Iranian Journal of Mathematical Sciences and Informatics
Vol. 20, No. 1 (2025), pp 131-149
DOL: 10.61186/ijmsi.20.1.131

Existence Problem for Impulsive Nonlinear Sturm-Liouville
Problems on the Whole Line

Bilender P. Allahverdiev®?, Hiiseyin Tuna?¢*

%Department of Mathematics, Khazar University, AZ1096 Baku, Azerbaijan
PUNCE-Azerbaijan State University of Economics, Baku, Azerbaijan
“Department of Mathematics, Burdur Mehmet Akif Ersoy University, 15030
Burdur, Turkey

E-mail: bilenderpasaoglu@gmail.com
E-mail: hustuna@gmail.com

ABSTRACT. The existence problem is studied for the impulsive nonlinear
Sturm-Liouville equation on the whole line. Existence and uniqueness

results are obtained.

Keywords: Impulsive Sturm-Liouville problem, Singular point, Weyl limit-
circle case, Completely continuous operator, Fixed point theorems.

2000 Mathematics subject classification: 34B15, 34B16, 34B37, 34B24,
34B40.

1. INTRODUCTION

Nowadays, the study of impulsive differential equations continues to be a
very active field of research because they describes processes that are subjected
to abrupt changes in their states at certain moments. This processes play
an important role in several areas such as chemical technology, biotechnology,
theoretical physics and industrial robotics. There is an extensive literature on
the impulsive differential equations (see monographs [6, 7, 8, 9, 34, 21], and
references therein).
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On the other hand, we can see that most papers studied the existence of
solutions of the impulsive nonlinear differential equations in regular case (see
[16, 17, 18, 28, 2, 29, 33, 36, 15, 31, 10, 12]), but there are few papers which
are concerned with singular case ([22, 21, 26, 27, 30, 24, 13, 25, 32, 1]). Then
come to the question “How can we obtain the existence of solutions for singular
impulsive nonlinear Sturm-Liouville problems when the Weyl’s limit-circle case
holds at infinity?”. Motivated by this question, we establish the criteria for the
existence of solutions of the impulsive nonlinear Sturm—Liouville problems on
the whole axis (—00, 00). In the analysis that follows, we will largely follow the
development of the theory in [14, 3, 4, 5].

2. THE FUNDAMENTAL PROBLEM

Let us consider the following nonlinear Sturm—Liouville equation

T(y) = —(p@)y) +al@)y = f(z,y), z € J, (2.1)
where J := J; U Ja, J1 = (—00,¢), J2 := (¢,00), ¢ > 0 and y = y(z) is a
desired solution.
Let L?(J) be a Hilbert space which composes of all real-valued functions y
satisfying

| werar<s

— 00

in relation to the inner product

(y,2) == /°° y(z) z(x) dx.

Denote by D the linear set of all functions y € L?(J) such that y, py’ are
locally absolutely continuous functions on J, one-sided limits y(ct), (py’)(ct)
exist and are finite and 7(y) € L?(J). The operator L defined by Ly = 7(y) is
called the mazimal operator on L?(.J).

For two arbitrary functions y, z € D, we have Green’s formula

[ rzde— [ @ e =l s+ e~ 2l 22)

where [y, 2], = Wy (y,2) = y(z)(pz’)(x) — (py')(x)2z(x) (x € J) and the limits
[Y, 2] £00 = limy—, £ ooy, 2], exist and are finite.

We assume that the following conditions are satisfied.

(A1) The point ¢ is regular (The point ¢ is regular for the differential expres-
sion 7 if %, q € L'[c—e¢,c+¢] for some € > 0), p and ¢ are real-valued, Lebesgue
measurable functions on J and %,q € L},.(Jx), k = 1,2. Furthermore, Weyl

limit-circle case holds for the differential expression 7, i.e., the functions p and
q are such that all solutions of the the equation

T(y)=0 (2.3)
belong to L? (J) (see [35, 11, 23]).
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(A2) The function f (z,y) is real-valued and continuous in (z,¢) € J x R,
and

