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1. Introduction

Marty [31] introduced the natural generalization of classical algebraic struc-
tures, known as algebraic hyperstructures. In a classical algebraic structure,
the composition of two elements is an element while in algebraic hyperstruc-
tures, the composition of two elements is a non-empty set. Hasankhani [23]
defined ideals in right(left) semihypergroups and introduced the hyper versions
of Green’s relations.

The notion of Γ-semigroup was introduced by Sen [36] as a generalization
of semigroups and ternary semigroups. Several authors extended some results
of semigroups to Γ-semigroups. Davvaz et al. [24] introduced the notion of Γ-
semihypergroup as a generalization of Γ-semigroup. They defined Γ-hyperideals
in Γ-semihypergroups. For other results and examples, refer to [1, 5, 15, 16,
25, 26, 39].

Sardar et al. [35] introduced and fuzzified the notion of interior ideal in
Γ-semigroups. Feng and Corsini [20] defined interior ideal of an ordered Γ-
semigroup. They introduced the notions of (λ, µ)-fuzzy ideals and (λ, µ)-
fuzzy interior ideals of an ordered Γ-semigroup. Ersoy et. al [17] intro-
duced the notions of interior Γ-hyperideal and fuzzy interior Γ-hyperideal in Γ-
semihypergroup and defined interior simple Γ-semihypergroup. Recently, Tang
et. al [41] introduced interior Γ-hyperideals of ordered Γ-semihypergroups and
discussed fuzzy interior Γ-hyperideals of ordered Γ-semihypergroups.

Soft set theory is basically the generalization of fuzzy set theory which was
introduced by Molodtsov [33] to deal uncertain and complex problems in many
areas such as engineering, medical science, environmental science, social science
etc. because this types of problems cannot be dealt by classical methods. Maji
et al. [30] presented some basic algebraic operations on soft sets and provided
an analytical approach to the theory of soft sets. Researches work on soft
set theory and its applications in various fields are progressing rabidly. The
algebraic structures of soft sets have been studied by Feng et al. [19, 21]
on semirings and semigroups, Aktas and Cagman [9, 3] on groups, Ma and
Zhan [29], and Zhan et al. [44] on hemirings and so on. Anvariyeh et. al. [6]
initiated soft semihypergroups by using the soft set theory. Naz and Shabir [34]
investigated the basic terms and properties of soft sets. They relate soft sets
with the concept of semihypergroups. Farooq et al. [18] characterized regular
and left regular ordered semihypergroups using intersection soft generalized bi-
hyperideals (see also [38]). In [2], ordered Γ-semihypergroups in terms of soft
intersection Γ-hyperideals were studied. Feng et. al. [22] studied on several
types of soft subsets and various soft equal relations and in [21], they introduced
soft binary relations. In [28], Liu et. al. generalized soft M-subsets and soft M-
equal relations in a natural way. Khademan et. al. [27] introduced fuzzy soft
positive implicative hyper BCK-ideals and investigated their several properties.
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Recently, several papers have been published on soft set theory and hy-
perstructure theory. However, studies on the fundamental structure of Γ-
semihypergroups in terms of soft set theory remained untouched. Therefore,
this finding encouraged the need to make a such study and generalize some
known results on Γ-semihypergroups using soft set theory. The main motive
of this paper is to study some structural properties of Γ-semihypergroups ap-
plying the soft set theory. In this paper, the concepts of soft generalized inte-
rior Γ-hyperideals and soft generalized bi-Γ-hyperideals of Γ-semihypergroups
are introduced and some characterizations of regular, intra-regular, semisim-
ple and right weakly regular Γ-semihypergroups in terms of soft generalized
Γ-hyperideals are studied.

Throughout the paper we represent:
S : Γ-Semihypergroup
V : an initial universe
E : a set of parameters
F (S) : set of all soft sets of S over V
P (V) : the powerset of V and A, B, C ⊆ E.

2. Preliminaries

2.1. Γ-semihypergroup.

Definition 2.1. [12, 14] Let S be a non-empty set and let ℘∗(S) be the set
of all non-empty subsets of S. A hyperoperation on S is a map ◦ : S × S →
℘∗(S) and (S, ◦) is called a hypergroupoid.

Definition 2.2. [12, 14] A hypergroupoid (S, ◦) is called a semihypergroup if
for all x, y, z of S we have (x ◦ y) ◦ z = x ◦ (y ◦ z), which means that⋃

u∈x◦y
u ◦ z =

⋃
v∈y◦z

x ◦ v

If x ∈ S and A and B are non-empty subsets of S, then we denote
A ◦ B =

⋃
a∈A,b∈B

a ◦ b, x ◦ A = {x} ◦ A and A ◦ x = A ◦ {x}.

Definition 2.3. [24] Let S and Γ be two non-empty sets. S is called a Γ-
semihypergroup if every γ ∈ Γ is a hyperoperation on S, i.e, xγy ⊆ S for
every x, y ∈ S, such that, for a, b, c, d ∈ S, γ, γ1 ∈ Γ, a = c, b = d, γ = γ1 imply
aγb = cγ1d and for every α, β ∈ Γ and x, y, z ∈ S we have xα(yβz) = (xαy)βz,
which means that

⋃
u∈xαy

u β z =
⋃

v∈yβz

x α v.

If every γ ∈ Γ is an operation, then S is a Γ-semigroup.

If (S, γ) is a hypergroup for every γ ∈ Γ, then S is called a Γ-hypergroup.
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Let A and B be two non-empty subsets of S and γ ∈ Γ. We define:
AγB = ∪

{
aγb | a ∈ A, b ∈ B

}
. Also

AΓB = ∪
{
aγb | a ∈ A, b ∈ B and γ ∈ Γ

}
=

⋃
γ ∈ Γ

AγB.

Definition 2.4. [24] A non-empty subset T of a Γ-semihypergroup S is called
sub-Γ-semihypergroup of S if t1 γ t2 ⊆ T for every t1, t2 ∈ T and γ ∈ Γ.

Definition 2.5. [24] A non-empty subset I of a Γ-semihypergroup S is called
a left(right) Γ-hyperideal of S if S Γ I ⊆ I(I Γ S ⊆ I, respectively) and is a
Γ-hyperideal of S if it is both a left and a right Γ-hyperideal.

Definition 2.6. [24] Let A be a non-empty subset of a Γ-semihypergroup S.
Then, intersection of all hyperideals of S containing A is an ideal of S generated
by A, and denoted by < A >.

Lemma 2.7. [24] Let S be a Γ-semihypergroup. If A is a non-empty subset of
S, then

< A > = A ∪ AΓS ∪ SΓA ∪ SΓAΓS.

Similarly, < A >r = A ∪ AΓS and < A >l = A ∪ SΓA. If A = {a}, then we
write < {a} >r = < a >r and < {a} >l = < a >l.

Definition 2.8. [4] A sub-Γ-semihypergroup B of S is called a bi-Γ-hyperideal
of S, if BΓSΓB ⊆ B.

Definition 2.9. [17] A sub-Γ-semihypergroup I of S is called an interior-Γ-
hyperideal of S, if SΓIΓS ⊆ I.

Definition 2.10. [17] A Γ-semihypergroup S is called an interior simple Γ-
semihypergroup, if it has no proper interior Γ-hyperideal.

Lemma 2.11. [17] Let S be a Γ-semihypergroup S. For any a ∈ S, S Γ a Γ

S is an interior Γ-hyperideal of S.

