on |am,4+1| and |agm+1] given in Corollary 4.2 are
better than those given in [4, Corolary 7].

By setting A = 0 in Theorem 3.6, we conclude the following result.

Corollary 4.4. Let f given by (1.4) be in the subclass ng (0<B8<1). Also
let p be real number. Then

7(1;16) i lm—=2p4+1 <m

2
|a2m+1 - pam+1| <
(1—B)|Im—2p+1]
po

i lm—2p+1] > m.

By setting m = 1 in Theorem 3.5, we conclude the following result.
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Corollary 4.5. Let f given by (1.1) be in the subclass Bs(8,\) (0 < 8 < 1,

A>0). Then
2(1-5) .
VI A28 <1
las| <
2(1-p8) .
B N+28>1
and

2(1-p) . 3+4A—3)\2
o 0S8 < S

las| <

1-8 | 4(1-8)% | 34+4A-3)2
Trax T (nz 5 Cdagey =A< L

Remark 4.6. The bounds on |az| and |ag| given in Corollary 4.5 are better than
those given in [27, Theorem 3.2].

By setting A = 0 in Corollary 4.5, we conclude the following result.

Corollary 4.7. Let f given by (1.1) be in the subclass Sys(3) of bi-starlike
functions of order 5(0 < 8 < 1). Then

and
las] <
(1-B8)+4(1-p)%; 3<p<1l

Remark 4.8. The bounds on |ag| and |as| given in Corollary 4.7 are better than
those given in [27, Corollary 3.3].

By setting A = 1 in Corollary 4.5, we conclude the following result.

Corollary 4.9. Let f given by (1.1) be in the subclass Koy (B) of bi-convex
functions of order $(0 < 8 < 1). Then

lag| <1-5

and
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