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Abstract. This paper provides a fourth-order scheme for approximat-

ing solutions of non-linear degenerate parabolic equations that their solu-

tions may contain discontinuity. In the reconstruction step, a fourth-order

weighted essentially non-oscillatory (WENO) reconstruction in Legendre

basis, written as a convex combination of interpolants based on different

stencils, is constructed. In the one-dimensional case, the new fourth-

order reconstruction is based on a four-point stencil. The most impor-

tant subject is that one of these interpolation polynomials is taken as a

quadratic polynomial, and the linear weights of the symmetric and con-

vex combination are set as to get fourth-order accuracy in smooth areas.

Following the methodology of the traditional WENO-Z reconstruction,

the non-oscillatory weights is calculated by the linear weights. The accu-

racy, robustness, and high-resolution properties of the new procedure are

shown by extensive numerical examples.
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1. Introduction

This paper aims at obtaining the numerical solutions of non-linear degener-

ate parabolic equations of the form

ut =

d∑
j=1

∂2bj(u)

∂x2
j

+ S(x, t, u), x = (x1, · · · , xd) ∈ Ω ⊂ Rd, t ≥ 0, (1.1)

satisfying the initial function

u(x, 0) = u0(x), x ∈ Ω ⊂ Rd, (1.2)

and suitable boundary conditions, where d is the space dimension and Ω is an

open set. The condition Dj(u) = b′j(u) ≥ 0; j = 1, · · · , d is required to make

the equation formally parabolic. The equation degenerates wheneverDj(u) = 0

for some u ∈ R.
For bj(u) = um, m > 1 and S(x, t, u) = 0, (1.1) is named porous medium

equation (PME) [34]. Eqs. (1.1) and (1.2) have at most one weak solution

that has compact support in space, if the initial function has compact sup-

port (Theorem 5.3 of [34]). Applications of the degenerate parabolic equations

can be listed such as: spread of viscous fluids [10], mathematical biology [5],

groundwater [4], heat transfer [15], flow of an isentropic gas through a porous

medium [34] and other fields.

There are various schemes for obtaining solutions of Eq. (1.1) such as lo-

cal discontinuous Galerkin finite element method [37], relaxation scheme [8],

kinetic scheme [2]. Author’s of [25] introduced two different methodology of

WENO procedure for obtaining the numerical solutions of non-linear degener-

ate parabolic equations. Directly approximating to the second derivative term

using a conservative flux difference is the first procedure. The second idea which

is alike to the approach of the local discontinuous Galerkin (LDG) schemes [9],

starts by introducing an auxiliary variable for the first derivative, then uses the

WENO procedure to two first derivatives rather than to the second derivative

term directly.

In the literature, WENO procedure was introduced to approximate hyper-

bolic conservation laws. WENO methods are based upon the essentially non-

oscillatory (ENO) schemes [16]. The first version of WENO schemes was pre-

sented in finite volume fashion for the one-dimensional conservation laws in

1994 by Liu, Osher and Chan [24]. Afterwards, author’s of [20] noticed that

the ENO stencil selection is sensitive to the round-off perturbation near zeros

of the solution and its derivatives. Accordingly, they corrected the ENO re-

construction, and proposed a general framework for sketching arbitrary order

accurate finite difference WENO schemes, which are more efficient for multidi-

mensional calculations.

The degenerate parabolic equation (1.1) may have discontinuous solution,

possible being of sharp fronts and finite speed of propagation of wave fronts
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[34]. The degenerate parabolic equations usually have specifications similar to

those of a hyperbolic conservation laws. Accordingly for solving (1.1), it is

advisable to distribute numerical methods for solving hyperbolic conservation

laws, such as the WENO schemes [25].

WENO reconstructions cannot be used directly to construct a monotone

scheme [31] if negative linear weights are present. There are several researches

to solve this difficulty: splitting technique [29], regrouping of stencils [19] and

reducing the order of accuracy [11]. Without resorting to complex tactics or

limiting the generality of a WENO procedure, in this paper, a new approach

to remove this difficulty is considered. Using and extending the idea of [23],

a fourth-order non-oscillatory finite difference method for solving non-linear

degenerate parabolic equations is proposed. The main superiority of this pro-

cedure is that the selection of linear weights has no influence on the properties

of discretization. Any symmetric election of the constants that their sum is

one, defining the linear weights, will enable the desired accuracy.

