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1. INTRODUCTION

Zadeh in 1965 proposed fundamental concept of a fuzzy set [25]. Kuroki
[15, 16, 17] studied the notion of fuzzy set in semigroups. A systematic expo-
sition of fuzzy semigroups was given by Mordeson et al. [18], where one can
find theoretical results on fuzzy semigroups and their use in fuzzy coding, fuzzy
finite state machines and fuzzy languages. In [19], the monograph by Mordeson
and Malik deals with the application of fuzzy approach to the concepts of au-
tomata and formal languages. In [20], Murali proposed the concept of a fuzzy
point belonging to a fuzzy subset under a natural equivalence on fuzzy subset.
The notion of a fuzzy set in topological structure has been introduced in [22].
The idea of quasi-coincidence of a fuzzy point with a fuzzy set, played a vital
role to generate some different types of fuzzy subgroups. Bhakat and Das [1, 2],
gave the concepts of («, 8)-fuzzy subgroups by using the belongs to relation (€)
and quasi-coincident with relation (q) between a fuzzy point and a fuzzy sub-
group and introduced the concept of an (€, € Vq)-fuzzy subgroup. Jun and
Song in [9], introduced the notion of («, §)-fuzzy interior ideals of a semigroup.
Kazanci and Yamak studied (€, € Vq)-fuzzy bi-ideals of a semigroup in [10]. In
[21], Shabir et al., characterized regular semigroups by (a, §)-fuzzy ideals. The
generalization of (€, € Vq)-fuzzy ideals of a BCK/BClI-algebra was discussed by
Jun et al. in [6]. In mathematics, an ordered semigroup is a semigroup together
with a partial order that is compatible with the semigroup operation. Ordered
semigroups have many applications in the theory of sequential machines, formal
languages, computer arithmetic and error-correcting codes. The concept of a
fuzzy bi-ideal in ordered semigroups was first introduced by Kehayopulu and
Tsingelis in [12], where some basic properties of fuzzy bi-ideals were discussed.
A theory of fuzzy generalized sets on ordered semigroups can be developed.
For further study on generalized fuzzy sets in ordered semigroups, we refer the
reader to [3, 8, 13]. The notion of general form of the quasi-coincidence of a
fuzzy point with a fuzzy set is initiated by Jun in [7]. In [11], Kang general-
ized the concept of (€, € Vq))-fuzzy subsemigroup and initiated the notion of
(€, € Vg )-fuzzy subsemigroup of semigroups. Interval valued fuzzy sets were
introduced independently by Zadeh [26], Grattan-Guiness [4], John [5], in the
same year, where the value of the membership functions are intervals of num-
bers in place of the numbers. Interval valued fuzzy sets were initiated as a
natural extension of fuzzy sets. Thillaigovindan and Chinnadurai in [23] intro-
duced the concept of interval valued fuzzy ideals (bi-ideals, interior ideals and
quasi-ideals) in semigroups. In [14], the authors initiated a new generalization
of interval valued fuzzy bi-ideals in ordered semigroup called an interval valued
(67 € qu) -fuzzy bi-ideal of an ordered semigroup.

In this article, we initiate a new more general form of an interval valued
(€,€ Vq)-fuzzy bi-ideal and interval valued (E, € \/qg)-fuzzy bi-ideal of an
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ordered semigroup. We introduce the notion of an interval valued (e, € \/qg)-
fuzzy bi-ideal of an ordered semigroup and give examples which are interval
valued (6, € \/q%)-fuzzy bi-ideals but not interval valued (€, € Vq)-fuzzy bi-

ideals and interval valued (6, € \/qE) -fuzzy bi-ideal. We discuss characteriza-

tions of interval valued (G, € \/qg) -fuzzy bi-ideals in ordered semigroups. We
finally consider characterizations of an interval valued fuzzy bi-ideal and an
interval valued (€, € \/q,‘i)—fuzzy bi-ideals by using implication operators and
the notion of implication-based interval valued fuzzy bi-ideals. The important
achievement of the study with an interval valued (E, € \/q%)—fuzzy bi-ideal is

that the notion of interval valued (E, € \/q%) -fuzzy bi-ideal and interval valued

(€, € vVq)-fuzzy bi-ideal are special cases of an interval valued (6, € \/q%) -fuzzy
bi-ideals.

2. PRELIMINARIES

By an ordered semigroup (or po-semigroup) we mean a structure (5, -, <) in
which the following are satisfied:

(0OS1) (S, -) is a semigroup,

(0S2) (S, <) is a poset,

(0S3) Va,y,aeS)(z<y=a-z<a-y x-a<a-y).

A nonempty subset A of an ordered semigroup S is said to be a subsemigroup
of S if A2 C A. A non-empty subset F of an ordered semigroup S is called a
left (resp. right) ideal of S if it satisfies

(1) VzeS) (yeF) (x<y=uzecA),

(2) SA C A(resp.AS C A).

A non-empty subset A of S is called an ideal if it is both a left and a right
ideal of S.