Lemma 2.12. [17] Let S be a Γ-semihypergroup. Then S is an interior simple
if and only if S Γ a Γ S = S for all a ∈ S.

Definition 2.13. [43] A Γ-semihypergroup S is called regular, if for each s ∈
S there exists x ∈ S such that s ∈ s Γ x Γ s.

Definition 2.14. [43] A Γ-semihypergroup S is called intra-regular, if for each
a ∈ S there exist x, y ∈ S such that a ∈ x Γ a Γ a Γ y.

2.2. Soft Sets.

Definition 2.15. [8, 33] A soft set FA over V is a set defined by FA : E →
P (V) such that FA(x) = ∅ if x /∈ A.

Here FA is also called an approximate function. A soft set over V can be
represented by the set of ordered pairs
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FA = {(x, FA(x)) : x ∈ E, FA(x) ∈ P (V)}.

It is clear to see that a soft set is a parameterized family of subsets of the set
V.

Definition 2.16. [8] Let FA, FB ∈ F (S). Then, FA is called a soft subset of
FB and denoted by FA ⊑ FB , if FA(x) ⊆ FB(x) for all x ∈ E.

Definition 2.17. [8] Let FA, FB ∈ F (S). Then, union of FA and FB denoted
by FA

⋃̃
FB , is defined as FA

⋃̃
FB = FA∪̃B , where FA∪̃B(x) = FA(x)

⋃
FB(x) for all x ∈ E.

Definition 2.18. [8] Let FA, FB ∈ F (S). Then, intersection of FA and FB

denoted by FA

⋂̃
FB , is defined as FA

⋂̃
FB = FA∩̃B , where FA∩̃B(x) =

FA(x)
⋂

FB(x) for all x ∈ E.

Definition 2.19. Let Y be a subset of S. We denote the soft characteristic
function of Y by SY and is defined as:

SY (y) =

{
V, if y ∈ Y

∅ if y /∈ Y.

Definition 2.20. Let FA be a soft set over V and δ ⊆ V Then, upper δ-
inclusion of FA is denoted by V(FA ; δ) and is defined as

V(FA ; δ) = {x ∈ A | FA(x) ⊇ δ}.

In this paper, we denote a Γ-semihypergroup S as a set of parameters.
Let S be a Γ-semihypergroup. For x ∈ S, we define Sx = {(y, z) ∈ S ×

S | x ∈ y Γ z}.

Definition 2.21. Let FS and GS be two soft sets of a Γ-semihypergroup S

over V. Then soft product FS ⋄̂ GS is a soft set of S over V, defined by

(FS ⋄̂ GS)(x) =


⋃

(y,z)∈Sx

{FS(y) ∩ GS(z)} if Sx ̸= ∅

∅ if Sx = ∅
for all x ∈ S.

Theorem 2.22. Let X and Y be non-empty subsets of a Γ-semihypergroup S.
Then
(1) If X ⊆ Y , then SX ⊑ SY

(2) SX

⋂̃
SY = SX∩Y , SX

⋃̃
SY = SX∪Y .

(3) SX ⋄̂ SY = SXΓY

Theorem 2.23. Let S be a Γ-semihypergroup and F (S) be the set of all soft
sets of S over V. Then, for any FS, GS and HS ∈ F (S),

((FS ⋄̂ GS) ⋄̂ HS) = (FS ⋄̂ (GS ⋄̂ HS)).
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Definition 2.24. A non-null soft set FS is said to be an S.I. sub Γ-semihypergroup
of S over V if ⋂

ϑ∈xΓy

FS(ϑ) ⊇ FS(x) ∩ FS(y) ∀ x, y ∈ S.

Definition 2.25. A non-null soft set FS is said to be an S.I. left(resp., right)
Γ-hyperideal of S over V if⋂

ϑ∈xΓy

FS(ϑ) ⊇ FS(y) (resp.
⋂

ϑ∈xΓy

FS(ϑ) ⊇ FS(x)) ∀ x, y ∈ S.

Definition 2.26. A non-null soft set FS is said to be an S.I. Γ-hyperideal of
S over V if it is both an S.I. left and an S.I. right Γ-hyperideal of S over V.

3. Soft generalized Γ-hyperideals

In this section, the notions of soft intersection generalized interior Γ-hyperideals
(briefly, S.I. generalized interior Γ-hyperideals) and soft intersection generalized
bi-Γ-hyperideals (briefly, S.I. generalized bi-Γ-hyperideals) of Γ-semihypergroups
are introduced and some useful results with respect to the soft intersection
product (briefly, S.I. product) are studied.

Definition 3.1. A non-empty subset I of a Γ-semihypergroup S is called a
generalized interior-Γ-hyperideal of S, if SΓIΓS ⊆ I.

Definition 3.2. A non-empty subset B of a Γ-semihypergroup S is called a
generalized bi-Γ-hyperideal of S, if BΓSΓB ⊆ B.

Let A(̸= ∅) ⊆ S and let
I = {I | I is a generalized interior Γ − hyperideal of S contaning A }.

Then I ̸= ∅, because S itself is a generalized interior Γ-hyperideal.
Let < A >igen =

⋂
I∈I

I. Then < A >igen is a generalized interior Γ-hyperideal

of S. < A >igen is a smallest generalized interior Γ-hyperideal of S containing
A and < A >igen is called generalized interior-Γ-hyperideal of S generated by
A. Analogously, we define smallest generalized bi-Γ-hyperideal of S containing
A and we denote it by < A >bgen .

Theorem 3.3. For a non-empty subset A of a Γ-semihypergroup S,
< A >igen = A ∪ SΓAΓS.

Proof. Let I = A ∪ SΓAΓS, then for every a ∈ A, s1, s2 ∈ S and γ1, γ2 ∈ Γ,
we have

s1γ1aγ2s2 ⊆ SΓIΓS

= SΓ(A ∪ SΓAΓS)ΓS

= SΓAΓS ∪ SΓSΓAΓSΓS

⊆ SΓAΓS

⊆ I.
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Therefore, I is a generalized interior-Γ-hyperideal of S. Let I1 be any general-
ized interior Γ-hyperideal of S containing A. Then

SΓAΓS ⊆ SΓI1ΓS

⊆ I1.

It implies A ∪ SΓAΓS ⊆ I1 and hence I is the smallest generalized interior
Γ-hyperideal of S containing A. Thus, < A >igen = I = A ∪ SΓAΓS. □

Theorem 3.4. For a non-empty subset A of a Γ-semihypergroup S,

< A >bgen = A ∪AΓSΓA.

Moreover, if A = {a}, then < {a} >igen = a ∪ SΓaΓS and < {a} >bgen =

a ∪ aΓSΓa. We write < {a} >igen as < a >igen and < {a} >bgen as < a >bgen .

Definition 3.5. A non-null soft set FS is said to be an S.I. generalized interior
Γ-hyperideal of a Γ-semihypergroup S over V if⋂

ϑ∈xΓyΓz

FS(ϑ) ⊇ FS(y) ∀ x, y, z ∈ S.

Example 3.6. A grocery store is giving some offers for its products which can
be defined in a set

S = {Soap, Toothpaste, 1 Kg Sugar, 1 Kg Tea}.