The new reconstruction is based on defining a suitable quadratic function

which is added to linear interpolants in such way as to obtain fourth-order

accuracy in smooth areas. In areas with discontinuities or large gradients, the

weights are automatically changed so that they switch to a one-sided second-

order linear reconstruction.

The structure of this paper is as follows: Section 2 describes by detailing

the construction and implementation of the new scheme, for non-linear degen-

erate parabolic equations. Section 3 gives the results of numerical experiments

conducted with proposed scheme in current research. Some remarks are made

in Section 4.

2. Non-oscillatory Reconstruction with Legendre Basis to the

Second Derivative

This section describes a fourth-order WENO finite difference scheme for mul-

tidimensional non-linear degenerate parabolic equation. Using the dimension

by dimension approach [31], proposed scheme for multidimensional problems

is implemented.

2.1. General framework. Consider the one-dimensional non-linear degener-

ate parabolic equation

ut = b(u)xx + S(x, t, u), (x, t) ∈ Ω× (0,∞), (2.1)

u(x, 0) = u0(x), (2.2)

along with suitable boundary conditions. For simplicity, consider a uniform

spatial grid where the cell Ix = [x− ∆x
2 , x+ ∆x

2 ] has a width ∆x. Therefore, x

is the mid-cell grid point of Ix, and denote u(xj , t) and xj + i∆x by uj(t) and
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xj+i, respectively. The following conservative finite difference scheme for Eq.

(2.1) is considered.

duj(t)

dt
=

f̂j+ 1
2
− f̂j− 1

2

∆x2
+ S(xj , t, uj(t)), (2.3)

where the term

f̂j+ 1
2
= f(uj−s, · · · , uj+s+1), (2.4)

is the numerical flux function [25]. The numerical flux f̂j+ 1
2
is chosen so that

for all sufficiently smooth u

f̂j+ 1
2
− f̂j− 1

2

∆x2
= (b(u))xx|x=xj

+O(∆x(2s+2)). (2.5)

Also, the numerical flux function f̂j+ 1
2
must generate non-oscillatory solutions

when the solution contains possible discontinuities [25]. The collection of cells

S = {Ij−s, · · · , Ij+s+1} involving in the numerical flux function is called the

stencil for the flux approximation. In this paper, s=1 is considered. Suppose,

we can find a function h(x) such that

b(u(x)) =
1

∆x2

∫
Ix

∫
Iη

h(ξ)dξdη, (2.6)

or equivalent, we can find a differentiable function v(x) such that

b(u(x))x =
1

∆x

∫
Ix

v′(η)dη, v(x) =
1

∆x

∫
Ix

h(η)dη. (2.7)

Therefore,

b(u(x))xx =
1

∆x

(
v′(x+

∆x

2
)− v′(x− ∆x

2
)

)
, (2.8)

v′(x) =
1

∆x

(
h(x+

∆x

2
)− h(x− ∆x

2
)

)
:=

g(x)

∆x
, (2.9)

then clearly

b(u(x))xx|x=xj
=

g(xj+ 1
2
)− g(xj− 1

2
)

∆x2
. (2.10)

2.2. A fourth-order WENO reconstruction with Legendre basis. The

Legendre orthogonal monic polynomials, shifted for the domain [0, 1], are in-

troduce by

L0(x) = 1,

L1(x) = x− 1

2
,

L2(x) = x2 − x+
1

6
,

L3(x) = x3 − 3

2
x2 +

3

5
x− 1

20
.
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In the absence of large gradients, a reconstruction with fourth-order accuracy

can be obtained if the optimal polynomial

Rj(x) = popt(x),

where it is a quadratic polynomial that is chosen. To obtain this optimal poly-

nomial, first, a polynomial of degree three on the stencil S = {Ij−1, · · · , Ij+2},
denoted by

q(x) =

3∑
i=0

aiLi(
x− xj

∆x
),

is considered to approximate h(x). Next, substituting q(x) into (2.6) and in-

tegrating, b(u(x)) is computed. Then, using the given point-values of b(u(x))

on S, a linear system of four equations in four unknown coefficients is obtained

and the coefficients can be obtained explicitly. Finally, Eq. (2.9) determines

popt(x) completely, namely,

popt(x) := q(x+
∆x

2
)− q(x− ∆x

2
) =

2∑
i=0

aiLi(
x− xj

∆x
), (2.11)

with 
a0 = 1

3b(uj−1)− 1
2b(uj) +

1
6b(uj+2),

a1 = 1
2b(uj−1)− 1

2b(uj)− 1
2b(uj+1) +

1
2b(uj+2),

a2 = − 1
2b(uj−1) +

3
2b(uj)− 3

2b(uj+1) +
1
2b(uj+2).