A non-empty subset A of an ordered semigroup S is called a bi-ideal of S if

(1) VzeS) (yeF) (zx<y=uzecA),

(2) A% C 4;

(3) ASA C A.

A fuzzy subset A of a universe X is a function from X into the unit closed
interval [0, 1], that is A : X — [0, 1].

Let A be a fuzzy set of a semigroup S and ¢ € [0, 1], the set U(\;t) = {z €
S|A(x) > t} is called a level subset of the fuzzy set .

Let A be a fuzzy subset of S and ¢ € [0,1]. Then the set U(A\;t) ={z € S:
A(z) >t} is called the level subset of S.
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Let A be a non-empty subset of S. We denote by A4, the characteristic
function of A, that is the mapping of S into [0, 1] defined by

1,ifze A
A"‘(x)_{ 0,ifxd A

Obviously A4 is a fuzzy subset of S.
Let (S, -, <) be an ordered semigroup and X a fuzzy subset of S. Then
A of S is said to be a fuzzy subsemigroup of S if (Vu,v € S)(A(zy) >
A(w) AA®)).
A fuzzy subsemigroup A is said to be a fuzzy bi-ideal of S if:
1) (Va,y € S)(z <y = A@) = Ay), 2) (V2,2 € S)(A(y2) = A@) AA())
A fuzzy set A in a set S of the form

te (0,1 if y==x,
Ay) :—{ 0 (0,1] iy (2.1)
is said to be a fuzzy point with support 2 and value ¢t and is denoted by (z,t).

For a fuzzy subset A in S, a fuzzy point (x,t) is said to

e be contained in A denoted (x,t) € A, if A(z) > t.

e be quasi-coincident with A, denoted by (z,t) gA, if AM(z) +¢ > 1.

For a fuzzy subset A and fuzzy point (z,t) in a set S, we say that

o (x,t) € Ag if (x,t) € A or (x,t) g\

For a fuzzy subset A\ and fuzzy point (x,t) in a set S, and k € [0,1) we say
that (z,t) ggX if M) +¢t+k > 1 and (x,t) € Vg if (z,t) € X or(x,t) g A.
Jun et. al. in [7], considered the general form of the symbol (z,t) gxA and
(x,t) € VgpA as follows: For a fuzzy point (x,t) and fuzzy subset A in a set X,
we say that

i) (2, t) N if Mz) +t > 6,

i) (z,t) @ N if Mz) +t+k > 6,

iii) (z,t) € V@I if (z,t) € X or (z,t) ) X;

iv) (z,t) @ if (z,t) X does not hold. For o € {€, ¢, € Vq, € Vgi, g}, € Vgl }.

where k € [0,1) and k < § in [0, 1]. Obviously, (x,t) ¢’ \ implies (x,t) gJ\.

By an interval number ¥ we mean an interval [z, 2] where 0 < 27 <
zt < 1. The set of all interval numbers is denoted by D[0,1]. The interval
[z, z] can be simply identified by the number 2 € [0, 1]. For the interval numbers
[z, 2], i = [y, ,y;7], for all i € I, we define the following:

= I Ly
i) rmax {Z;,y;} = [max (a:l_,yl_) ,max (a:j',yf)] ,

i) rmin {Z;, 5} = [min (27 ;) min (7, 4)]

i) rinf 7; = {/\ 7, N\ x*] rsupz; = |\ 27, V zﬂ
iel el iel el

) T < T e 2y <y and 2f <af

V) Ty = Tp & x] =2, and 2 =27

Vi) T < Tg & x] < Ty zaund:vi|r <x§'

vii) kTz = [kx; , ka]]

i
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Clearly (D[0,1], <, A, V) forms a complete lattice where 0 = [0, 0] is its least
element and 1 = [1,1] is its greatest element. The interval valued fuzzy sub-
sets deliver a more suitable explanation of uncertainty than the traditional
fuzzy subsets. Therefore it is significant to use interval valued fuzzy subsets
in applications. One of the key applications of fuzzy subsets is fuzzy control,
and one of the greatest computationally concentrated parts of fuzzy control is
the defuzzification. As a conversion to interval valued fuzzy subsets typically
increase the extent of computations, it is vitally important to design faster
algorithms for the corresponding defuzzification. An interval valued fuzzy
subset A : X — DI[0,1] is the set A = {z € X|[A\~ (z),A\T (z)] € D[0,1]},
where A~ : X — [0,1] and AT : X — [0,1] are fuzzy subsets such that
0 <A (z) <A (z) <1lforall z € X and [\~ (z),A" (z)] is the interval
degree of membership function of an element x to the set A

Let X be an interval valued fuzzy subset of X. Then for every 0<t<1, the
crisp set U (X, tN) = {x € X|\(z) > tN} is said to be the level set of A.

Note that, since every = € [0, 1] is in correspondence with the interval [z, 2] €
DJ0, 1], therefore a fuzzy set is a particular case of the interval valued fuzzy
sets.