The offer is defined by the following multiplication table:

◦ Soap Toothpaste 1 Kg Sugar 1 Kg Tea
Soap Soap Soap Soap Soap

Toothpaste Soap Soap Soap Soap
1 Kg Sugar Soap Soap Soap {Soap, Toothpaste}
1 Kg Tea Soap Soap {Soap, Toothpaste} {Soap, Toothpaste, 1 Kg Sugar}

The hyperoperation defined in the above composition table as:
x ◦ y = On purchasing an ′x′ item and an ′y′ item from the grocery store,
buyer can get ′X ′ items absolutely free, where x, y ∈ S and X ⊆ S. Then
(S,Γ) will be a Γ-semihypergroup, where Γ = {′◦′}.
Let V = {P1, P2, P3} be the set of peoples who have come to buy some
products in grocery store. Define a soft set FS : S → P (V) by

FS(Soap) = {P1, P2, P3}, denotes the peoples who got one soap absolutely
free

FS(Toothpaste) = {P1, P2}, denotes the peoples who got one toothpaste
absolutely free

FS(Sugar) = {P3}, denotes the peoples who got 1 Kg sugar absolutely free
and

FS(Tea) = ∅, denotes the peoples who got 1 Kg tea absolutely free.
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Thus, we can verify that
⋂

ϑ∈xΓyΓz

FS(ϑ) ⊇ FS(y) ∀ x, y, z ∈ S. In particular,

take x = Sugar, y = Tea and z = Soap. Then, we have

xΓyΓz = SugarΓTeaΓSoap

= Sugar ◦ Tea ◦ Soap
= {Soap, Toothpaste} ◦ Soap
= (Soap ◦ Soap) ∪ (Toothpaste ◦ Soap)
= Soap ∪ Soap

= Soap.

It implies
⋂

ϑ∈SugarΓTeaΓSoap

FS(ϑ) = FS(Soap) = {P1, P2, P3} ⊇ FS(Tea)

= ∅. Therefore FS is an S.I. generalized interior Γ-hyperideal of S over V
but FS is not an S.I. Γ-hyperideal because

⋂
ϑ∈sugar o tea

FS(ϑ) = FS(soap)
⋂

FS(toothpaste) = {P1, P2} ⊉ FS(sugar) = {P3}.

Definition 3.7. An S.I. generalized interior Γ-hyperideal FS is said to be an
S.I. interior Γ-hyperideal of a Γ-semihypergroup S over V if FS is also an S.I.
sub Γ-semihypergroup of S over V.

Definition 3.8. A non-null soft set FS is said to be an S.I. generalized bi-Γ-
hyperideal of a Γ-semihypergroup S over V if⋂

ϑ∈xΓyΓz

FS(ϑ) ⊇ FS(x) ∩ FS(z) ∀ x, y, z ∈ S.

Example 3.9. A pathlab is giving two types of offers for couples(Husband and
Wife) on some common tests, defined in a set
S = { LiverFunctionTest(KFT) KidneyFunctionTest(KFT), Cholesterol(Ch.),

Glucose(Gl.), Hemoglobin(Hemo.)} with the following composition tables:
α LFT KFT Ch. Gl. Hemo.

LFT {KFT, Hemo.} Hemo. Ch. {Ch., Gl.} Hemo.
KFT Hemo. Hemo. Ch. {Ch., Gl.} Hemo.
Ch. Ch. Hemo. Ch. Ch. Hemo.
Gl. {Ch., Gl.} {Ch., Gl.} Ch. Gl. {Ch., Gl.}

Hemo. Hemo. Hemo. Ch. {Ch., Gl.} Hemo.
β LFT KFT Ch. Gl. Hemo.

LFT {LFT, KFT } {KFT, Hemo.} Ch. {Ch., Gl.} Hemo.
KFT { KFT, Hemo. } Hemo. Ch. {Ch., Gl.} Hemo.
Ch. Ch. Ch. Ch. Ch. Ch.
Gl. {Ch., Gl.} {Ch., Gl.} Ch. Gl. {Ch., Gl.}

Hemo. Hemo. Hemo. Ch. {Ch., Gl.} Hemo.
Let H = ’Husband’ and W = ’Wife’. Then the hyperoperations α and β defined
in the above composition tables as:
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(x α y) = If the pathlab does x test on H and y test on W , then the lab will
give 50 percent discount on X tests to H, where x, y ∈ S and X ⊆ S.
i.e. LFT α KFT = If the pathlab does LFT test on H and KFT test on W ,
then the lab will give 50 percent discount on {KFT,Hemo.} tests to H.

(x β y) = If the pathlab does x test on H and y test on W , then the lab will
give 50 percent discount on X tests to W , where x, y ∈ S and X ⊆ S.
i.e. LFT β KFT = If the pathlab does LFT test on H and KFT test on W ,
then the lab will give 50 percent discount on {LFT,KFT} tests to W .
Therefore, (S, Γ ) will be a Γ-semihypergroup, where Γ = {α, β}. Now, let U
= {C1, C2, C3, C4, C5} be the set of couples(Husband and Wife) who did
this tests. Define a soft set FS : S → P (U) by

FS(LFT) = {C1, C2}, denotes the couples who have done LFT test
FS(KFT) = {C1, C2, C3}, denotes the couples who have done KFT test

FS(Ch.) = {C1, C2, C3, C4}, denotes the couples who have done Cholesterol
test

FS(Gl.) = {C1, C2, C3, C4, C5}, denotes the couples who have done
Glucose test(Sugar test ) and

FS(Hemo.) = {C1, C2}, denotes the couples who have done Hemoglobin test.
Then, we can verify that

⋂
ϑ∈xΓyΓz

FS(ϑ) ⊇ FS(x) ∩ FS(z) ∀ x, y, z ∈ S.

Therefore, FS is an S.I. generalized bi-Γ-hyperideal of S over U .

Theorem 3.10. A non-null soft set FS is an S.I. generalized interior Γ-
hyperideal of a Γ-semihypergroup S over V if and only if SS ⋄̂ FS ⋄̂ SS ⊑ FS .

Proof. Suppose that FS is an S.I. generalized interior Γ-hyperideal of a Γ-
semihypergroup S over V. Then, we have

⋂
ϑ∈xΓyΓz

FS(ϑ) ⊇ FS(y) ∀ x, y, z ∈ S.

Now, if Sx = ∅, then (SS ⋄̂ FS ⋄̂ SS)(x) = ∅. It is clear that (SS ⋄̂ FS ⋄̂ SS)(x)

⊆ FS(x), therefore SS ⋄̂ FS ⋄̂ SS ⊑ FS .
If Sx ̸= ∅, then there exist u, v ∈ S such that x ∈ u Γ v and u ∈ p Γ q.

Hence, we have
(SS ⋄̂ FS ⋄̂ SS)(x) = ((SS ⋄̂ FS) ⋄̂ SS)(x) =

∪
(u,v)∈Sx

[(
SS ⋄̂ FS

)
(u)

∩
SS(v)

]
=

∪
x∈uΓv

[(
SS ⋄̂ FS

)
(u)

∩
SS(v)

]
=

∪
x∈uΓv

[ ∪
(p,q)∈Su

(
SS(p)

∩
FS(q)

)∩
SS(v)

]
=

∪
x∈uΓv

[ ∪
u∈pΓq

(
SS(p)

∩
FS(q)

)∩
SS(v)

]
=

∪
x∈uΓv

[ ∪
u∈pΓq

(
SS(p)

∩
FS(q)

)∩
V
]

=
∪

x∈uΓv

[ ∪
u∈pΓq

(
SS(p)

∩
FS(q)

)]
=

∪
x∈uΓv

[ ∪
u∈pΓq

(
V
∩

FS(q)
)]

=
∪

x∈uΓv

[ ∪
u∈pΓq

(
FS(q)

)]
=

∪
x∈(pΓq)Γv

(
FS(q)

)
⊆

∪
x∈(pΓq)Γv

{ ∩
ϑ∈rΓqΓt

FS(ϑ)

}
,⊆

∪
x∈(pΓq)Γv

{ ∩
x∈rΓqΓt

FS(x)

}
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as FS is an S.I. generalized interior Γ-hyperideal of S

⊆
⋃

x∈(pΓq)Γv

{ ⋂
x∈pΓqΓv

FS(x)

}
= FS(x).