(2.12)

However, when discontinuities or large gradients occur, this reconstruction

would be oscillatory. Accordingly, following the WENO procedure [24, 20, 23, 7]

an ENO interpolant is constructed as a convex combination of polynomials that

are based on different stencils, i.e.

Rj(x) ≡
∑
i

wipi(x), wi ≥ 0,
∑
i

wi = 1, i ∈ {l, c, r}, (2.13)

where pl and pr are linear polynomials based on stencils Sl = {Ij−1, Ij , Ij+1}
and Sr = {Ij , Ij+1, Ij+2}, respectively, and pc is a quadratic function. Fol-

lowing a similar argument, these functions can be obtained. For pl(x) =

a0 + a1L1(
x−xj

∆x ), the coefficients are

a0 = b(uj−1)− b(uj), a1 = b(uj−1)− 2b(uj) + b(uj+1). (2.14)

Also, for pr(x) = a0 + a1L1(
x−xj

∆x ), the coefficients are

a0 = b(uj+1)− b(uj), a1 = b(uj)− 2b(uj+1) + b(uj+2). (2.15)

Now, the centred function, pc, should be obtained such that the convex combi-

nation (2.13) will be fourth-order accurate in smooth regions. It must, there-

fore, satisfy

popt(x) = Clpl(x) + Ccpc(x) + Crpr(x),
∑

i∈{l,c,r}

Ci = 1, (2.16)
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where Cl, Cc and Cr are constants. By a simple calculation it can be observed

that any symmetric election of constants Ci in (2.16) enables the desired accu-

racy. In particular, for the specific choice of Cl = Cr = 1
4 , Eqs. (2.14)–(2.16)

yield

pc(x) = 2popt(x)−
1

2
(pl(x) + pr(x)) =

2∑
i=0

aiLi(
x− xj

∆x
), (2.17)

with 
a0 = 5

12b(uj−1)− 3
4b(uj) +

1
4b(uj+1) +

1
12b(uj+2),

a1 = 1
2b(uj−1)− 1

2b(uj)− 1
2b(uj+1) +

1
2b(uj+2),

a2 = −b(uj−1) + 3b(uj)− 3b(uj+1) + b(uj+2).

(2.18)

Also, the reconstruction must be non-oscillatory near discontinuities. Accord-

ingly the linear weights Ci, i ∈ {l, c, r} are changed to non-linear weights wi.

Therefore, following [6],

wi =
αi∑
k αk

, αi = Ci(1 +
τ

ISi + ϵ
), i, k ∈ {l, c, r}, (2.19)

where τ is simply considered as

τ = |ISr − ISl|2.

The smoothness indicators, ISi, are responsible for discovering large gradi-

ents or discontinuities and automatically switch to the stencil that generates

the minimum oscillatory reconstruction in such cases. The definition of the

smoothness indicator of [25] is used,

ISi =
∑
k

∆x2k−1 ×
∫
Ix

j+1
2

(
dk

dxk
pi(x)

)2

dx. (2.20)

A direct computation, based on Eqs. (2.14), (2.15) and (2.17), yields in a

compact form as

ISl = a21 = b2xx∆x4 +
1

6
bxxbxxxx∆x6 +O(∆x8), (2.21)

ISc = a21 +
13

3
a22 = b2xx∆x4 + bxxbxxx∆x5 + (

55

12
b2xxx +

2

3
bxxbxxxx)∆x6 +O(∆x7),

(2.22)

ISr = a21 = b2xx∆x4 + 2bxxbxxx∆x5 + (b2xxx +
7

6
bxxbxxxx)∆x6 +O(∆x7).

(2.23)

Parameter ϵ is taken to avoid the division by zero in the denominator. fur-

thermore, this parameter has to ensure two requirements [23]:

(i) ϵ+∆x4b4xx ≫ |IS −∆x4b4xx| in smooth regions,

(ii) ϵ ≪ IS near discontinuities or large gradients.