For any A = [A~,A\*] and 7 = [t~, 1], we define

) +t= A" (@) + 7,0 (@) + 7],

for all z € X. In particular, if A\~ () +¢~ > 1 and AT (z) + ¢ > 1, we write
Maz)+t>[1,1]. N
An interval valued fuzzy subset A of a set S of the form

~ . [teDo,1] ify==z
Ao) '_{ 0,0 ify#a

is said to be an interval valued fuzzy point with support z and value ¢ and
is denoted by (x,f) .

For an interval valued fuzzy subset X of a set S, an interval valued fuzzy
point (x,f) is said to

- be contained in A denoted by (:1:,%) € X, if A (z) > t.

- be quasi-coincident with A denoted by (z,7) gX if A(z) + ¢ > 1. Where
A" () 4+t >1and AT (z) +tT > 1

For an interval valued fuzzy point (x, %) and an interval valued fuzzy subset
X of a set S, we say that

. (x,%) € \/qx if (3:,%} € \or (x,ﬂ qX

. (w,%) anif (m,a aA does not hold for « € {€,q,€ Vq}.

For an interval valued fuzzy subset X of a set S, we say that an interval
valued fuzzy point (z,t) is

- contained in A denoted by (m,a €N if X(z) > 1.
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- quasi-coincident with A denoted by (z,1) qEX if \(z) +t+k > 1. Where
AT (@) 4+t +k >Tand AT () +tH +kT > 1

For an interval valued fuzzy point (x, %) and an interval valued fuzzy subset
X of a set S, we say that

. (x,%) € \/qEX if (3:,%) € \or (a:,ﬂ qEX

. (w,%) anif (m,a aA does not hold for « € {qE, € \/qE} .

3. GENERALIZED INTERVAL VALUED (€, € Vg;)-FUZZY BI-IDEALS

In what follows, let S be an ordered semigroup and let k= [k, kT] denote
an arbitrary element of D[0,1) , § = [6~,d"] denote an arbitrary element of
D(0,1], where 0<k< 0, unless otherwise specified. For an interval valued
fuzzy point (m,'t-) and an interval valued fuzzy subset A of S, we say that

- (2,t) qu if X(z)+1+k>1, where A= (z) +t~ + k= > 6 and A\t (z) +
th+ kT >0t B .

. (ac,f) € \/q»g)\ if (I,i) € Aor (z,ﬂ q%A ) )

. (3:,%) al if (x,%) aX does not hold for a € {qg, € \/q%} .

Definition 3.1. An interval valued fuzzy subset X of S is said to be an
(67 S Vq%> -fuzzy bi-ideal of S| if it satisfies the following conditions:

(i) x <y, (y,tw) EN= (m,f) € \/q%X,

(i%) (x,ﬂ) € X, (y,t}) €EN= (xy,rmin {ﬂ,t}}) € \/qu,

(#4i) (m,ﬂ) € X, (z,lg) EXN= (chz,rmin {t~1,t~2}) € \/qu7 for all z,y € S
and t,t1,t2 € D(0,1].

Theorem 3.2. Let A be an interval valued fuzzy subset of S. Then, the following
are equivalent:

i) (VZG D(%5%,1)) (U (X,t~> # 0 is a bi-ideal of S) .

(

(ii) A satisfy the following conditions:

(1ia) (Vz,y € S) (x <y= Az) < rmax {X(y), {6*51@* 7 5+5k+} }) ,
(

(

1ib) (Vx,y € S) (r min {X (x) ,X (y)} < rmax {X (zy), {6_5]6_ ) %] })
iic) (Vx,y,z € S) (7’ min {X (z) ,X (Z)} < rmax {X (zyz), [¥7 %] })
Proof. Suppose that U (X, tN) # () is a bi-ideal of S for all te (‘LT’“, 1]. If there

exist 2,y € S such that the condition (iia) is not satisfied, that is, there ex-
ist z,y € S with z < y such that X (y) > rmax{X(x), [%,%}}.
Then X (y) € D(*ZE: 1] and y € U (X,X(m)) But A(z) < A(y). It implies
that y ¢ U (X,X(m)) , which is a contradiction. Hence, condition (iia) is sat-

isfied. Now assume that (iib) is not valid, i.e., t; = rmin {X (w),X(y)} >
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7 max {X(azy), [57%’“7, #}} for some x,y € S. Then ¢; € D(%7 1] and
x,z €U (X,ﬁ) .Butzy ¢ U (X,ﬁ), since A (zy) < t1. Which is a contradic-
tion and hence (iib) satisfied for all z,y € S. Assume that (iic) is not true,
that is, f, = 7 min {X (), (z)} > rmax {X (zyz), [%, %] } for some
z,y,z € S. Then t; € D(‘S_TkJ] and z,z € U(X,t}) But zyz ¢ U(X;t~2>7

since A (zyz) < fy. This is a contradiction and hence (iib) is also satisfied.
Conversely, assume that \ satisfies the conditions (iia) (iib) and (iic). As-

sume that U (X,f) £ forallt e D(‘LTk,l]. Let 2,y € S be such that z <y
N7 3 g Y 8" -k~ §T—kt
and y € U (/\,t). Then, A(y) > t and so 7"max{/\(a;)7 [T,T}} >