Therefore, SS ⋄̂ FS ⋄̂ SS ⊑ FS .
Conversely, suppose that SS ⋄̂ FS ⋄̂ SS ⊑ FS . Then, we have to show

that FS is an S.I. generalized interior Γ-hyperideal of S over V. Now, we have⋂
ϑ∈xΓyΓz

FS(ϑ) ⊇
⋂

ϑ∈xΓyΓz

(SS ⋄̂ FS ⋄̂ SS)(ϑ)

=
⋂

ϑ∈xΓyΓz

((SS ⋄̂ FS) ⋄̂ SS)(ϑ)

=
⋂

ϑ∈xΓyΓz

{ ⋃
(u,v)∈Sϑ

[(
SS ⋄̂ FS

)
(u)

⋂
SS(v)

]}
=

⋂
ϑ∈xΓyΓz

{ ⋃
ϑ∈uΓv

[(
SS ⋄̂ FS

)
(u)

⋂
SS(v)

]}
=

⋂
ϑ∈xΓyΓz

{ ⋃
ϑ∈uΓv

[ ⋃
(p,q)∈Su

(
SS(p)

⋂
FS(q)

)⋂
SS(v)

]}
=

⋂
ϑ∈xΓyΓz

{ ⋃
ϑ∈uΓv

[ ⋃
u∈pΓq

(
SS(p)

⋂
FS(q)

)⋂
SS(v)

]}
=

⋂
ϑ∈xΓyΓz

{ ⋃
ϑ∈uΓv

[ ⋃
u∈pΓq

(
SS(p)

⋂
FS(q)

)⋂
V
]}

=
⋂

ϑ∈xΓyΓz

{ ⋃
ϑ∈uΓv

[ ⋃
u∈pΓq

(
SS(p)

⋂
FS(q)

)]}
=

⋂
ϑ∈xΓyΓz

{ ⋃
ϑ∈uΓv

[ ⋃
u∈pΓq

(
V
⋂
FS(q)

)]}
=

⋂
ϑ∈xΓyΓz

{ ⋃
ϑ∈uΓv

[ ⋃
u∈pΓq

(
FS(q)

)]}
⊇

⋂
ϑ∈xΓyΓz

{ ⋃
ϑ∈uΓv

[ ⋃
u∈xΓy

(
FS(y)

)]}
⊇

⋂
ϑ∈xΓyΓz

{ ⋃
ϑ∈uΓz

[ ⋃
u∈xΓy

(
FS(y)

)]}
=

⋂
ϑ∈xΓyΓz

{ ⋃
ϑ∈(xΓy)Γz

(
FS(y)

)}
= FS(y).

This implies FS is an S.I. generalized interior Γ-hyperideal of S over V. □

Theorem 3.11. A non-null soft FS is an S.I. sub Γ-semihypergroup of a
Γ-semihypergroup S over V if and only if

FS ⋄̂ FS ⊑ FS.

Theorem 3.12. A non-null soft FS is an S.I. left Γ-hyperideal of a Γ-
semihypergroup S over V if and only if

SS ⋄̂ FS ⊑ FS.
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Theorem 3.13. A non-null soft set FS is an S.I. right Γ-hyperideal of a
Γ-semihypergroup S over V if and only if

FS ⋄̂ SS ⊑ FS.

Theorem 3.14. A non-null soft set FS is an S.I. generalized bi Γ-hyperideal
of a Γ-semihypergroup S over V if and only if

FS ⋄̂ SS ⋄̂ FS ⊑ FS.

Theorem 3.15. If FS and GS are two S.I. generalized interior Γ-hyperideals
of a Γ-semihypergroup S over V. Then FS

⋂̃
GS is also an S.I. generalized

interior Γ-hyperideal of S over V.

Proof. Suppose that FS and GS are two S.I. generalized interior Γ-hyperideals
of a Γ-semihypergroup S over V. Then, we have

SS ⋄̂ (FS

⋂̃
GS) ⋄̂ SS ⊑ SS ⋄̂ FS ⋄̂ SS

⊑ FS

and
SS ⋄̂ (FS

⋂̃
GS) ⋄̂ SS ⊑ SS ⋄̂ GS ⋄̂ SS

⊑ GS

It implies, SS ⋄̂ (FS

⋂̃
GS) ⋄̂ SS ⊑ FS

⋂̃
GS . Hence, FS

⋂̃
GS is an S.I.

generalized interior Γ-hyperideal of S over V. □
Theorem 3.16. Every S.I. Γ-hyperideal of a Γ-semihypergroup S over V is an
S.I. generalized interior Γ-hyperideal of a Γ-semhypergroup S over V.

Proof. Let FS be an S.I. Γ-hyperideal of a Γ-semihypergroup S over V. Then
SS ⋄̂ FS ⊑ FS and FS ⋄̂ SS ⊑ FS . Now

SS ⋄̂ FS ⋄̂ SS = (SS ⋄̂ FS) ⋄̂ SS

⊑ FS ⋄̂ SS

⊑ FS .

Hence, FS is an S.I. generalized interior Γ-hyperideal of S over V. □
Theorem 3.17. If FS and GS are S.I. left and S.I. right Γ-hyperideals of
a Γ-semihypergroup S over V. Then, the S.I. product FS ⋄̂ GS is an S.I.
generalized interior Γ-hyperideal of S over V.
Proof. Let FS and GS be the S.I. left and S.I. right Γ-hyperideals of a Γ-
semihypergroup S over V. Then SS ⋄̂ FS ⊑ FS and GS ⋄̂ SS ⊑ GS . Now, we
have
SS ⋄̂ (FS ⋄̂ GS) ⋄̂ SS = (SS ⋄̂ (FS ⋄̂ GS)) ⋄̂ SS)

= ((SS ⋄̂ FS) ⋄̂ GS) ⋄̂ SS)

⊑ (FS ⋄̂ GS) ⋄̂ SS , as FS is an S.I. left Γ− hyperideal of S over V
= FS ⋄̂ (GS ⋄̂ SS)

⊑ FS ⋄̂ GS , as GS is an S.I. right Γ− hyperideal of S over V.

It follows that FS ⋄̂ GS is an S.I. generalized interior Γ-hyperideal of S over
V. □
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Now, it is easy to prove the following proposition.

Proposition 3.18. For any S.I. sub-Γ-semihypergroup FS, SS ⋄̂ FS ⋄̂ SS

is an S.I. generalized interior Γ-hyperideal of a Γ-semihypergroup S over V.

Proposition 3.19. If FS is an S.I. generalized interior Γ-hyperideal of a Γ-
semihypergroup S over V. Then, SS ⋄̂ FS and FS ⋄̂ SS are S.I. generalized
interior Γ-hyperideals of S over V.