[f (,y)| < g(x) + k(] (2.4)

for all (x,¢) in J x R, where g (z) > 0, g € L?(J), and & is a positive constant.
Denote by

u-u(m)_{u(l)(x)’ z € Jy v_v(z)_{v(l)(aj)’ ze gy

u® (2), €y, v? (z), xz€Jy
the solutions of the equation (2.3) satisfying the initial conditions

u(0) =0, (pu) (0) =1, v(0) = =1, (pv') (0) =0, (2.5)

and impulsive conditions
u(x)
U(ct)=DBU (¢c—), U(zx) := ,

V(e+) = BV (=), V(z) = < (pz,)”()x) )

Be M;(R), det B=oc >0,

where My (R) denotes the the 2 X 2 matrices with entries from R := (—o0, 00).

Now, we introduce the Hilbert space H = L? (.J;) + 12 (J2) with the inner
product

{f,9)u ::/ f(”g“)dxw/ F@g@dz 6= L,
- c o

where

_ [ D), zed f ¢W(x), zedn
f(x) - { f(2)($), z € Jo, g(x = { g(2)(x)’ ze .

We set
W i= Wy (0, 00) = u () (po @) (2)
— (pu) (@)D () (z e Jiy, i=1,2).

Then the equality ngl) = HWJEQ) holds. For convenience, we denote W, :=
W;l) = HWQE-Q). Since the Wronskian of any two solutions of equation (2.3) are
constant, we have W, (u,v) = 1. Then, u and v are linearly independent and
they form a fundamental system of solutions of equation (2.3). By the condition
(A1), we get u, v € H and moreover, u, v € D. So, the values [y, u]+~ and
[y, v]+oo exist and are finite for every y € D.
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From the conditions (2.5)-(2.6) and Green’s formula (2.2), we obtain
0

e = 4 (0) / u (@) 7y (2))d,

— 00

0

[, 0] o0 = (py') (0) — / v () (y (2))d,

— 00

(2.7)

ol = 9 (0) + / (@) 7y (@) de,

ol = ) O+ [ 0 (@) 7ly )
Now, we will adjoint to problem (2.1) the following boundary conditions

[y, U] —oo COS @ + [, V] o Sinx = dy, @ € R,

(2.8)
[y, uloc oS B+ [y, V]oc sin f = d2, B ER,
and impulsive conditions
Y (e+) = BY (¢—), Y:(pi,), det B=0 >0, (2.9)

where dy, ds are arbitrary given real numbers and

(A3) W :=cosasinf§ —cos fsina # 0.

3. CONSTRUCTION OF AN APPROPRIATE GREEN’S FUNCTION

In this section, we will construct an appropriate Green’s function. Hence,
we will reduce the boundary-value problem (2.1), (2.8), (2.9) to a fixed point
problem.

Let us consider the linear boundary value problem

—(p(z)y") +q(x)y=h(z), x€J, h € H, (3.1)

[y, u] —oo COS + [y, V] oo sinax = 0, @ € R,

[y, u]oo cO8 B+ [y, V]osin B =0, B € R,

Y (c+)=BY (c—), Y(z) := ( (pZ'(f()x) ) ,det B=o0 >0,

where y is a desired solution, w and v are solutions of equation (2.3) under the
conditions (2.5)-(2.6).
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Define
v (x) = cosau () +sinaw (x), ¥ (z) = cos fu (z) + sin fv (x), (3.3)

where W,, (p,¢) = W. It is clear that these functions are solutions of equation
(2.3) and are in H. Besides, we have

[, u]l, = (0) = —sina, [p,v], = (pp) (0) =cosa, z € Ji, (3.4)

[wvu}’r = 1/} (0) = 7Sin65 [d)ﬂ}]fﬂ = (pl//)/ (O) = COSﬂ, LS le (35)
[, U] oo = —sina, [p,v]_0o = cosa,

[, U] = —osin B, [1h,v]e = o cos 3, (3.6)

O (c+) = B® (c—), ®(x) := ( (pi,()x(x) ) (3.7)

U (c4) = BU (=), U(z) = ( (pzi,()“”()x) ) (3.8)