Ay) >1> [5_%’“_, w} . Hence, A (z) > 7, that is, z € U (X;tN). If 2,y €
N.7 AT : Y 80— —k~ 8t —kt

U (A,t) , then from (iib) it implies that rmax{)\(xy), [ 5 ,T]} >

r min {X(x),X(y)} >t > {%,%}. Hence, A (zy) > . That is,

xzy €U (X,f) Ifx,yzelU (X,t~> , then from (iic), it implies that

- -k 5t _ gt
rmax{)\(xyz),[a 2k ,6 2k }}

Y

r min {X(w),X(z)}
e {5214:,5*2]9*] .

Y

Hence, X(myz) > ¢. That is, zyz € U (X, Z) . Therefore, U (X,?) is a bi-ideal
of § for all T € D(%5%, 1], with U (X;7) # 0. 0

If we take = [1,1] in Theorem 3.2, then we have the following corollary.

Corollary 3.3. Let X be an interval valued fuzzy subset of S. Then, the fol-
lowing are equivalent:

i) (Yfe D(45%,1]) (U (X,f) # () is a bi-ideal of S) .

(i
(i1) A satisfy the following conditions:

i € 5221 30y om0 [ )
(i

(

iib) (Va,y € S) (rmin {X(w) ,X(y)} < rmax {X (zy), {%, %} })
iic) (Vx,y,z € S) (r min {X (x) ,X(z)} < rmax {X (zyz), {17;*7 1—21#} })

If we take & = [1,1] and k = [0, 0] in Theorem 3.2, then we have the following
corollary.

Corollary 3.4. Let X be an interval valued fuzzy subset of S. Then, the fol-
lowing are equivalent:

(2) (VZE D(3,1]) (U (X,%V) # 0 is a bi-ideal of S) .
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(i1) X satisfy the following conditions:

(tia) (Vx,y € S) (Jc <y= X(x) < rmax {X(y) [% %] })
( (z

(

iib) (Vz,y € ) (rmin {X(x),X( )} < rmax{)\ v), [1 = 1;’6*}})

it) (Va,y,z € S) (rmm{i(a;) A (2) } < rmax{ (2y2), [1, 1]
Theorem 3.5. An interval valued fuzzy subset hy of S is an interval valued
(67 € ng) -fuzzy bi-ideal of S if and only if:

(4) (X (y) > rmin {X(x) : [J’gk’ , %]} with & < y)

(i4) X (wy) = rmin {X (2), X (), |25, 50

p) p)
(u31) Py (zyz) > rmin {X (x) ,X (2), [6‘;19_ , #} }
forall z,y,z € S.

Proof. Assume that X is an interval valued (6, € \/qg) -fuzzy bi-ideal of S. Let

2,y € S be such that z < y. If A (y )<)\( ), then X (y )<t<)\( )forsomefe
D (0,%5%). Tt follows that (z,) € X, but (y,t) EX. Since A (y) + < 2¢ < 5—F,

we have (y,%) qu. Therefore, (y,j € \/qE)\, which is a contradiction. Hence,

X(y) > A(z). Now if A (z) > [Yi %} then (m [57?7,55“}) 5

and so (y, {5 JJ,%D c \/qlC , it follows that )\( ) > [6’%’ #}

or A(y) + [%, 5+;k+ > & — k. Hence, A (y) > {5% # . Other-

Y -k~ st _kt - _gp— st_kt -k §t_kt T 7
w1se,/\(y)+[5 k= & 21@}<[5 k= & 2k}_~_[5 2k’52k]:5_k_’

which is a contradiction. Therefore, A (y) > rmin {X(sc), [5—;;@— M}}

2 2
for all z,y € S with z < y. Let =,y € S be such that rmin{X(z),X(y)} <

[57 sk 5+2k } . We suppose that X (zy) > rmin {X (z),XA(y) t. If not, then

we choose t € D (0, 25%) such that X(zy) < t < rmin {X (), Ay )} It implies
that (z A)E)\and yA)e)\ but xy?e)\and)\(:cy)+t<2t<5—kle
(:ryf) € \/q%)\. This is a contradiction. Hence, A (zy) > r min {)\( ), A (y )} for

allz,y € S. Ifrmin{X( ), X(y)} > [%7#} , then (x, [%,%D c
X and so (y, {5;’“7 %D €N Thus,

-k~ st_it
ey i e e A , et 5
Yy, 5 , 5 = | zy,r min ‘rgkf, 5+;k+ IS \/q

and so X(:vy) > [%7¥} or X(azy) + [%’%} > 5k If
X(wy) < [(ng* : 5*;&} then X(my)—l— [5*51( : 5+§k+} < [ygkf’ 6*;1#} n
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[‘Vi #} = 5—Fk, which is a contradiction. Hence, \ (zy) > {%, %} .