These condition ensure the ENO properties of the interpolation in the areas

of discontinuities while preserving the optimal properties of convergence when
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the solution is smooth. This parameter is usually taken equal to 10−6, and it

is independent of the solution. Accordingly, in this paper ϵ = 10−6 is chosen.

2.3. Analysis of the accuracy of the compact WENO scheme. Eval-

uating pc(x) at x = xj+ 1
2
, the numerical flux is obtained on the stencil S =

{Ij−1, · · · , Ij+2},

pc(xj+ 1
2
) =

1

6
b(uj−1)−

3

2
b(uj) +

3

2
b(uj+1)−

1

6
b(uj+2). (2.24)

Thus, from Eq. (2.6),

pc(xj+ 1
2
) = 1

6∆x2

(∫
Ixj−1

∫
Iη

h(ξ)dξdη −
∫
Ixj+2

∫
Iη

h(ξ)dξdη
)

− 3
2∆x2

(∫
Ixj

∫
Iη

h(ξ)dξdη −
∫
Ixj+1

∫
Iη

h(ξ)dξdη
)
.

(2.25)

Now, let the function h(ξ) be smooth. Substituting the Taylor series expansion

of h(ξ) at the grid point xj into Eq. (2.25),

pc(xj+ 1
2
) =

2∑
i=1

(∆x)i

i!

dih(xj)

dxi
+

1

12

d3h(xj)

dx3
∆x3 +O(∆x5). (2.26)

From Eq. (2.9),

g(xj+ 1
2
) = h(xj+1)− h(xj)

=
∑2

i=1
(∆x)i

i!
dih(xj)

dxi + 1
6
d3h(xj)

dx3 ∆x3 +O(∆x4).

(2.27)

Comparing (2.26) and (2.27), arrives at

pc(xj+ 1
2
) = g(xj+ 1

2
)− 1

12

d3h(xj)

dx3
∆x3 +O(∆x4). (2.28)

Also, for calculating pc(xj− 1
2
), each index must be shifted by −1.

pc(xj− 1
2
) = g(xj− 1

2
)− 1

12

d3h(xj)

dx3
∆x3 +O(∆x4). (2.29)

Following a similar argument,

pl(xj± 1
2
) = pr(xj± 1

2
) = g(xj± 1

2
) +

1

12

d3h(xj)

dx3
∆x3 +O(∆x4). (2.30)

Combining (2.13) and (2.16) gives

Rj(x) = popt(x) +
∑

i∈{l,c,r}

(wi − Ci)× pi(x), ∀x ∈ Ij . (2.31)

Evaluating Eq. (2.31) at x = xj+ 1
2
, the numerical flux is calculated

f̂j+ 1
2
= popt(xj+ 1

2
) +

∑
i∈{l,c,r}(wi − Ci)× pi(xj+ 1

2
)

= (g(xj+ 1
2
)− 1

90
d5h(xj)

dx5 ∆x5 +O(∆x6)) + (
∑

i(wi − Ci)× pi(xj+ 1
2
)),

(2.32)
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where the second parenthesis must be at least O(∆x5) in smooth areas, in order

to warranty the approximation to the second order derivative to be fourth-order

accurate. Expanding the second parenthesis and substituting Eqs. (2.28) and

(2.30), give∑
i(wi − Ci)× pi(xj+ 1

2
) =

(wl − wc + wr)
1
12

d3h(xj)
dx3 ∆x3 +

∑
i(wi − Ci)∆x4, i ∈ {l, c, r},

(2.33)

because of Cl = Cr = 1
2Cc and

∑
i Ci =

∑
i wi = 1. Therefore, the necessary

and sufficient conditions are
wl − wc + wr ≤ O(∆x3),

wi − Ci ≤ O(∆x2), i ∈ {l, c, r}.
(2.34)

From Eqs. (2.21) and (2.23), it is easy to see

ISr − ISl = 2bxxbxxx∆x5 + (b2xxx + bxxbxxxx)∆x6 +O(∆x7). (2.35)

Hence,

τ = |ISr − ISl|2 =


O(∆x10), bxx|xi

̸= 0, bxxx|xi
̸= 0,

O(∆x12), o.w.