Now,we will define the Green’s function of the boundary-value problem (3.1)-
(3.2) by

p(x)Y(t) f_ < <t <
G(m,t):{ T if —co<z<t<oo, x#c¢ t#ec, (3.9)

%, if —co<t<z<oo, xz#c t#£c

Since ¢, ¥ € H, we have

/ / |G (2, 1)|? dadt < oo, (3.10)
that is, G (z,t) is a Hilbert-Schmidt kernel.
Theorem 3.1. The function

y(x) = (G (z,t),h(t)), z€J, (3.11)

is the unique solution of the nonhomogeneous boundary-value problem (3.1)-

Proof. By a variation of constants formula, the general solution of equation
(3.1) has the form

(
ke (@) + kot ® () + L& 17 o) (8) b (1) dt
+<P(1)(93) fc (1) h d
W T '(/} (t) (t) tv VS Jla

y () = (3.12)
ksp® () + katp® (2) + @ (2) [ @ (1) h () dt

e ® (2) [0 () h (1) dr, @ € o,

where ki1, ko, k3 and k4 are arbitrary constants.
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By (3.12), we get

(py)' (z) =

Further, we have

[y, uls

and

B (0o M) (@) + ks (M) (@) + EE@ 2o 4y ()

DY (2) e
4 @)@ pe ) (4 n (k) dt, @ € Iy,

ks (pp®) (@) + ka (pp @) (2) + & (0@ (@) [T (¢) h (1) dt

(90(2) ) [ @ (t)dt, = € J.

=y(2)(pv')(z) — (py') (x)u(x)

+o [0 (@) u], LoD () h (1) dt, @ € Ty,
ks[p® ], + ka0 @), ul,

+Z [P ul, [T @ () h(t)dt

+2 0@ uly [Z9@ () h(t)dt, x € J,

y(2)(pv')(x) — (py) (x)v(x)

FaloD, ol + ks [0 (2) 0],
[0 (@), 0], J7 o™ () h(t) dt
+y [ (@), 0], LW () k() dt, @ € Iy,
k3[p@, 0], + ka[p®) 0],

+ @ 0l [T (1) b (1) dt

+Z @, 0], [P () h(t)dt, x € Js.
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Hence, we have

ol = ko) + R [0 (1),

C

oW (t) b (t) dt (3.13)

1
= —kysina — kgsin 8 — Wsina/

and

9000 = ke, 0] + k2 [0 (2) 0]

— 00

- % [@m (x) ,v} . /_; oW () b (t) dt

1 c
= kycosa+ ko cos 3+ W cosa/ YO () b (t) dt. (3.14)
Substituting (3.13)and (3.14) into (3.2), we get

ko (cosasin B — sinacos 8) = 0, koW =0,

i.e., kz =0.
Similarly, we get

9 o0
ko = Rl o+ R0 o+ G0 e [ O R (0

9 c
= —ksosina — kyosin 5 + T Sinﬁ/ YO (t) h(t) dt (3.15)
and

[, V]o = kS[‘P(z)vU}oo + k4[¢(2)a Voo

sl [T noa
0 RAE
= k3o cosa + kqo cos 5 + i cos Y& (€) h(t) dt. (3.16)
From the conditions (3.2), we obtain

k3 (sinacos B — cosasin 5) = 0.
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nce, k3 = 0.
Furthermore, we have

Y (c+)
:( y(ch) >: Rt (1)
(py') (c+) ks (@) (c+)

WP en) [T e @y h @ dr
L (pe™®) (c4) [Z9® () b (L) dt

N A (

L (ev®) ()

L e ¢ (/CJF)
+ W/c Y (t)h(t)dt< (p(p(Q)) (c+)

= ks (c+) + {va /:o 3 (t) h (t) dt} O (c+)

and

Y (c—)
_ < y(c-) ) _( ke (e)
(py') (c—) kv (pe™) (e—)

+( (“’“LV(”ICOOW (t) h (1) dt )

WY (=) o
%I—o@ oM (¢) h(t) dt
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By the conditions (3.2), we obtain

+ {;/ /:o V@ () h (1) dt} D (ct)
=B {k:1<1> (=) + {VlV /_; oW () (t) dt} v (c—)} .