Theorem 3.20. Let X be any non-empty subset of a Γ-semihypergroup S.
Then X is a generalized interior Γ-hyperideal of S if and only if its characteristic
soft function SX is an S.I. generalized interior Γ-hyperideal of S over V.

Proof. Let X be an interior Γ-hyperideal of a Γ-semihypergroup S. Then,
SΓXΓS ⊆ X. Now,

SS ⋄̂ SX ⋄̂ SS = SSΓXΓS

⊑ SX

This shows that SX is an S.I. generalized interior Γ-hyperideal of S over V.
Conversely, suppose that SX is an S.I. generalized interior Γ-hyperideal of S

over V. Let y ∈ SΓXΓS, then

SX(y) ⊇
(
SS ⋄̂ SX ⋄̂ SS

)
(y)

= SSΓXΓS(y)

= V.

It implies y ∈ X. Hence, SΓXΓS ⊆ X. Therefore, X is a generalized interior
Γ-hyperideal of S. □

Theorem 3.21. A non-null soft set FS of a Γ-semihypergroup S over V is
an S.I. generalized interior Γ-hyperideal of S over V if and only if for each
non-empty upper δ-inclusion of FS is a generalized interior Γ-hyperideal of S.

Proof. Suppose that FS is an S.I. generalized interior Γ-hyperideal of a Γ-
semihypergroup S over V and upper δ-inclusion of FS , V(FS ; δ) ̸= ∅, where δ

⊆ V . Let a ∈ S Γ V(FS ; δ) Γ S. Then a ∈ u Γ b Γ v for some u, v ∈ S and
b ∈ V(FS ; δ). Now, FS is an S.I. generalized interior Γ-hyperideal of S over
V. We have

⋂
ϑ∈u Γ b Γ v

FS(ϑ) ⊇ FS(b). As, a ∈ u Γ b Γ v it implies FS(a) ⊇

δ. Thus a ∈ V(FS ; δ) and hence, S Γ V(FS ; δ) Γ S ⊆ V(FS ; δ). Therefore,
V(FS ; δ) is a generalized interior Γ-hyperideal of S.
Conversely, suppose each non-empty upper δ-inclusion of FS is a generalized
interior Γ-hyperideal of S, for every δ ⊆ V . Then we have to prove that⋂
ϑ∈u Γ a Γ v

FS(ϑ) ⊇ FS(a) for all a, u, v ∈ S. Assume that FS(a) = δ, then

a ∈ V(FS ; δ). Now, u Γ a Γ v ⊆ V(FS ; δ), since V(FS ; δ) is an inte-
rior Γ-hyperideal of S. Then, for all ϑ ∈ u Γ a Γ v, we have FS(ϑ) ⊇ δ and
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hence, FS(a) = δ ⊆
⋂

ϑ∈u Γ a Γ v

FS(ϑ). Hence, FS is an S.I. generalized interior

Γ-hyperideal of S over V. □

4. Characterizations of regular and intra-regular
Γ-semihypergroups

In this section, we characterize regular and intra-regular Γ-Semihypergroups
using S.I. generalized interior Γ-hyperideals and prove that for intra-regular Γ-
semihypergroups, every S.I. generalized interior Γ-hyperideal of S over V is a
constant function.

Theorem 4.1. For a regular Γ-semihypergroup S, every S.I. generalized inte-
rior Γ-hyperideal of S over V is an S.I. interior Γ-hyperideal of S over V.

Proof. Let S be a regular Γ-semihypergroup and FS an S.I. generalized interior
Γ-hyperideal of S over V. As S is regular, it implies for any a ∈ S there exists
x ∈ S such that a ∈ a Γ x Γ a. Thus for any b ∈ S, we have aΓb ⊆ aΓxΓaΓb.
Now,⋂
ϑ∈aΓb

FS(ϑ) ⊇
⋂

ϑ∈aΓxΓaΓb

FS(ϑ)

=
⋂

ϑ∈(aΓx)ΓaΓb

FS(ϑ)

⊇ FS(a), as FS is an S.I. generalized interior Γ− hyperideal

⊇ FS(a) ∩ FS(b).

It implies, FS is an S.I. interior Γ-hyperideal of S over V.
□

Theorem 4.2. For a regular Γ-semihypergroup S, every S.I. generalized inte-
rior Γ-hyperideal of S over V is an S.I. Γ-hyperideal of S over V.

Proof. Proof is similar as given Theorem 4.1. □

Corollary 4.3. For a regular Γ-semihypergroup S, every S.I. interior Γ-
hyperideal of S over V is an S.I. Γ-hyperideal of S over V.

Theorem 4.4. For a Γ-semihypergroup S, the following conditions are equiv-
alent:
(1) S is regular;
(2) R ∩ I ∩ L ⊆ RΓIΓL for every right Γ-hyperideal R, for every generalized
interior Γ-hyperideal I and for every left Γ-hyperideal L of S;
(3) < a >r ∩ < b >igen ∩ < c >l ⊆ < a >r Γ < b >igen Γ < c >l for all
a, b, c ∈ S;
(4) < a >r ∩ < a >igen ∩ < a >l ⊆ < a >r Γ < a >igen Γ < a >l for all a
∈ S.
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Proof. Suppose that S is a regular Γ-semihypergroup and R, I, L are left, gen-
eralized interior and left Γ-hyperideal of S, respectively. As S is regular, thus
for any a ∈ S, there exists x ∈ S such that a ∈ aΓxΓa. Now,

a ∈ aΓxΓa

⊆ aΓxΓaΓxΓa

⊆ aΓxΓaΓxΓaΓxΓa

= (aΓxΓa)Γ(xΓaΓx)Γa. (4.1)

Let a ∈ R ∩ I ∩ L. Then, from (4.1)

a ∈ (aΓxΓa)Γ(xΓaΓx)Γa

⊆ (RΓSΓS)Γ(SΓIΓS)ΓL

⊆ (RΓS)Γ(SΓIΓS)ΓL

⊆ RΓIΓL.

It implies R ∩ I ∩ L ⊆ RΓIΓL.
(2) ⇒ (3) and (3) ⇒ (4) is obvious.
(4) ⇒ (1)
Suppose that (4) holds. To show S is regular, we have

a ∈ < a >r ∩ < a >igen ∩ < a >l

⊆ < a >r Γ < a >igen Γ < a >l

=
(
a ∪ (aΓS)

)
Γ
(
a ∪ (SΓaΓS)

)
Γ
(
a ∪ (SΓa)

)
⊆ (aΓaΓa) ∪ (aΓSΓa).

It would imply that a ∈ aΓaΓa or aΓSΓa. Therefore, S is a regular Γ-
semihypergroup. □

Theorem 4.5. Let S be a Γ-semihypergroup. Then the following conditions
are equivalent:
(1) S is regular;
(2) FS

⋂̃
GS

⋂̃
HS ⊑ FS ⋄̂ GS ⋄̂ HS, for every S.I. generalized bi Γ-hyperideal

FS, HS of S over V and every S.I. generalized interior Γ-hyperideal GS of S

over V;
(3) FS

⋂̃
GS

⋂̃
HS ⊑ FS ⋄̂ GS ⋄̂ HS, for every S.I. right Γ-hyperideal FS of

S over V, every S.I. generalized interior Γ-hyperideal GS of S over V and for
every S.I. left Γ-hyperideal HS of S over V.