(2.36)

In smooth regions and on condition that ϵ << ISi where i ∈ {l, c, r}, it
derives

τ

ϵ+ ISi
= O(∆x6),

hence αi = Ci + O(∆x6). By definition wi in Eq. (2.19), it concludes wi =

Ci +O(∆x6) and wl − wc + wr = Cl − Cc + Cr +O(∆x6) = O(∆x6) because

of Cl = Cr = 1
2Cc. Therefore, the condition (2.34) is satisfied and the new

scheme has fourth-order accuracy for smooth solutions and is non-oscillatory

near discontinuities.

Then, the final form of the new scheme for non-linear degenerate parabolic

equations is given by

duj(t)

dt
=

f̂j+ 1
2
− f̂j− 1

2

∆x2
+ S(xj , t, uj(t)) = F (uj(t)), (2.37)

with the approximation flux

f̂j+ 1
2
=

∑
i∈{l,c,r}

wipi(xj+ 1
2
). (2.38)

Remark 1. As already noted in [25], when applying the standard WENO

idea, as is done in Liu et al. [25], in some cases the linear weights don’t exist

for

f̂j+ 1
2
=

∑
m

Cmpm(xj+ 1
2
)
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to hold, and when they do exist, at least one of them is negative. For example,

Liu et al. must have

C0 = − 2

15
, C1 =

19

15
, C2 = − 2

15

to obtain the sixth-order accuracy. Therefore, they split the linear weights into

two parts, positive and negative, by defining

γ̃+
m =

1

2
(Cm + θ|Cm|), γ̃−

m = γ̃+
m − Cm, m = 0, 1, 2,

where θ = 3. By scaling σ± =
∑2

m=0 γ̃
±
m, the linear weights of the two parts

are obtained by γ±
m =

γ̃±
m

σ± . It is easy to check that

2∑
m=0

γ±
m = 1, Cm = σ+γ+

m − σ−γ−
m.

As we can see from the above, with our strategy, one can overcome these

difficulties.

Remark 2. consider d-cube Ω = [a1, b1] × · · · × [ad, bd] domain covered by

cells [x1
j1− 1

2

, x1
j1+

1
2

] × · · · × [xd
j1− 1

2

, xd
j1+

1
2

] where ji = 0, · · · , Ni, i = 1, · · · , d,
the centres of the cells are xi = 1

2 (x
i
ji+

1
2

+xi
ji− 1

2

), and we define ∆xi = xi
ji+

1
2

−
xi
ji− 1

2

. Therefore, direct conservative approximation to the spatial derivative

for Eq. (1.1) gives

duj(t)

dt
=

d∑
i=1

f̂ i
j+ 1

2

− f̂ i
j− 1

2

(∆xi)2
+ S(xj, t, uj(t)), (2.39)

where uj(t) is the numerical approximation to the point value u(xj, t) in which

xj = (x1
j1
, · · · , xd

jd
) and j = (j1, · · · , jd). The numerical flux f̂ i

j+ 1
2

is obtained

by the one-dimensional compact WENO approximation procedure, describ-

ing in previous subsections. Also, in multidimensional problems, the non-

linear weights and the smoothness indicators are calculated by a dimension-

by-dimension fashion.

3. Computational Results

3.1. Time evolution method. There are several time evolution schemes for

the semi-discrete Eq. (2.37). The most commonly used are the strong-stability

preserving Runge-Kutta (SSPRK) schemes [32, 33], and further developed in

[14, 13]. Also, a class of total variation diminishing multi-step schemes is pro-

posed in [30], but these schemes need different and sometimes costlier treat-

ment for their negative coefficients. In this work, the numerical solution is

advanced in time by means of the linear multistep total variation bounded

(TVB0) scheme, proposed by Ruuth and Hundsdorfer in [28]. We would like

to emphasize that this scheme does not need additional treatments for neg-

ative coefficients and that it possesses relaxed monotonicity or boundedness
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properties with optimal step size conditions, that is, it improves the step size

restriction of the Courant-Friedrichs-Lewy (CFL) number. The TVB0 schemes

allow higher effective CFL numbers than SSPRK schemes. However, this is

done at the expense of a higher storage. Authors of [28] demonstrated that

their scheme avoided the undershoots generated by SSPRK or other multi-step

methods for large time steps. Also, they claimed that their new scheme is

more efficient in terms of CPU time compared to SSPRK. Our semi-discrete

finite difference mapped WENO scheme is advanced in time by means of the

fourth-order five-step high-order linear multi-step scheme, TVB0(5, 4) which is

given by

un+1
j = 3.089334754787739un

j + 1.629978886421390∆tFn
j

−3.997727108450201un−1
j − 3.839438825282836∆tFn−1

j

+2.799704082644115un−2
j + 3.698752623531085∆tFn−2

j

−1.069321620028803un−3
j − 1.688757722449064∆tFn−3

j

+0.178009891047150un−4
j + 0.305220798719644∆tFn−4

j .