Using the conditions (3.6) and (3.8), we get

) {VGV/COOW) (t)h(t)dt—kl}

(pamyicny W oo oo}

= (i) M [ 0rwa i}

So, we have the following linear equation system

kap™ (=) = kg™ ()
~{i [ o et e

{ / B (1) }@‘1(—),

k) o) ~ b ™) ()
{5 [ @nwa} oo )

_ {VQV /Coo @ () h (1) dt} (™) (c—),
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< (pifb((ll))’()c(c)—) (pi((ll))’()c(c)—) ) ( —k;; )

:( P () o () ) b [ e (B h(t)de
P ) () e () )\~ [Fu@ har )

Hence, we have the following determinant of this linear equation system

P (c-) M (=) | _
‘ (™) (e=) (™) (e-) ‘_ "

Since this determinant is different from zero, the solution of this system is
unique. If we solve this system, we have the following equalities

kpﬁ%/mw”whwm,

ie.,

1 C
From what has already, we have

oW (2) & [ 9@ () h(t)dt
+% JE oW @) h(t)dt

+20@ ) (1) b (L) dt, @ € )y,

y(z) =
@ () 3 [0 oM (8) h(t) dt
P (2) [ 6 (1) (1)
+20@ (z) [P (t)h(t)dt, € Ja,
i.e., (3.9) and (3.11) hold. O

Thus we have a

Theorem 3.2. The unique solution of the equation (3.1) under the conditions
(2.8)-(2.9) is given by the formula

y (@) =w(@)+(G(z,.),h(),

where
do

w(@) = o () = T2 (a).
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Proof. By the conditions (3.4)-(3.8), the function w (z) is a unique solution of
the equation (3.1) satisfying the conditions (2.8)-(2.9). By Theorem 3.1 the
function (G (x,.),h(.)) a unique solution of the equation (3.1) satisfying the
conditions (3.2). This finishes the proof. O

From Theorem 3.2, the boundary-value problem (2.1), (2.8), (2.9) in H is
equivalent to the nonlinear integral equation

y (@) =w (@) + (G (), f(y() e, (3.17)

where the functions w (z) and G («x,t) are defined above. Hence, we shall study
the equation (3.17).
By (2.4) and (3.10), we can define the operator T': H — H by the formula

(Ty) (x) = w(x) + (G (z,.), [ (,y (), = € J, (3.18)

where y, w € H. Then the equation (3.17) can be written as y = Ty.
Now, we search the fixed points of the operator T because it is equivalent
to solving the equation (3.17).

4. THE FIXED POINTS OF THE OPERATOR T

In this section, we investigate the fixed points of the operator T by using
the following Banach fixed point theorem

Definition 4.1 ([19]). Let A be a mapping of a metric space R into itself.

Then z is called a fixed point of A if Az = x. Suppose there exists a number
a < 1 such that

p(Az, Ay) < ap (z,y)
for every pair of points z,y € R. Then A is said to be a contraction mapping.

Theorem 4.2 ([19]). Every contraction mapping A defined on a complete
metric space R has a unique fixed point.

Theorem 4.3. Suppose that the conditions (A1), (A2) and (A3) are satisfied.
Further, let the function f (x,y) satisfy the following Lipschitz condition: there



142 B. P. Allahverdiev, H. Tuna

exist a constant K > 0 such that

/C ‘fu) (z,y“) (x)) e (Lzm (I))fdx

— 00

—1-9/00 ‘f@) (x,y(z) (x)) —f® (m,z(Q) (a:))rdx

< K2 (/_OO ‘y(l) (z) — 2 (x)f dz + 9/:0 ‘y@) (z) — 2@ (x)f dx)

=K% |ly - 2| (4.1)

forally,z € H. If

(z, )| dedt + 0 (z,t)]? dadt v <1, (4.2)
([ e [ o ofa)

then the boundary-value problem (2.1), (2.8), (2.9) has a unique solution in H.