Proof. Let S be a regular Γ-semihypergroup. Then for any a ∈ S, there exists
x ∈ S such that a ∈ aΓxΓa. Now

a ∈ aΓxΓa

⊆ aΓxΓaΓxΓa

⊆ aΓxΓaΓxΓaΓxΓaΓxΓa

= (aΓxΓa)Γ(xΓaΓx)Γ(aΓxΓa).
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Then, there exists u ∈ aΓxΓa, v ∈ xΓaΓx and w ∈ aΓxΓa such that a ∈ uΓvΓw

and again there exists m ∈ vΓw such that a ∈ uΓm. Hence, Sa and Sm are
non-empty. Now, we have(

FS ⋄̂ GS ⋄̂ HS

)
(a) =

⋃
(y,z)∈Sa

[
FS(y) ∩

(
GS ⋄̂ HS

)
(z)

]
⊇ FS(u) ∩

(
GS ⋄̂ HS

)
(m)

= FS(u) ∩
{ ⋃

(p,q)∈Sm

[
GS(p) ∩ HS(q)

]}
⊇ FS(u) ∩ GS(v) ∩ HS(w). (4.2)

As FS and HS are S.I. generalized bi Γ-hyperideal of S over V, we have⋂
ϑ∈aΓxΓa

FS(ϑ) ⊇ FS(a) and
⋂

θ∈aΓxΓa

HS(θ) ⊇ HS(a). Since, u ∈ aΓxΓa and w

∈ aΓxΓa, we have FS(u) ⊇ FS(a) and HS(w) ⊇ HS(a).
As GS is an S.I. generalized interior Γ-hyperideal of S over V, we have

⋂
ϑ∈xΓaΓx

GS(ϑ)

⊇ GS(a). Since, v ∈ xΓaΓx, we have GS(v) ⊇ GS(a). Hence, from (4.2)(
FS ⋄̂ GS ⋄̂ HS

)
(a) ⊇ FS(u) ∩ GS(v) ∩ HS(w)

⊇ FS(a) ∩ GS(a) ∩ HS(a)

=
(
FS

⋂̃
GS

⋂̃
HS

)
(a).

Therefore, FS

⋂̃
GS

⋂̃
HS ⊑ FS ⋄̂ GS ⋄̂ HS .

(2) ⇒ (3) is obvious.
(3) ⇒ (1)
Suppose that the condition (3) holds. To prove S is regular, we have to show
that R ∩ I ∩ L ⊆ RΓIΓL for every right Γ-hyperideal R, for every interior
Γ-hyperideal I and for every left Γ-hyperideal L of S. Let R, I and L be right,
generalized interior and left Γ-hyperideal of S, respectively. Then by Theorem
3.20, the soft characteristic functions SR, SI and SL will be S.I. right, S.I.
generalized interior and S.I. left Γ-hyperideal of S over V. By assumption, SR⋂̃

SI

⋂̃
SL ⊑ SR ⋄̂ SI ⋄̂ SL. Let a ∈ R ∩ I ∩ L. Then, SR∩I∩L = V. Now,

we have (
SRΓIΓL

)
(a) =

(
SR ⋄̂ SI ⋄̂ SL

)
(a)

⊇
(
SR

⋂̃
SI

⋂̃
SL

)
(a)

= SR∩I∩L(a)

= V.
It implies a ∈ RΓIΓL. Hence, R ∩ I ∩ L ⊆ RΓIΓL. Therefore by Theorem
4.4, S is regular. □

Theorem 4.6. If S is a regular Γ-semihypergroup. Then for every S.I. gen-
eralized bi Γ-hyperideal FS of S over V and every S.I. generalized interior
Γ-hyperideal GS of S over V,

FS

⋂̃
GS = FS ⋄̂ GS ⋄̂ FS.
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Proof. Let FS be an S.I. generalized bi Γ-hyperideal of a Γ-semihypergroup S
over V and GS an S.I. generalized interior Γ-hyperideal of S over V. Then

FS ⋄̂ GS ⋄̂ FS ⊑ FS ⋄̂ SS ⋄̂ FS

⊑ FS , as FS is a S.I. generalized bi Γ− hyperideal of S over V,

and
FS ⋄̂ GS ⋄̂ FS ⊑ SS ⋄̂ GS ⋄̂ SS

⊑ GS , as GS is an S.I. generalized interior Γ− hyperideal of S over V.

It follows that FS ⋄̂ GS ⋄̂ FS ⊑ FS

⋂̃
GS . Now, we will prove that FS

⋂̃
GS

⊑ FS ⋄̂ GS ⋄̂ FS . Let s ∈ S. As S is regular, there exists x ∈ S such that s

∈ sΓxΓs, s ∈ sΓxΓsΓxΓs. Now, there exists b ∈ xΓsΓxΓs such that s ∈ sΓb

and then there exists m ∈ xΓsΓx such that b ∈ mΓs. Hence, Ss and Sb are
non-empty. Thus, we have(

FS ⋄̂ GS ⋄̂ FS

)
(s) =

[
FS ⋄̂

(
GS ⋄̂ FS

)]
(s)

=
⋃

(u,v)∈Ss

[
FS(u) ∩

(
GS ⋄̂ FS

)
(v)

]
⊇ FS(s) ∩

(
GS ⋄̂ FS

)
(b)

= FS(s) ∩
{ ⋃

(p,q)∈Sb

GS(p) ∩ FS(q)

}
⊇ FS(s) ∩

(
GS(m) ∩ FS(s)

)
= FS(s) ∩ GS(m). (4.3)

As GS is an S.I. generalized interior Γ-hyperideal of S over V, we have
⋂

ϑ∈xΓsΓx

GS(ϑ)

⊇ GS(s). Since, m ∈ xΓsΓx, we have GS(m) ⊇ GS(s). Hence, from (4.3)(
FS ⋄̂ GS ⋄̂ FS

)
(s) ⊇ FS(s) ∩ GS(m)

⊇ FS(s) ∩ GS(s)

=

(
FS

⋂̃
GS

)
(s).

Therefore, FS

⋂̃
GS = FS ⋄̂ GS ⋄̂ FS . □

Lemma 4.7. If a Γ-semihypergroup S is an intra-regular. Then, S is a gen-
eralized interior simple Γ-semihypergroup.

Proof. Suppose that a Γ-semihypergroup S is intra-regular. Then, for each a

∈ S, there exist x, y ∈ S such that a ∈ x Γ a Γ a Γ y. Now a ∈ x Γ a Γ a Γ

y = (x Γ a) Γ a Γ y ⊆ S Γ a Γ S. It implies a ∈ S Γ a Γ S. Therefore, S ⊆
S Γ a Γ S. i.e. S Γ a Γ S = S for all a ∈ S. Hence by Lemma 2.12, S is a
generalized interior simple. □

Theorem 4.8. Let S be a Γ-semihypergroup. Then S is a generalized in-
terior simple Γ-semihypergroup if and only if every S.I. generalized interior
Γ-hyperideal of S over V is a constant function.
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Proof. Let S be a generalized interior simple Γ-semihypergroup and FS be an
S.I. generalized interior Γ-hyperideal of S over V. Then, we have S Γ s Γ S =

S for all s ∈ S, i.e. for any a, b ∈ S, there exist u, v, w, p ∈ S such that a ∈
u Γ b Γ w and b ∈ w Γ a Γ p. As b ∈ w Γ a Γ p, it implies

FS(b) ⊇
⋂

ϑ∈wΓaΓp

FA(ϑ)

⊇ FS(a), as FS is a S.I. interior Γ− hyperideal of S over V.