2 b
Therefore, A (zy) > r min {X (), X (y), {5_;’“_ , %]
Let ,y, z € S be such that r» min {X (z), X (z)} < [%, @} . We sup-

5y X X g 5—k
pose that A (zyz) > r min {)\ (), A (z)} . If not, then we choose t € D (0, 25%)

such that A (zyz) < t < rmin {X(x) ,X(z)} It implies that (m,f) € X and

(z,%) € X, but (xyz,%)@X and X(a:yz) +T<20<6—Fkie, (xyz,%) € ngi.
This is a contradiction. Hence, A (zyz) > rmin {X (z), A (z)} forall z,z € S.
If r min {X(I) ,X(z)} > [5’5“ , %} then (x [fgk’ , @D € X and
SO (z, [@ MD €A Thus,

2 ’ 2

5 —k~ 6t—kt

0" —k= 0T —kT]\ . 3 2 ) Ve X
Yz, 5 5 = | xyz,r min JR € Vg,
2 2

7

st—kt

and so A(zyz) > [‘57%’“7, 5+§k+} or \(zyz) + [5*%1(7 >0 — k. If
STkt

X(xyz) < {57%’677¥} ,thenX(myz)+[575k77 5+5k+} < [J*Ek*’ 5 }_1_

[M #} = 5—7@:, which is a contradiction. Hence, hy (zyz) > [57%’“7, %} )

2 I
3 I N S —k~ ot—k*
Therefore, A (zyz) > r min {/\ (), (2), [T’“, Tk} } .
Conversely, let A be an interval valued fuzzy subset of S that satisfies the

three conditions (i), (#7) and (iii). Let ,y € S and t € D(0,1] be such that
xSyand( A)E)\ Then, )\( )>Eandso

NNa) > rmm{i(y), [52’“, 5+2k+”

min {1, 6" —k” ¥ k¥
" T2 T

g 5’7k* P
i if 7 < |5t St

0" -k~ fk_ ot -kt
2

V

Y

ift >

Il
—
=}
|
vl |
o
|
>
+
??‘
+
[EE—)

It implies that (x,%) € Xor X(w) +t> [57% AR k+} +1> 0 —Fk, that is
(x,f) q—itX. Hence, (x,%) € \/qu. Let x,y € S and tm,ty € D(0,1] be such that
(:r,t;) € X and (y,t;) €A Then, X(x) > t, and X(y) > t:/ It implies from
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(i) that

X(ay) > rmin{/\( ). A (), [6;k’5+2k+}}

it [P )

7 min {tz,ty} if rmin {t;,t;} < [5751“7,%

= - st . .~ o~ - = st_p+] -
{7‘5 2k ,75 Qk } if rmln{tw,ty}> [75 2k ,75 Qk }

Y

So that (a:y,rmin {t~1,t~2}) €Xor X(xy)—i—rmin {t;@} > [%,%] —+

min {73} >[5, S5 [t S5 <R hatis, (o, i {7, 72))

Thus, (wy,rmin {t;,t;}) € \/qu. Therefore, \is an (E, S \/q-]‘it)—fuzzy bi-ideal
of S.Let z,y,z € S and t,,t, € D(0, 1] be such that (amﬂ) € X and (z,g) €N
Then, \ (x) > t, and X (z) > t.. It implies from (iii) that

X(zyz) > rmin{,\( ) A (z), {5;k’6+2 ]}
> rmln{ [ L }}
B rmin{t,,t.} if rmin{{mt:}é [5—%#

— = st . .~ o~ - = st_p+]
{7‘; 2’“ ,75 Qk } if rmm{tw,tz}> [75 Qk ,75 Qk }

So that (vyz, rmin {¢;,12}) € Xor A (zyz)+r min {te £} > [67%](’ %}—F
rmin {fe B2 > [, S [ S =k dha i

(:cyz, r min {t:, t:}) q»itx.
Thus, (myz, 7 min {t;, t;}) € \/q—itx. Therefore, \is an (E, € \/q%) -fuzzy bi-ideal
of S. 0
If we take 0 = [1,1] in Theorem 3.5, then we have the following corollary.

Corollary 3.6. An interval valued fuzzy subset A of S is an interval valued
(6, € ng)—fuzzy bi-ideal of S if and only if:

(7) (X (y) > rmin {X (z), {1*2’“_, 13’”} } with x < y)
(i0) X (wy) = rain {X (2), X (), [15=, 1540 }

(iii) A (zyz) > rmin {X (), A (2), [1_21( ’ 1_2k+} }
forall z,y,z € S.