(3.1)

The TVB0(5, 4) scheme gives solutions without any visible or excessive smear-

ing up to the CFL (Courant-Friedrichs-Lewy) number c = 0.450202335599730.

In the current work, we obtain the first steps of the linear multi-step scheme

using the third-order total variation diminishing (TVD) Runge-Kutta scheme

[32], which is given by

u
(1)
j = un

j +∆tF (un
j ),

u
(2)
j = 3

4u
n
j + 1

4u
(1)
j + 1

4∆tF (u
(1)
j ),

un+1
j = 1

3u
n
j + 2

3u
(2)
j + 2

3∆tF (u
(2)
j ).

(3.2)

3.2. Multidimensional problems. This section will present some numerical

tests to acknowledge the accuracy, robustness, and high-resolution features

of the new scheme. Example 1 is a 3D heat equation with a known exact

solution and is applied for studying the accuracy and order of convergence [25].

Example 2 is the 2D porous medium equation [25]. In Example 3, a non-linear

problem, suggested as test for multi-dimensional non-linear convection-diffusion

problems [21, 1] is considered. Next, in Example 4, a scalar 2D reaction-

diffusion equation [5] is solved. Finally, Example 5 taken from [22, 18], is

presented to cover the case strongly degenerate parabolic equation. The CFL

number c = 0.4 is chosen which is within the stability range of the TVB0(5, 4)

(c = 0.450202335599730) time method [28]. Then, the time step is calculated
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Table 1. Errors for Example 1 at T = 2. (A(−e) := A× 10−e)

N L∞ error L∞ order L1 error L1 order

10 0.246(-1) - 0.876(-2) -

20 0.163(-2) 3.915 0.509(-3) 4.105

40 0.875(-4) 4.219 0.300(-4) 4.085

80 0.484(-5) 4.176 0.183(-5) 4.035

160 0.280(-6) 4.111 0.114(-6) 4.004

by

max
u

|b′(u)| ∆t

(∆x)2
= 0.4.

Let u(xj , t
n) and wn

j be the exact solution and the reconstructed solution re-

spectively at (xj , t
n). Then the norms of the error are given by :

L1 − error ||u− w||1 =

N∑
j=1

|u(xj , t
n)− wn

j |∆x,

L∞ − error ||u− w||∞ = max
1⩽j⩽N

|u(xj , t
n)− wn

j |.

Remark. It should be noted that L1 norm examines the sum of errors

generated by a numerical scheme, while L∞ norm examines the numerical

method’s ability to investigate the shock or jump discontinuity in solution.

The higher order of convergence, the faster the numerical method achieves the

desired accuracy. Also,

Lp − order :=
log(Lp − error with N)− log(Lp − error with 2N)

log 2
.

In the following CWENO4 is applied to denote the new proposed method in

the current paper.

Example 1. For x = (x, y, z), bj(u) = u; j = 1, 2, 3 and S(x, t, u) ≡ 0,

consider the 3D linear initial-value problem with periodic boundary conditions

in all directions [25],{
ut = uxx + uyy + uzz, x ∈ Ω = (−π, π)3, t > 0,

u(x, y, z, 0) = sin(x) sin(y) sin(z).

The exact solution of this problem is u(x, y, z, t) = exp(−t) sin(x) sin(y) sin(z).

In Table 1, the respective errors and orders of convergence by CWENO4 are

presented. The results verify the fourth-order accuracy both in the L∞ and in

the L1 norms.

