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Asstract. Let A and B be two factor von Neumann algebras.
In this paper, we proved that a bijective mapping ® : A — B
satisfies ®(ab+boa*) = (a)P(b)+P(b)oP(a)* (where o is the
special Jordan product on A and B), for all elements a,b € A,
if and only if ® is a *-ring isomorphism. In particular, if the
von Neumann algebras A and B are type I factors, then ® is
a unitary isomorphism or a conjugate unitary isomorphism.
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1. INTRODUCTION

Let R and S be rings. We say that a mapping ® : R — S preserves product
if ®(ab) = ®(a)®(b), for all elements a,b € R, and that preserves Jordan
product if ®(ab + ba) = ®(a)@(b) + ®(b)®(a), for all elements a,b € R. We
say that a mapping ® : R — S is additive if ®(a + b) = ®(a) + ®(b), for all
elements a,b € R and that is a ring isomorphism if ® is an additive bijection
that preserves products. The question of when a mapping preserving product or
Jordan product is additive has received a fair amount of attentions. The results
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have shown that the structures of these products are enough to determine the
ring or algebraic structure (for example, see [1], [4], [5] and [6]).

Let R and S be xrings. We say that a mapping ® : R — S preserves
involution if ®(a*) = ®(a)*, for all elements a € R, and that ® is a x-ring
isomorphism if ® is a ring isomorphism that preserves involution. As in the
case of rings, a natural problem on *-rings is to know when mappings defined on
them preserving some new type of product are x-ring isomorphisms. Recently,
many mathematicians devoted themselves to study mappings preserving new
products on rings with involution (for example, see [2] and [3]). In particular,
Li et al. [2] studied the bijective mappings preserving the new product ab+ba*,
where a,b are elements of R. They showed that such mappings on factor von
Neumann algebras are *-ring isomorphisms.

Let R and C be the real and complex number fields, respectively, and A
and B be two algebras over C. If a,b € A, let aob = %(ab + ba). We call o
the special Jordan product on A. We say that a mapping ® : A — B preserves
special Jordan product if ®(a ob) = ®(a) o ®(b), for all elements a,b € A.

A wvon Neumann algebra A is a weakly closed, self-adjoint algebra of
operators on a Hilbert space H, which are denote in this paper by lowercase
Latin letters, containing the identity operator 1 4, called elements of A. A von
Neumann algebra A is called factor if its center contains multiples of the iden-
tity operator only. It is well known that the factor von Neumann algebra A
is prime, that is, if @ and b are elements of A such that a.Ab = 0, then either
a=0o0rb=0.

Let A and B be two *-algebras. We say that a mapping ® : A — B preserves
sum of products ab+ bo a* if

B(ab+boa*) = B(a)®(b) + B(b) o B(a)", (1.1)

for all elements a,b € A.

Similarly to the research performed in [2], the aim of the present paper is to

investigate when a bijective mapping preserving sum of products ab+boa* on
factor von Neumann algebras is a *-ring isomorphism. Our main result reads
as follows.
Main Theorem. Let A and B be two factor von Neumann algebras with
14 and 1p the identities of them, respectively. Then every bijective mapping
& : A — B satisfies (ab+boa*) = ®(a)®(b) + ®(b) o B(a)*, for all elements
a,b e A, if and only if ® is a *-ring isomorphism.

2. THE PROOF OF MAIN THEOREM

The proof of the Main Theorem is made by proving several lemmas. We
begin with the following lemma.

Lemma 2.1. Let A and B be two von Neumann algebras and ® : A — B a
mapping that preserves sum of products ab + b o a*. If ®(c) = ®(a) + P(b),
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for elements a,b, c of A, then hold the following identities: (i) ®(tc+ cot*) =
O(ta+aot*)+@(tb+bot*) and (ii) ®(ct+toc*) = ®(at+toa*)+D(bt+tob*),
for all elements t € A.

Proof. For any element ¢ € A we have
O(tc+cot™) = D(t)P(c) + P(c) o (1)*
O(t)(®(a) + (b)) + (2(a) + (b)) 0 D(t)*
O(t)P(a) + P(a) o O(t)" + P(t)2(b) + $(b) o B(2)*
= P(tataot’)+P(tb+bot").
Similarly, we prove (ii). a
Lemma 2.2. Let A and B be two factor von Neumann algebras with 14 the

identity of A. Then every bijective mapping ® : A — B that preserves sum of
products ab+ b o a* is additive.

We shall organize the proof of Lemma 2.2 in a series of properties, based on
the techniques used by Li et al. [2]. We begin with the following property.