If we take 6 = [1,1] and k = [0,0] in Theorem 3.5, then we have the following
corollary.
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Corollary 3.7. An interval valued fuzzy subset hy of S is an interval valued
(€, € Vq)-fuzzy bi-ideal of S if and only if:

(7) (X (y) > rmin {X (), [3.3] } with © < y)

(i1) X (ay) = rmin {X (@), A (), [, 5] |

(4i1) A (zyz) > rmin {X (z) ,X(z) , [%, %]}

forall z,y,z € S.
EXAMPLE 3.8. Consider the ordered semigroup S = {1,2,3,4} with the fol-
lowing multiplication table and ordered relation ” < 7.

b d

Q||

SWRS RS RSV Y

b d
b b
b b
d b

QU [

d

<:={(a,a),(b,b),(¢,¢c), (d,d),(a,d),(a,c),(c,d), (b, c), (b, d),(c,d),(d c)}
Let A be an interval valued fuzzy subset defined by

_ [0.7,0.8] it = € {a,c}
A(z) [0.3,04] if z =0
0.4,0.5] if 2 = d

Let, i1,t3 € D(0,1] such that £; = [0.1,0.2],#; = [0.2,0.3]. Then, X is an

interval valued (67 € \/q[[gff’g:;]g—fuzzy bi-ideal of S.

From Theorem 3.5, it is clear that every interval valued fuzzy bi-ideal, an
interval valued (€, € Vq)-fuzzy bi-ideal and interval valued (€, € Vg;)-fuzzy bi-
ideal of S is an interval valued (E, € \/q%) -fuzzy bi-ideal of S. But the converse

is not true. The following example shows this.

ExaMPLE 3.9. The interval valued (e, € Vq%)—fuzzy bi-ideal of S is not an
interval valued fuzzy bi-ideal, not an interval valued (€, € Vq)-fuzzy bi-ideal
and not interval valued (€, € Vgz)-fuzzy bi-ideal of S. Consider an ordered
semigroup in Example 3.8. Since b < d, A (b) = [0.3,0.4] # [0.4,0.5] = A (d),
which shows that X is not an interval valued fuzzy bi-ideal of S.

Also, A (d-d-d) = A (b) = [0.3,0.4] % [0.4,0.5] = r min {X (d),A(d), [1,1] } :
which shows that A is not an interval valued (€, € Vq)-fuzzy bi-ideal of S.

Moreover,

X(d-d-d)=X(b) =[0.3,0.4] # [0.25,0.35] = r min {X (d), X (d), [1 _2]“7 , L _ij } ‘

And so A is not an interval valued (6, € \/qf,;)—fuzzy bi-ideal of S.
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In the following theorem we give a sufficient condition for interval valued
(6, S \/q%> -fuzzy bi-ideal of S to be an interval valued fuzzy bi-ideal of S.

Theorem 3.10. Let A be an interval valued (6, € \/qg) -fuzzy bi-ideal of S.
]fX(:E) < [%, ﬁ%’“j for all z € S, then A is an interval valued fuzzy
bi-ideal of S.

Proof. The proof follows from Theorem 3.5. (]

If we take 6 = [1,1] in Theorem 3.10, then we have the following corollary.

Corollary 3.11. Let X be an interval valued (E, € \/qg) -fuzzy bi-ideal of S. If
A (z) < [%, 1_2“} for all x € S, then X is an interval valued fuzzy bi-ideal
of S.

If we take & = [1,1] and k = [0,0] in Theorem 3.10, then we have the
following corollary.

Corollary 3.12. Let X be an interval valued (€, € Vq)-fuzzy bi-ideal of S. If
A(z) < [%, %] for all x € S| then X is an interval valued fuzzy bi-ideal of S.
Theorem 3.13. Let [0,0] < k < 7 < [1,1] and [0,0] < 6 < 5§ < [1,1].
Then, every interval valued ( €, € \/q% -fuzzy bi-ideal of S is an interval valued
(E, € \/q‘rg) -fuzzy bi-ideal of S.

Proof. Straightforward. O

The converse of Theorem 3.13 is not true. The following example shows this.

ExaMmpPLE 3.14. Consider the ordered semigroup of Example 3.8. Let X be an
interval valued fuzzy subset of S defined by
N [0.4,0.5] fz=a
Ax)=1<¢ [0.2,0.3] ifxe{bc}
[0.1,0.2] ifx=d

Then, A is an interval valued (67 € \/qg) -fuzzy bi-ideal of S with k> [0.3,0.3]
and 6 > [0.5,0.6] . Note that 3 < 4 and

N4) = [0.1,0.2] < [0.26,0.28] = [5_ — kot — kw

2 ’ 2
- - = st — kTt
= rmin{)\(:r),{(s 2k ,5 2k ]}

where k = [0.13,—0.4] and 6 = [0.4,0.5]. Thus, A doesn’t satisfy the first
condition of Theorem 3.5, and hence X is not an interval valued (G, € \/qg)—

fuzzy bi-ideal of S with k = [0.13, —0.4] and & = [0.4,0.5] . This shows that the
converse of Theorem 3.13 is not true.
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Theorem 3.15. For an interval valued fuzzy subset X in S, the following are
equivalent:
(7) X is an interval valued (E, € Vq%) -fuzzy bi-ideal of S.