Proof. Tt suffices to prove that the operator T is a contraction operator. For
Y,z € Hy, we have

(Ty) (z) = (T2) (@) = (G (x,.), [f (5 () = f (2 (DD
<G (@, PN Gy (D) = f (= )P

< K|G (2, )" |y = =)*, € T,

Thus, we get
[Ty =Tz < ally -2,
where
1/2
a= </ / xt|dxdt+0/ / xt|dmdt) <1,
i.e., T is a contraction mapping. ([

Now, our next claim is that the function f (z,y) satisfies a Lipschitz condi-
tion on a subset of H; but not of the whole space.

Theorem 4.4. Suppose that the conditions (A1), (A2) and (A3) are satisfied.
In addition, let the function f(x,y) satisfy the following Lipschitz condition:
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there exist constants M, K > 0 such that

/C ‘fu) ($7y<1> (x)) _ (%Z(l) (x))‘zdx

— 0o

+0/Oo ‘f@) (;v,y(2) (x)) — @ (x,z(z) (x))‘zdx

< K2 (/m ‘y(l) (z) — 2V (x)f dz + a/oo ‘y(Z) (z) — 2 (x)‘Q dx)

= Ky — 2||” (4.3)

forally and z in Sy ={y € H : |ly|| < M}, where K may depend on M. If

{/; [ (x)\gdug/j" @ (I)rdx}l/g
(/ / (z, 1) dxdt>1/2

I 15O (6 (@) — 5 (120 @) Far )
X sup
yES M 46 fcoo }f(z) (t,y(2) (t)) - f® (t,z(2) (t))|2 dt
SM (4.4)

and

</ / (z,1)] d:vdt—i—@/ / dacdt) v <1, (4.5)

then the boundary-value problem (2.1), (2.8), (2.9) has a unique solution with

/j ‘y(l) (m)‘zdx+0/0° ’y@) (x)‘Qd:c < M2

c
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Proof. 1t is clear that Sj; is a closed set of H. We first prove that the operator
T maps Sy into itself. For y € Sy; we have

1Tyl = llw + (G (2, £y ON < Mol + (G (z,2) f Gy O]

1/2
<|w||—|—</ / G (z, 1) dmdt—i—@/ / G (z, 1) dmdt)

S 1D (1D @) = £ (1,20 @) P )

X sup
ESML g [ £ (1,9 (1) — £@ (2, 2@ (1)) [ at

< M.

Consequently, T : Sy — Sy-
We can now proceed analogously to the proof of Theorem 4.3. So, we can
get
[Ty =Tzl < afly — 2|, y,2 € Su.

If we apply the Banach fixed point theorem, then we obtain a unique solution
of the boundary-value problem (2.1), (2.8), (2.9) in Sy;. O

5. AN EXISTENCE THEOREM WITHOUT UNIQUENESS

In this section, we get an existence theorem without uniqueness of solution.
Therefore, we will use the following Schauder fixed point theorem:

Definition 5.1 ([14]). An operator acting in a Banach space is said to be
completely continuous if it is continuous and maps bounded sets into relatively
compact sets.

Theorem 5.2 ([14]). Let B be a Banach space and S a nonemty bounded,
convez, and closed subset of B. Assume A : B — B is a completely continuous
operator. If the operator A leaves the set S invariant, i.e., if A(S) C S, then
A has at least one fixed point in S.

A set S C H is relatively compact iff S is bounded and for every € > 0
(i) there exists § > 0 such that ||y(z + h) —y(z)| < € for all y G S and all
h > 0 with A < 4, (ii) there exists a number N > 0 such that f y(z)|? +
0 [x ly(z)|?dz < e for all y € S ([14]).

Now, we give a

Theorem 5.3. The operator T defined by (3.18) is completely continuous
operator under the conditions (A1), (A2) and (A3).
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Proof. Let yo € H. Then, we have

(Ty) () — (Tyo) ()|
=[G (), [f oy () = F Coyo DD < NIG (=, )]

ﬁmvmﬁmeD—ﬂ”@wQ&Drﬁ

X
027D Ly ® 1) 1 (1.0 )| ar
Thus
1Ty — Tyol®
o 9 9 9) 19 (150 )
<K : (5.1)
0[] (49 (1) — 1 (1082 )]
where

K = / / G (z,t)] dwdt—i—@/ / G (z,t)|* ddt.