Property 2.3. ¢(0) = 0.
Proof. From the surjectivity of ® there exists an element a € A such that
®(a) = 0. Thus,
®(0) =P(0a+ao00*) = 2(0)P(a)+ P(a) o ®(0)* = ®(0)0+00P(0)* =0.
|

Let p; be a non-trivial projection of A and write po = 14 — p1. Then A
has a Peirce decomposition A = A;; ® A2 ® A1 ® Azz, where A;; = p; Ap;
(i,j = 1,2), satisfying the following multiplicative relations: A;;Aw C 9;5Ai,
where §,;;, is the Kronecker delta function.

Property 2.4. For any elements a1 € Aq1, ass € Aga, bis € A1 and by €
Agi hold: (i) ®(a11+b12) = ®(a11)+P(b12), (%) P(a11+b21) = P(ar1)+P(ba1),
(#i7) ®(ass + b12) = ®(az2) + P(b12) and (iv) ®(aze + bo1) = ®(age) + D(ba1).

Proof. According to the hypothesis on ® choose ¢ = ¢11 + ¢12 + ¢c21 + 20 € A
such that ®(c) = ®(a11) + ®(b12). Hence, by Lemma 2.1(i) we have

1
<I>(pgc +co p;) = @(anll + ail © p;) —+ q)(pzblg —|— b12 o p;) = ¢(§b12)

This shows that pec + cop5 = %blg which implies that c1o = b2 and ¢y =
coo = 0. Therefore, ®(c11 + b12) = ®(a11) + P(b12). It follows that, for any
element dio € Ajo we have

O (di2(c11 + bi2) + (c11 + bi2) o diy) = ®(dr12a11 + a11 0 diy)
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+ ‘I)(dlgblz + b12 O d>'1(2)
which leads to
1 * * 1 * *
¢(§d12011 +bizodiy) = ‘I’(§ 12a11) + @(b12 0 diy).
This implies that

1 1
‘I’(pl(§d1‘2011 + b1z 0 diy) + (§dT2011 + b1z 0 dj,) 0 py)

1 * 1 * * * * *
= ‘13(191(5(112@11) + (§d12a11) opi) + @(p1(biz 0 diy) + (b12 0 diy) 0 p7)

which yields that ®(b1adfy + Q%d’{ch) = @(%d’{zau) + ®(b12d75). As conse-
quence, we obtain

1 * * 1 * *
®(p2(biadis + ?ducll) + (b12dis + 2*2d12011) o p3)

1 1
= ®(pa 52 diai1) + (2—2df2a11) o p3) + ®(p2(b12dis) + (b12dis) o p3).
This leads to ®(5diyc11) = ®(5dipa11) which results that c11 = ai;.
Similarly, we prove (ii), (iii) and (iv). |

Property 2.5. For any elements a12 € Ay2 and byy € Agq holds P(aja+ba) =
@(alg) + (p(bgl)

Proof. According to the hypothesis on ® choose ¢ = ¢11 + ¢12 + 21 + 20 € A
such that ®(c) = ®(a12) + ®(ba1). Hence, for any element dis € A5 we have
(I)(dlgc +co dTQ) = @(d12a12 + ajg 0 dTQ) + (I)(d12b21 + bgl (e} dTQ)
= ®(a12 0djy) + ®(d12b21)
which yields that

D(p2(dizc + codyy) + (dizc + codyy) o p3)
= ®(pa(a12 o dis) + (a12 0 diy) o p3) + (p2(dizbar) + (di2b21) o p3)
= ®(dj5a12).
It follows that pa(dizc+ codiy) + (di2c+ codiy) o p5 = dfsa12 which implies
that ¢11 = 0, c12 = a12 and caa = 0. Thus ®(aj2 + c21) = P(az) + P(ba1). As
result, we obtain
®(da1(a12 + c21) + (a12 + c21) o d3y)
= ®(da1a12 + a1z 0 dy) + ®(da1ba1 + b2y 0 d3y)
= ®(dy1a12) + P(ba1 0 dby)
which leads to

O (p1(dararz + co1 0 d5p) + (daraiz + ca1 0 dsq) o p7)
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= @(p1(dar1a12) + (d21a12) 0 p7) + @(p1(b21 0 d3y) + (ba1 0 d3y) 0 p7)
= ®(d31b21).
Therefore, ®(d5;ca1) = ®(d5ba1) which results that co; = bag. O

Property 2.6. For any elements ay; € Az, bio € Aia, co1 € A2 and dog €
A22 hold: (’L) <I>(a11 + b12 + 621) = (I>(a11) + (I)(blg) + (I)(Cgl) and (Z’L) (P(blg +
21 + daz) = ®(b12) + P(c21) + P(da2).