(ii) (vE € D(0, 55E]) (U (X; Z) £0=U (X;?) is a bi-ideal of s) .

Proof. Suppose that \ is an interval valued (6, € \/qg) -fuzzy bi-ideal of S and
t € D(0,%5%) is such that U (X, t~> # 0.

By Theorem 3.5(i), we have A (z) > rmin {X(y), [57;’“7 , 5+;k+}} for any

i X1 impli 3 N i i s S
z,y € Swithe <yandy € U (A,t) . It implies that A (z) > 7 min {t, [T, T}} =

t so that z € U (X,f) .Let z,y e U (X,Z) . Then, X(w) >t and X(y) > 1. By
Theorem 3.5(i¢) we have that

Rew = run {3 30 [ S5

min < £, 67—k~ & kY =1.
T , 5 , 7 =t.

Thus, zy € U (X,tN) . Therefore, U (X, tN) is a bi-ideal of S, where t € D(0, %]

%

Now let z,z € U (X,t~> . Then, A (z) >t and X (z) > . Theorem 3.5(ii) implies
that

Nayz) > rmin{X(x),X(z), [5_;k_, 5+;k+”

. {~[5—k 6*—]@*}} ~
rmin-< ¢, , =t.
2 2

Thus, zyz € U (X,%v) . Therefore, U (X,f) is a bi-ideal of S where t € D(0, ‘S_Tk]

vV

Conversely, let X be an interval valued fuzzy subset of S such that U (X, f) #*
0 is a bi-ideal of S for all £ € D(0, %] If there exist x,y € S with <y and
Y€ (X,f) such that A (z) < r min {X (y), [57%, #} } ,then A (y) < I <
7 min {X(x), [‘S_%k_, ﬁ%’“j} for some t, € D(0,%5%) and so x € U (X;f)
which is a contradiction. Therefore, A (z) > 7 min {X(y), [%, %}}
for all x,y € S with x < y. Assume that for all x,y,z € S, let X(xy) <

STkt

7 min {X (x) ,X (y), {%, T] } . Then,

Xay) < Ty grmm{X(x),X(y), [52k,5+2k+”
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for some %;y € D(0, ‘szk) It implies that x € U (X, ?xy) and y € U (X, ﬂy) ,
but zy ¢ U (X,?) which is a contradiction. Hence,

X () Zrmin{X(I),X(y), [52k,5+2k+“.

2 2
Then, X (zyz) < tpy. < rmin {X (z),X(2), [67%’“7, %]} for some t,,, €

D(0, ‘S_Tk) It implies that z € U (X, fmyz) and z € U (X;fwyz) , but zyz ¢

Suppose that for all z,y, z € S, let A (zyz) < r min {X (2),X(2), {&, M} } .

U (X, f) which is a contradiction. Hence,

3 (2y2) zrmin{X(x),X(z), {5;k,5+;k+]}.

Therefore, by Theorem 3.5, we conclude that ) is an interval valued (G, S \/qg)—
fuzzy bi-ideal of S. (]

If we take 0 = [1,1], in Theorem 3.15, then we have the following corollary.

Corollary 3.16. For an interval valued fuzzy subset X in S, the following are
equiva}gnt.'
(1) X is an interval valued (G, € \/qg) -fuzzy bi-ideal of S.

(44) (V%VE D(0, 155]) (U (X, ?) £0=U (X, f) is a bi-ideal of S) .

If we take 0 = [1,1], and k = [0,0] in Theorem 3.15, then we have the
following corollary.

Corollary 3.17. For an interval valued fuzzy subset X in S, the following are
equivalent:

(i) X is an interval valued (€, € Vq)-fuzzy bi-ideal of S.

(ii) (vE € D(0,1) (U (X; Z) £0=U (X; Z) is a bi-ideal of S) .

For any interval valued fuzzy subset of S and ¢ € D(0, %], we consider the
following subsets:

Q% (Xf) = {x €S| (x,ﬂ Q%X} and [X%LN:: {x e S| (a:,'t-) € \/q%X}.

It is clear that [X%L =U (X, %v) U Q% (X, f) .
Theorem 3.18. Let, X be an interval valued (6,6 \/qg) -fuzzy bi-ideal of S,
the&’;e D(%, 1}) (Q% (X,?) #+ 0= Q% (X,?) s a bi-ideal of S) .
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Proof. Suppose that \ is an interval valued (6 € \/qg) -fuzzy bi-ideal of S. Let,

te D(‘s ,1] be such that Q‘s ()\ t) #0. Lety € Q5 (/\ t) and x € S be such
that z < y. Then, A (y) +¢ > 6 — k. Thus by Theorem 3.5(i) , we have

Xz) > rmin {X(y), [‘5_;’“_, 5+;k+”

[ 5] i) >[5, 7
{ M) if X () < |52, 552

> d—t—k.
Thus, z € Q5 ()\ t) Let z,y € Q% (X, t~) . Then, A (z)+t > S—kand X (y)+t >
§ — k. Thus by Theorem 3.5(i4) , it follows that