We know that an operator F' defined by Fy (z) = f (z,y (z)) is continuous
in H under the condition (A2) ( see [20]). Hence, for the given € > 0, we can
find a § > 0 such that ||y — yo| < J implies

1 [0 (1w @) = 50 (1 @) [ a )
(<
0.1 (ty® 1) - 1 (6P )| ae

From (5.1), we get
[Ty — Tyoll <,

i.e., T is continuous.
Set Y ={y e H:|y|| <C}. By (4.4), we have

K210 (6@ @) ae )
Tyl < ||wl] + )

FOK [ 5 (14 (1) at
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for all y € Y. Furthermore, using (2.4), we get

[ o) aso [ (o 0)

g/c [g“) (t)+n‘y(1> (t)HthJra/oo [9(2) (t)+n’y(2) (t)H2dt

— 00

< 2/_Coo [(g(l))2 (t) + K* ‘y(l) (t)ﬂ dt + 26 /:o {(9(2)>2 (1) + 12 ’y@) (t)ﬂ »

2 2 2
=2 (llgll* +r2lyl*) < 2 (lgll* + n2C2)

Thus, for all y € Y, we obtain

7yl < ol + 2 (ol +w2¢?)] ",

ie, T (Y) is a bounded set in H.
Moreover, for all y € Y, we have

|l e n - @) @f do

0 [Tl e - @) @ do

=[G (@ +h,.) = G ()], f (y O da

S S |G (@ + yt) — G ()] dadt

IN

+0 [ [Z|G (@ + h,t) — G (2,1)]” dzdt
e PO (£ (1)) dt

40|12 (1.4 ()

JE S NG (@ + hit) = G (,t)] dadt
<2 (llgll” + x2C?)
+0 [ [21G (v + ht) — G ()| dwdt
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From (3.10), there exists a 6 > 0 such that

/ ‘Ty(l) (x4 h) —TyW (z)| da

‘ 2
2
+9/ Ty (x4 h) — Iw”@ﬂdx<&

for given € > 0, all y € Y and all h < 6.
Further, for all y € Y, we have

—-N 2 oo 2
/ ‘Ty(l) (m)‘ dﬂc—i-e/ ‘Ty@) (x)‘ dx

—oo N

—-N 2 oo
S/ ‘w(l) (ac)’ dm—i—ﬂ/ ‘w@) (x)

oo N

, -N
2(g] + K*C?) (/ 16 +0 [ 6 |dx>.

So, from (3.10), we see that for given € > 0 there exists a positive number N,
depending only on € such that

-N 2 o 2
/ ‘Ty@) (x)’ dx + 9/ ‘Ty(z) (z)‘ dr < €2,
oo N

for all y € Y.
Thus T (Y) is a relatively compact in H, i.e., the operator T is completely
continuous. (I

Theorem 5.4. Suppose that the conditions (A1), (A2) and (A3) are satisfied.
In addition, let there exist constants M > 0 such that

{/;P“”@F“+9lmhﬂwmfm}“
[ Lot o)

¢ 2 1/2
v sup 4 L IOy ) = 7O (620 (1) de
veSu | +0 fC‘x’ ‘f(z) (t,y(2> (t)) —f® (t,z(2) (t) t

“

SN—

T
QU

<M, (5.2)
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where Sy = {y € H: ||y| < M}. Then the boundary-value problem (2.1),
(2.8), (2.9) has a unique solution with

c 2 S 2
/ ‘y(l) (:v)‘ dx+0/ ]y@) (x)‘ dz < M2,

Proof. Let us define an operator T': H — H by (3.18). From theorems 4.4, 5.3
and (5.2), we conclude that T maps the set Sy; into itself. It is clear that the
set Sjs is bounded, convex and closed. Using by Theorem 5.2, the theorem
follows. (]
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