Proof. Choose f = fi1+ fi2+ fo1 + f22 € A such that ®(f) = ®(a11)+P(b12) +
®(co1). Hence, by Property 2.5 we have

Q(pof+ fops) = ®(p2ar1 +ai10ps) + P(p2biz + b1z 0ps) + P(pacar +co10p3)
1 3 1 3
= ‘P(§b12) + @(5021) = ‘1)(5512 + 5021)

which implies that paf + f o pj = 1b1o + 3co1. This shows that fi2 = byo,
fo1 = co1 and foo = 0. Therefore

O(f11 4 b2 + c21) = ®(a11) + P(bi2) + P(c21).

It follows that, for any element di5 € A1 we have

O (di2(f11 + b1z + co1) + (fi1 + b1z +c21) o diy)
= O(di2a11 + a11 0 dyy) + ®(di2bi2 + b2 0 diy) + P(di2ca1 + c21 0 d7)
which results that

1 * 1 * *
(D(dlgcgl + idTQfll + b12 o} d12) = <I>(§d12a11) + (I)(blg e} d12) + (I)(dlgcgl).
Asa consequence, we have

1 * 1 * * *
®(pa(dizcor + idyls2f11 + b1z odiy) + (d12cor + §d12f11 + bia 0 diy) 0 p3)

1 1 * * *
= ‘b(pz(idﬁau) + (§dfza11) ops) + ®(p2(brz 0 dis) + (b12 0 diy) 0 p3)
+ @ (pa2(dizcar) + (di2car) o p3)
which yields that

1 * 1 * * *
Q(pa(dizcor + idfgfu + bz odiy) + (di2car + §d12f11 + bi2 0 diy) o p3)

3 * * 3 * *
= (D(?dlzall) + ®(djyb12) = @(2—2d12a11 + digb12).
Thus

1 * 1 * * >k
p2(dizcor + §d12f11 + b2 odiy) + (diacor + §d12f11 + b1z 0 d,) o p3

3 . .
= ?duall + d12b12

which leads to fi1 = a11.



48 J. C. M. Ferreira, M. G. B. Marietto

Similarly, we prove (ii). O

Property 2.7. For any elements ay; € A1, bio € Aja, co1 € A2 and dos €
AQQ holds <I>(a11 + b12 + c21 + d22) = CD(all) + (I)(blg) + @(621) + (I)(dgg)

Proof. Choose f = fi1+ fi2+ fa1 + f22 € A such that ®(f) = ®(a11)+P(b12) +
®(ca1) + P(da2). By Property 2.6(i), we have

Q(prf+ fopy) = ®(prair+an Opf) +‘I’(p1bl2 +b120p]) +P(picar +c210p7)

" 3 1
+®(p1daz +daopy) = ©(2a11)+ (5 b12)+‘1>( C21) = ¢(2a11+§b12+5021)

which implies that p; f+ fop] = 2a11+ §b12 + 5021. This shows that fi11 = a11,
flg = b12 and f21 = C21. Hence

Q(paf+ fops) = ®(p2a11 +ai10ps) + P(pabia + b1z 0ps) + P(pacar +co10p3)

1 3 1 3
+®(padas +dazops) = ‘1’(5512)4-‘1)(5021)4-@(2(122) = @(55124-5621 +2d22)

which yields that pao f+ fp5 = %blg + %021 +2dso. As consequence, we obtain
Jaz = daa. U

Property 2.8. For any elements a12,b12 € A2 and as1,ba1 € A21 hold: (i)
(P((MQ + b12) = <I>(a12) + q’(bm) and (Z’L) <I>(a21 + b21) = <I>(a21) + @(bgl)

Proof. First, we note that the following holds

(p1 4+ a12)(p2 + bi2) + (p2 + bi2) o (p1 + a12)"

3 1, 1., 1
= a2 + 5512 + sajp+ §bl2a12 +5

B 2@15[)12.