Hence, we have FS(b) ⊇ FS(a). Also a ∈ u Γ b Γ w, it implies
FS(a) ⊇

∩
ϑ∈uΓbΓw

FS(ϑ)

⊇ FS(b), as FS is an S.I. generalized interior Γ− hyperideal of S over V.

Hence, we have FS(a) ⊇ FS(b). Here a and b are arbitrary. Thus, for all a
and b, FS(a) = FS(b). This shows that FS is a constant function.
Conversely, suppose that every S.I. generalized interior Γ-hyperideal of a Γ-
semihypergroup S over V is a constant function. Let M be a generalized interior
Γ-hyperideal of S and s ∈ S. By Theorem 3.20, its characteristic soft function
SM is an S.I. generalized interior Γ-hyperideal of S over V. By hypothesis, SM

is a constant function, that is, SM (s) = SM (m) for every m ∈ S. Let m ∈ M .
Then, SM (s) = SM (m) = V. Hence we have s ∈ M . Thus, we obtain S ⊆ M .
Therefore S is a generalized interior simple Γ-semihypergroup. □

Theorem 4.9. If S is an intra-regular Γ-semihypergroup. Then every S.I.
generalized interior Γ-hyperideal of S is a constant function.

Proof. Let S be an intra-regular Γ-semihypergroup. Then, by Lemma 4.7, S
will be a generalized interior simple Γ-semihypergroup. Now, then by Theorem
4.8, every S.I. generalized interior Γ-hyperideal of S over V will be a constant
function. □

5. Characterizations of semisimple and right weakly regular
Γ-semihypergroups

In this section, we give some characterizations of semisimple and right weakly
regular Γ-semihypergroups using S.I. generalized interior Γ-hyperideals and S.I.
generalized bi-Γ-hyperideals.

Definition 5.1. A Γ-semihypergroup S is said to be a semisimple
Γ-semihypergroup if for every a ∈ S there exist x, y, z ∈ S such that a ∈
xΓaΓyΓaΓz.

Theorem 5.2. If S is a semisimple Γ-semihypergroup then every S.I. gener-
alized interior Γ-hyperideal of S over V is a S.I. Γ-hyperideal of S over V.

Proof. Let S be a semisimple Γ-semihypergroup and FS an S.I. generalized
interior Γ-hyperideal of S over V. As S is a semisimple Γ-semihypergroup,
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then for every a ∈ S there exist x, y, z ∈ S such that a ∈ xΓaΓyΓaΓz. This
implies that aΓb ⊆ xΓaΓyΓaΓzΓb. Thus we have⋂
ϑ∈aΓb

FS(ϑ) ⊇
⋂

ϑ∈xΓaΓyΓaΓzΓb

FS(ϑ)

=
⋂

ϑ∈(xΓaΓy)ΓaΓ(zΓb)

FS(ϑ)

⊇ FS(a), as FS is an S.I. generalized interior Γ− hyperideal.

Analogously, we can prove that
⋂

ϑ∈aΓb

FS(ϑ) ⊇ FS(b). Hence, every S.I. gener-

alized interior Γ-hyperideal of S over V is a S.I. Γ-hyperideal of S over V. □

Theorem 5.3. Let S be a Γ-semihypergroup. Then the following conditions
are equivalent:
(1) S is semisimple;
(2) I1

⋂
I2 ⊆ I1 Γ I2 for every generalized interior Γ-hyperideals I1 and I2 of

S;
(3) I ⊆ I Γ I for every generalized interior Γ-hyperideal I of S;
(4) < a >igen ⊆ < a >igen Γ < a >igen for every a ∈ S.

Proof. Suppose that S is a semisimple Γ-semihypergroup and I1, I2 are the
generalized interior Γ-hyperideal of S. Let a ∈ I1

⋂
I2. As S is a semisimple

Γ-semihypergroup, then for any a ∈ S there exist x, y, z ∈ S such that a ∈
xΓaΓyΓaΓz. Now,

a ∈ xΓaΓyΓaΓz

⊆ xΓaΓyΓ((xΓaΓy)ΓaΓzΓz)

⊆ (SΓI1ΓS)Γ((SΓI1ΓS)ΓI2Γ(SΓS))

⊆ I1Γ(I1ΓI2ΓS)

⊆ I1Γ(SΓI2ΓS)

⊆ I1ΓI2.

Therefore, I1
⋂

I2 ⊆ I1 Γ I2.
Proofs of (2) ⇒ (3) and (3) ⇒ (4) are easy. We prove (4) ⇒ (1)
Suppose that (4) holds. To prove S is semisimple, let a ∈ S. Then a ∈
< a >igen , where < a >igen is a generalized interior Γ-hyperideal of S containing
a. Now, we have

a ∈ < a >igen

⊆ < a >igen Γ < a >igen

=
(
a ∪ (SΓaΓS)

)
Γ
(
a ∪ (SΓaΓS)

)
.

Thus, a ∈ aΓa or a ∈ (SΓaΓSΓa) or a ∈ (aΓSΓaΓS) or a ∈ (SΓaΓSΓaΓS).
Hence a ∈ aΓa ⊆ aΓaΓa ⊆ aΓaΓaΓaΓa or
a ∈ (xΓaΓyΓa) ⊆ (xΓaΓyΓx1ΓaΓy1Γa) = (xΓaΓ(yΓx1)ΓaΓ(y1Γa)). Therefore,
there exists an element z1 ∈ yΓx1 and z2 ∈ (y1Γa) such that a ∈ (xΓaΓz1ΓaΓz2)

or
a ∈ (aΓxΓaΓy) ⊆ (aΓxΓaΓx1ΓaΓy1Γy) = ((aΓx)ΓaΓx1ΓaΓ(y1Γy)). Therefore,
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there exists an element z3 ∈ aΓx and z4 ∈ (y1Γy) such that a ∈ (z3ΓaΓx1ΓaΓz4)

or
a ∈ (xΓaΓyΓaΓz). Hence it implies S is semisimple. □

Theorem 5.4. Let S be a Γ-semihypergroup. Then the following conditions
are equivalent:
(1) S is semisimple;
(2) FS

⋂̃
GS ⊑ FS ⋄̂ GS , for every S.I. generalized interior Γ-hyperideals FS

and GS of S over V.

Proof. Let S be a semisimple Γ-semihypergroup and FS , GS the S.I. generalized
interior Γ-hyperideal of S over V. As S is a semisimple Γ-semihypergroup, thus
for any a ∈ S, there exist x, y, z ∈ S such that a ∈ xΓaΓyΓaΓz and a ∈
xΓaΓyΓaΓz ⊆ xΓaΓyΓ(xΓaΓyΓaΓz)Γz = (xΓaΓy)ΓxΓaΓ(yΓaΓzΓz). Thus,
there exists u ∈ xΓaΓy, v ∈ xΓaΓ(yΓaΓzΓz) such that a ∈ uΓv. Hence, Sa is
non-empty. Now, we have(

FS ⋄̂ GS

)
(a) =

⋃
(p,q)∈Sa

[
FS(p) ∩ GS(q)

]
⊇ FS(u) ∩ GS(v). (5.1)

As FS , GS are S.I. generalized interior Γ-hyperideal of S over V, we have⋂
ϑ∈xΓaΓy

FS(ϑ) ⊇ FS(a) and
⋂

θ∈xΓaΓ(yΓaΓzΓz)

GS(θ) ⊇ GS(a). Since u ∈ xΓaΓy,

we have FS(u) ⊇ FS(a) and v ∈ xΓaΓ(yΓaΓzΓz), we have GS(v) ⊇ GS(a).
Hence, from (5.1) (

FS ⋄̂ GS

)
(a) ⊇ FS(u) ∩ GS(v)

⊇ FS(a) ∩ GS(a)

=
(
FS

⋂̃
GS

)
(a).