Example 2. Consider the porous medium equation (PME) as [25]

ut = ∆(um), m > 1, (3.3)

where u = u(x, t), x ∈ Ω ⊂ Rd. This equation describes various diffusion

processes, such as the flow of an isentropic gas through a porous medium where
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Table 2. Errors for Example 2 at T = 2. (A(−e) := A× 10−e)

m = 2 m = 4

N=cells L∞ error L1 error L∞ error L1 error

50 0.015(-1) 0.433(-1) 0.121(-1) 0.253

100 0.011(-1) 0.176(-1) 0.088(-1) 0.644(-1)

200 0.008(-1) 0.040(-1) 0.075(-1) 0.261(-1)

400 0.004(-1) 0.008(-1) 0.061(-1) 0.099(-1)

m = 6 m = 8

50 0.218(-1) 0.358 0.341(-1) 0.589

100 0.238(-1) 0.138 0.251(-1) 0.205

200 0.182(-1) 0.730(-1) 0.217(-1) 0.759(-1)

400 0.138(-1) 0.253(-1) 0.222(-1) 0.373(-1)

u is the density of the gas required to be non-negative and um−1 is the pressure

of the gas. The PME equation degenerates at points where u = 0, resulting in

the phenomenon of finite speed of propagation and sharp fronts. We would like

to emphasize that the classical solutions to the PME may not exist in general,

even if the initial condition is smooth. The closed analytical form which is a

weak solution for PME, is obtained by Zel’dovich and Kompaneets [36] and

Barenblatt [3] in years 1950 and 1952 respectively. The solution of [3] has the

following explicit form

u(x, t) = t−α

[(
1− k|x|2t− 2α

d

)
+

] 1
m−1

, (3.4)

where α = d
(m−1)d+2 , k = α(m−1)

2md and u+ = max(u, 0). Now, we put d =

2, therefore, Barenblatt solution has no derivative at the points of the circle

x2 + y2 =
√

4m
α(m−1) t

α where α = 1
m . CWENO4 scheme is applied to solve

the PME (3.3) for m = 2, 4, 6 and m = 8, where Ω = [−10, 10]2. The initial

condition is taken as the Barenblatt solution (3.4) at t = 1, and the boundary

condition is chosen to be u = 0 on ∂Ω for t > 1. Table 2 indicates the

magnitude of errors obtained with CWENO4 scheme for different mesh sizes.

Fig. 1 shows the results of CWENO4 scheme at the Final time T = 3, with the

computational domain Ω divided into 120 uniform cells. As can be seen, the

CWENO4 scheme prevents the appearance of spurious solutions close to the

circles. The contour plots of absolute difference between approximated solution

and Barenblatt solution withm = 2, 4 are shown in Fig. 1 top right and bottom

right, respectively. As can be seen, the CWENO4 scheme is sufficiently accurate

in the smooth regions, while on the non-smooth regions absolute difference with

analytical form solution of Barenblatt is of order 10−3 and 10−2 for m = 2 and

m = 4, respectively.
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Figure 1. Example 2 (two-dimensional porous medium equa-

tion). Top left: PME with m = 2 and N = 120, Top right: 30

contour lines of |uBarenblatt − u| with m = 2, Bottom left: PME

with m = 4 and N = 120, Bottom right: 30 contour lines of

|uBarenblatt − u| with m = 4.

Example 3. In this example, we focus on the Buckley-Leverett-type prob-

lem [21, 1]

ut + f(u)x + g(u)y = ϵ(uxx + uyy) (3.5)

with ϵ = 0.1, the flux function of the form

g(u) =
u2

u2 + (1− u)2
,

f(u) = g(u)(1− 5(1− u)2).

The initial function for this example is

u(x, y, 0) =


1, (x− 0.25)2 + (y − 0.25)2 < 5,

0, o.w.

This example includes gravitational effects in the x-direction. The numerical

results are shown at T = 0.5 and 1.0 in Fig. 2 with the computational domain

[−3, 3]2 divided into 40 × 40 uniform cells. The results compare well with

those reported in [1]. In Table 3, the respective errors and convergence rates
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Figure 2. Example 3 (two-dimensional Buckley-Leverett-type

equation). Left: numerical solution at T = 0.5 with N = 40, Right:

numerical solution at T = 1.0 with N = 40.

Table 3. Errors for Example 3 at T = 0.5. (A(−e) := A× 10−e)

N L∞ error L∞ order L1 error L1 order

40 0.998(-3) - 0.137(-2) -

80 0.728(-4) 3.777 0.973(-4) 3.816

160 0.450(-5) 3.865 0.691(-5) 3.815

320 0.355(-6) 3.813 0.470(-6) 3.880

by CWENO4 are given. The numerical solutions compared with a “reference

solution”, obtained by WENO6 [25] with N = 400.