Hence, by Property 2.7 we have

3 .
(a1 + b12)+q>(2a12)+q>( b12a12)+@( a12b12)

3 1 1 1
= ®(a2+ b12+ Saj, + b12a12+ 2‘1121)12)

( 2
= O((p +a12)(p2+b12) (p2+512) (p1 +a12)")
(

= ®(p1 + a12)®(p2 + b12) + P(p2 + bi2) 0 ®(p1 + ar2)”
= (®(p1) + ®(a12)) (B(p2) + B(b12))
+(2(p2) + @(b12)) o (B(p1)" + P(ar2)")
= ®(p1)2(p2) + (p2) 0 P(p1)* + P(p1)®(b12) + (b12) 0 P(p1)”
+@(a12)®(p2) + ®(p2) 0 ®(a12)” + ®(a12)P(b12) + P(b12) 0 P(a12)"
= ®(p1p2 +p2opi) + P(p1bi2 + biz o py) + P(a12p2 + p2 0 ajy)

+®(a12b12 + b12 0 aly)

3 1 1
= @(5 512) + ®(a12 + 2012) + ‘I’( bizajs + 2‘1121’12)
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3 1, 1, 1,
= ®(arz) + ‘1)(51912) + ‘1)(5%2) + <I>(§b12a12) + ¢(§a12b12)

which leads to ®(aj2 + %blg) = ®(a12) + ‘I)(%blz). This allows us to conclude
that @(am + 1)12) = <I>(a12) + (D(blg).
Similarly, we prove (ii) using the following identity

(p2 + a21)(p1 + b21) + (p1 + b21) © (p2 + a21)"

3 1 1 1
= a2 + §b21 + 5(1;1 + 562111;1 + 5&;11)21.
O

Property 2.9. For any elements a11,b11 € A1 and asz,bas € Azg hold: (i)
‘I)(U,ll + bll) = <I>(a11) + @(bn) and (ZZ) <I>(a22 + bgz) = ‘I’(CLQQ) + @(bgg).

Proof. According to the hypothesis on ® choose ¢ = ¢11 + ¢12 + ¢c21 + 20 € A
such that ®(c) = ®(a11) + ®(b11). Hence, for any element d;» € A we have

O (dioc+ codiy) = D(di2arr + a11 0 diy) + B(d12b11 + b11 0 diy)

1, 1, 1

= q’(g 12a11) + (I)(i 12b11) = ‘I’(§

by Property 2.8(i). As consequence, we obtain dizc+codjy = 1diy(a11 +b11)
which implies c11 =aq + b11 and C12 = C21 = Co2 = 0.

Similarly, we prove (ii). O

* 1 *
12011 + §d12b11),

Property 2.10. ¢ is an additive mapping.

Proof. The result is an immediate consequence of Properties 2.7, 2.8 and 2.9.
O

Lemma 2.11. Let A be an arbitrary factor von Neumann algebra with the
identity operator 14 and an element a € A. If A satisfies the condition ab +
boa* =0, for all elements b € A, then a € iR14 (i is the imaginary number
unit).

Proof. Replacing b with 14 in the equation above we get a* = —a. It follows
that ab — ba = 0, for all elements b € A, which results that a belongs to the
center of A. As A is a factor, then we conclude that a € iR1 4. O

In the remainder of this paper, all lemmas satisfy the conditions of the Main
Theorem.

Lemma 2.12. ®(iR14) =iR1lp and &(Cl,4) = Clp.

Proof. For any elements A € R and a € A we have 0 = ®((iAl4)a+(iAl4)*a) =
D((iNla)a+ao (iAl4)*) = P>iA14)P(a) + P(a) o P(¢A1.4)* which implies that
®(1Al4) € iR1p, by Lemma 2.11. Since A is an arbitrary element, it follows
easily that ®(iR14) C iR1p. Note that iR1z C ®(iR14), since ®~! has the
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same properties as ®. Thus ®(iR14) = iR1p. Next, for any element a € A such
that a* = —a, we have 0 = ®((ila)a + (ila)a*) = ®(a(ila) + (ila) 0 a*) =
®(a)®(ily) + ®(il4) o ®(a)* which implies that ®(a) = —®(a)*. Since &1
has the same properties as ®, then we can conclude that a = —a* if and only if
®(a) = —P(a)*. Hence, for any elements A € C and a € A such that a* = —a,
we have 0 = ®((A14)a+ (A1 4)a*) = D(a(Aly) + (Alg) 0o a*) = P(a)P (A1) +
D(Al4) o ®(a)* which shows that ®(a)P(Al4) = P(A14)P(a). It follows that
bP(Al4) = ®(A14)b, for an arbitrary element b € B such that b* = —b. As a
consequence of this we have b®(A14) = (A1 4)b, for any elements A € C and

b € B, since all element b € B can be write as b = by + iby, where by = bab*
and by = %. This shows that ®(C14) C Clg. By a similar argument we also
get Clp C ®(C1ly). Consequently, ®(Cl4) = Clp. O

Lemma 2.13. ®(14) = 1g and there is a non-zero real number p satisfying
u? =1 such that ®(ia) = iu®(a), for all elements a € A.