Therefore, FS

⋂̃
GS ⊑ FS ⋄̂ GS .

(2) ⇒ (1)
To show S is semisimple, we have to prove that I1

⋂
I2 ⊆ I1 Γ I2 for every

generalized interior Γ-hyperideals I1 and I2 of S. Suppose that the condition
(2) holds and I1, I2 are the generalized interior Γ-hyperideals of S. Then by
Theorem 3.20, the soft characteristic functions SI1 , SI2 are S.I. generalized
interior Γ-hyperideals of S over V. By assumption, SI1

⋂̃
SI2 ⊑ SI1 ⋄̂ SI2 . Let

a ∈ I1 ∩ I2. Then SI1∩I2 = V. Now, we have(
SI1ΓI2

)
(a) =

(
SI1 ⋄̂ SI2

)
(a)

⊇
(
SI1

⋂̃
SI2

)
(a)

= S(I1 ∩ I2)(a)

= V

It implies a ∈ I1ΓI2. Hence, I1
⋂

I2 ⊆ I1 Γ I2. Therefore, S is semisimple. □
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Definition 5.5. A Γ-semihypergroup S is said to be a right weakly regular
Γ-semihypergroup if for every a ∈ S there exist x, y ∈ S such that a ∈ aΓxΓaΓy.

Theorem 5.6. Let S be a Γ-semihypergroup. Then the following conditions
are equivalent:
(1) S is right weakly regular;
(2) B

⋂
I ⊆ B Γ I for every generalized bi Γ-hyperideal B and for every

generalized interior Γ-hyperideal I of S;
(3) < a >bgen ∩ < b >Igen ⊆ < a >bgen Γ < b >igen for every a, b ∈ S;
(4) < a >bgen ∩ < a >igen ⊆ < a >bgen Γ < a >igen for every a ∈ S.

Proof. Suppose that S is a right weakly regular Γ-semihypergroup and B, I are
the bi-Γ-hyperideal and interior Γ-hyperideal of S respectively. As S is a right
weakly regular Γ-semihypergroup, thus for any a ∈ S, there exist x, y ∈ S such
that a ∈ aΓxΓaΓy. Now,

a ∈ aΓxΓaΓy

⊆ aΓxΓ(aΓxΓaΓy)Γy

⊆ (aΓxΓa)ΓxΓaΓ(yΓy). (5.2)

Let a ∈ B ∩ I. Then from (5.2)
a ∈ (aΓxΓa)ΓxΓaΓ(yΓy)

⊆ (BΓSΓB)Γ(SΓIΓ(SΓS))

⊆ BΓ(SΓIΓS)

⊆ BΓI.

It implies B ∩ I ⊆ BΓI.
(2) ⇒ (3) and (3) ⇒ (4) is obvious.
(4) ⇒ (1)
Suppose that (4) holds. To show S is right weakly regular, we have

a ∈ < a >bgen ∩ < a >igen

⊆ < a >bgen Γ < a >igen

=
(
a ∪ (aΓSΓa)

)
Γ
(
a ∪ (SΓaΓS)

)
⊆ (aΓa) ∪ (aΓSΓaΓS).

It would imply that a ∈ aΓa or a ∈ aΓSΓaΓS. Therefore, S is a right weakly
regular Γ-semihypergroup. □

Theorem 5.7. Let S be a Γ-semihypergroup. Then the following conditions
are equivalent:
(1) S is right weakly regular;
(2) FS

⋂̃
GS ⊑ FS ⋄̂ GS , for every S.I. generalized bi Γ-hyperideal FS of S

over V and for every S.I. generalized interior Γ-hyperideal GS of S over V.

Proof. Let S be a right weakly regular Γ-semihypergroup and FS , GS the S.I.
generalized bi Γ-hyperideal of S over V, S.I. generalized interior Γ-hyperideal
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FS of S over V respectively. As S is a right weakly regular Γ-semihypergroup,
then for any a ∈ S, there exist x, y ∈ S such that a ∈ aΓxΓaΓy. Thus a ∈
aΓxΓaΓy ⊆ aΓxΓ(aΓxΓaΓy)Γy = (aΓxΓa)Γ(xΓaΓyΓy). Then there exists u

∈ aΓxΓa and v ∈ xΓaΓ(yΓy) such that a ∈ uΓv. Hence Sa is non-empty. Now
we have (

FS ⋄̂ GS

)
(a) =

⋃
(p,q)∈Sa

[
FS(p) ∩ GS(q)

]
⊇ FS(u) ∩ GS(v). (5.3)

As FS is an S.I. generalized bi Γ-hyperideal of S over V, we have
⋂

ϑ∈aΓxΓa

FS(ϑ)

⊇ FS(a) and GS is an S.I. generalized interior Γ-hyperideal of S over V, we have⋂
θ∈xΓaΓ(yΓy)

GS(θ) ⊇ GS(a). Since u ∈ aΓxΓa, we have FS(u) ⊇ FS(a) and v ∈

xΓaΓ(yΓy)), we have GS(v) ⊇ GS(a). Hence, from (5.3)(
FS ⋄̂ GS

)
(a) ⊇ FS(u) ∩ GS(v)

⊇ FS(a) ∩ GS(a)

=
(
FS

⋂̃
GS

)
(a).

Therefore, FS

⋂̃
GS ⊑ FS ⋄̂ GS .

(2) ⇒ (1)
To show S is right weakly regular, we have to prove that B

⋂
I ⊆ B Γ I

for every generalized bi Γ-hyperideal B and generalized interior Γ-hyperideal
I of S. Suppose that the condition (2) holds and B, I are the generalized
bi and generalized interior Γ-hyperideals of S. Then by Theorem 3.20, the
soft characteristic functions SB , SI are S.I. generalized bi and S.I. generalized
interior Γ-hyperideals of S over V. By assumption, SB

⋂̃
SI ⊑ SB ⋄̂ SI . Let a

∈ B ∩ I. Then SB ∩ I = V. Now, we have(
SBΓI

)
(a) =

(
SB ⋄̂ SI

)
(a)

⊇
(
SB

⋂̃
SI

)
(a)

= S(B ∩ I)(a)

= V

It implies a ∈ BΓI. Hence, B
⋂

I ⊆ B Γ I. Therefore, S is right weakly
regular. □

6. Conclusion

In this paper, we have introduced soft intersection generalized interior-Γ-
hyperideals and soft intersection generalized bi-Γ-hyperideals in Γ-semihypergroups.
Moreover, some important characterizations of some classes of Γ-semihypergroups
have been discussed in terms of soft intersection generalized interior-Γ-hyperideals
and soft intersection generalized bi-Γ-hyperideals. Based on the results of
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this paper, some further work can be done on the properties of soft inter-
section generalized interior-Γ-hyperideals and soft intersection generalized bi-
Γ-hyperideals in other hyperstructures.
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