Example 4. Now, the following initial-boundary-value problem for a scalar

reaction-diffusion equation [5] is considered,

ut = ∆b(u) + S(x, y, t, u), (3.6)

u(x, y, 0) = 0.5(1 + sin(1.1(x− cos(0.7y)))) cos(0.5(y − sin(1.3x))), (3.7)

∇b(u) · n = 0 on ∂Ω× [0, T ]. (3.8)

Usually this problem is considered as prototype degenerate reaction-diffusion

model. The zero-flux boundary condition (3.8) is considered to mention that

the reaction-diffusion domain is isolated from the external surroundings. For

S(x, y, t, u) = S(u), Eq. (3.6) appears in an ecological setting [26]. Here, u

explains the population density of a species, and S(u) is its dynamics, where

it is supposed that S(0) = 0 and S′(0) ̸= 0. For example, S(u) = u(1 − u) −
u2/(1 + u2) corresponds to the population dynamics of the spruce band-worm

[26], and models the growth of the population by a logistic expression and the

rate of mortality due to predation by other animals. Authors of [5] corrected
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this expression by a radial spatial factor, and applied

S(x, y, t, u) = 10(exp(−5r)u(1− u) + (exp(−5r)− 1)
u2

1 + u2
), (3.9)

r =
√
(x− 0.5)2 + (y − 0.5)2,

which means that the birth of individuals is concentrated near the centre

(0.5, 0.5), and mortality increases with increasing distance from the centre.

Most standard spatial models of population dynamics simply assume that

b(u) = Du, where the constant diffusion coefficient D > 0 measures the disper-

sal efficiency of the species under consideration. In this example, the strongly

degenerate diffusion coefficient is used [35, 5]

b(u) =

{
0, u ≤ 1

2 ,

u− 1
2 , o.w.

The difficulty in the well-posedness analysis of the problem (3.6) lies in the

boundary condition (3.8) when b is strongly degenerate. It is actually hard

to present a accurate formulation of the zero-flux boundary conditions. Fig.

3 demonstrates the numerical approximation with 80 × 80 uniform cells at

different time levels which the outcomes compare well with those reported in

[5].
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Figure 3. Example 4 (single-species reaction-diffusion model).

From top left to bottom right, the numerical solution at times T = 0.0, 0.5, 1.0, 3.0.
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Table 4. Errors for example 5 at T = 0.5. (A(−e) := A× 10−e)

N L∞ error L∞ order L1 error L1 order

40 0.250(-1) 2.491 0.346(-1) 2.279

80 0.400(-2) 2.643 0.500(-2) 2.790

160 0.480(-3) 3.058 0.634(-3) 2.979

320 0.567(-4) 3.082 0.794(-4) 2.997

Example 5. Finally, a strongly degenerate parabolic equation is considered

for solving. Consider the Burgers-like equation

ut + (u2)x + (u2)y = ϵ(ν(u)ux)x + ϵ(ν(u)uy)y.

We put ϵ = 0.1 and

ν(u) =


0, |u| ≤ 0.25,

1, |u| > 0.25.

zero boundary conditions are assumed in all directions. The initial function is

equal to −1 and 1 inside two circles of radius 0.4 centred at (0.5, 0.5) and

(−0.5,−0.5) respectively, and zero elsewhere inside the square [−1.5, 1.5]2.

With different mesh sizes, the L∞ and L1 errors of CWENO4 scheme are pre-

sented in Table 4. The numerical results obtained by CWENO4 scheme with

80 × 80 uniform cells are presented in Fig. 4. The results compare well with

those reported in [22, 25]. The “reference solution” was generated by WENO6

[25] scheme with N = 400.

4. Conclusion

When using the original WENO idea, as Liu et al. did in [25], in some cases

the ideal weights don’t exist, and when they do exist, at least one of them

is negative. In this research, a new compact finite difference WENO scheme

was proposed to solve these problems. Our strategy consists in applying the

Central WENO procedure of Levy et al. [23], then the new technique results

from a convex combination of three functions. Combined with a linear multi-

step total variation bounded method for the time-integration, it observed that

this algorithm created a fourth-order method in smooth regions and remains

essentially non-oscillatory near discontinuities. Computational results showed

that the new scheme can generate fourth-order accuracy in smooth regions and

prevents the appearance of spurious solutions close to discontinuities.
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Figure 4. Example 5 (two-dimensional strongly degenerate par-

abolic problem). Top: numerical solution at T = 0.5 with N =

80, Bottom: one-dimensional cut along the y axis with different

mesh sizes.
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