Proof. First of all, fix a non-trivial projection p. By Lemma 2.12, there is a
non-zero element A\ of € such that ®(14) = Alp which implies that 2®(p) =
®(2p) = ©(pla +Laop*) = 2(p)2(1a) + 2(1a) 0 (p)* = A(2(p) + 2(p)").
This allows us to write ®(p) = Ag, where ¢ = (®(p) + ®(p)*). Now, 2®(p) =
D(2p) = B(Lap +po1%) = B(LA)D(p) + B(p) 0 B(14)* = (A -+ N)(p) which
results that A + A = 2. Also, 2®(p) = ®(2p) = ®(pp + po p*) = ®(p)®(p) +
O (p) o ®(p)* = ®(p)@(p) + (p)P(p)* = (A% + A\)¢? = 2\¢>?. This show that
q is a projection. Let a be an element of A such that s = pap" is a non-zero
element. Then 3®(s) = ®(3s) = ®(ps + s o p*) = ®(p)P(s) + (s) o B(p)* =
Ag®(s)+A®(s)oq which implies ¢®(s)g = 0, ¢=®(s)g- = 0, (1—\)g®(s)gt =0
and (3 — X)gt®(s)g = 0. If A # 1 and 3, then ¢®(s)g- = 0 and ¢+ ®(s)g = 0
which results that ®(s) = 0 yielding in s = 0 which is a contradiction. Thus
A =1 and ¢t ®(s)qg = 0 which implies that ®(14) = 15 and ®(s) = ¢®(s)q".

Let p be a non-zero real number such that ®(il4) = iuls. Then 2®(ip) =
D(p(ila) + (ila) o p*) = ®(p)P(ila) + P(ila) o P(p)* = 2iug which implies
that ®(ip) = ipg. This results that 2®(is) = ®(3is) = ®((ip)s + s o (ip)*) =
D(ip)®(s) + (s) o B(ip)* = (ipq)®(s) + B(s) o (ipg)* = 3ip®(s). Thus,
®(is) = iud(s). It follows that —£®(s) = ®(—4s) = ®((ip)(is) + (is) o (ip)*) =
B(ip)D(is) + D(is) o B(ip)* = (ing)(in®(s)) + (ip®(s)) o (ipq)* = —54>®(s)
which yields u? = 1.

Let ¢ be an element of A satistying ¢ = ¢*. Then 2®(t) = &(2t) = ®(t14+140
t*) = ®(t)P(14)+P(14)0®@(t)* = P(t)+P(t)* which implies that ®(t) = ®(¢)*.
This results that 20(it) = ®(2it) = P(t(ila) + (ila) o t*) = P()P(il4) +
D(ily) o ®(t)* = P(¢t)(iulp) + (iulg) o ®(t)* which yields ®(it) = iud(t). It
follows that, for any element a € A, write a = a1 + iaq, where a1 = ﬂz‘l* and
ag = % Then ®(ia) = ®(ia; —ag) = P(iar) — P(az) = iu®(ar)+ipd(iaz) =
iu(®(ar) + ®(iag)) = ip®(ar +iag) = iud(a). O
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Lemma 2.14. ®: A — B is a *-ring isomorphism.

Proof. For any elements a,b € A, we have

O(ab —boa*) = ®((ia)(—ib) + (—ib) o (ia)*)
= ®(ia)P(—ib) + ®(—ib) o ®(ia)* = (iu®(a))(—iud(b))
+ (—ip®@(b)) o (iu®(a))* = ®(a)®(b) — ®(b) o D(a)*. (2.1)

From (1.1) and (2.1), we obtain ®(ab) = ®(a)®(b), for all elements a,b € A.
This shows that ® is a ring isomorphism. Moreover, ®(a)+®(a*) = ®(a+a*) =
Plaly +140a*) = ®(a)P(14) + P(14) 0 D(a)* = P(a)lg + 1 o (a)* =
®(a) + ®(a)*, for all elements a € A. This allows us to conclude that ® is a
*-ring isomorphism.

The Theorem is proved. O

Corollary 2.15. Let A and B be two type I factor von Neumann algebras
acting on complex Hilbert spaces H and K, respectively. Then every bijective
mapping ® : A — B satisfies ®(ab + bo a*) = ®(a)P(b) + (b) o ®(a)*, for
all elements a,b € A, if and only if there exists a unitary or conjugate unitary
operator U : H — K such that ®(a) = UaU*, for all elements a € A.

Proof. The result is a direct consequence of the Main Theorem and the fact
that every ring isomorphism between type I factor von Neumann algebras is
spatial. 0
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