~ 1—k 1—=k*"
Mo = rmin{Re 30, S5 5]
rmln{)\ ), A (y } 1frmln{ Ay b < [1 % q
[ =k 1 2k+} 1frm1n{ (z ) }Z [1721(,172“]
> 0—1—k
Thus, myz€Q5 ()\ t) Now leta:zng (~;t~>.Then,X(z)+?> 5 —k and
X(2) + 1> 6 — k. Thus by Theorem 3.5(iii) , it follows that

X(zyz) > rmin {X(m) A (2), [1 —zk’_7 1 —2k+] }
rmin{X( ), )\ } 1frm1n{ , (z) < {1—1&7 1_k+}
{ [17; ; Qk ] lfrmln{ (x), ( )} > {12k?12k+j
> b—t—k.
Thus, zyz € Q% (X;tN) . Therefore, Q% (X; ?) is a bi-ideal of S. O

V

V

If we take 0 = [1,1], in Theorem 3.18, then we have the following corollary.

Corollary 3.19. Let, X be an interval valued (E, € \/q—,g) -fuzzy bi-ideal of S,
then

(Vi € D(5E, 1)) (Qg (X; Z) £0=Q; (X; Z) is a bi-ideal of S.)
If we take 0 = [1,1], and k = [0,0] in Theorem 3.18, then we have the

following corollary.

Corollary 3.20. Let, X be an interval valued (€, € Vq)-fuzzy bi-ideal of S, then
(V’tVG D(%, 1}) (Q (X, ?) £0=0Q (X, ;fv) is a bi-ideal of S.)
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Theorem 3.21. For an interval valued fuzzy subset hy of S, the following are
equivalent:
(7) X is an interval valued (E, € Vq%) -fuzzy bi-ideal of S.

(i) (V¢ € D(0,9]) ({X%L# 0= [X%L is a bi-ideal of S.)

Proof. Suppose that )\ is an interval valued (e, € VqE)-fuzzy bi-ideal of S and

t € D(0,4] is such that [X%L #0.Letx € [X%L and y € S be such that x < y.
[ t

Then, y € U(X;?) ory € Q% (X,f) . That is X(y) > tor X(y) +t>6—k

Thus, by Theorem 3.5(i) , we get

%o 2 v {3 [ 55 S} (@

So we consider two cases: If A (y) < [%,%} and X (y) > {5 —k” 0T k*} .
For the first case, if X(y) < {%7¥} Then )\( ) > /\( ). Thus if
X(y) > t for some t € D(0,6]. Then, X(a:) >tandsoy e U (A;t) c {)\%L. It
A(y)+€> 05—k, then A (2) +7 > X(y) + ¢ > 5 — k. This shows that (J;,E) q%X’
thatls,erE< ) [ }

From the second case and (a) we have, A (z) > [

[M M} then A(z) > ¢ and hence z € U(X;tN> - [Aé} If ¢ >

" -k~ §T—kt g
S R

IN

2 ) 2 ) =

F 5+;k+:| ,thenX( )+%’> {6‘4(7 5+;]€+:|+|:§_;k_7 6+2k+:| = 5*]{3 It

2 b
follows that z € Q% <X, t) {)\5} . Therefore, [A%}Nsatisﬁes the first condition
i
of being a bi-ideal in order semigroup S.

Let, z,y € {)\é];. Then, z € U ()\;t) or r € Q% ()\;t) and y € U ()\;t)
ory € Q‘S ()\ t) That is A(z) > £ or A(z) +1 > 6 —k and A(y) > £ or
X (y) +t> 6 — k. Thus we con81der the following four cases:

(i) If X (z )>tand/\( ) >

(i) If X (z) >t and )\( )+t>5

(iid) If X () +© > 6 — k and /\(y) 2

(iv) X (z) +1>06—kand A(y) +1 >0 — k.
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Case (7) : From Theorem 3.5(ii), it follows that
~ ~ - - _ L= st _ et
Azy) > rmin{)\(x),)\(y),[a 2k: ,6 2k }}
. 'tv? 5~ —k= 6T -kt
T 1min
) 2 ) 2

= rmin{? {6__1{;_ 6+_k+]}
’ 2 ’ 2

ey ang 8" -k~ §T—k*
tift < [TT}

V

Y

L : N7 5% < 5_ 7 S —k~ ot—k*
This implies that zy € U ()\,t) or AMay)+t>d6—k > [T, | +
[575167 ; %} =6 — k. That is, zy € Q% (X;f) . Hence, 2y € [X%L

7
Case (i) : Assume that ¢ > [%,%] .Thend—t—k<d—1<

- g~ st—pt
[%, %] and hence,

~ ~ ~ - _ k= 5t —
R R

rmin {X (), [755, 7547}
if r min {X(y) , [(Y%k*? 6*;1&}
X(x)>1 imein{X(y)7 {6*—16* 5

Thus, zy € U (X, f) U Q% (X,t~> = [X%}N
Z
Now suppose that ¢ < [%, 5+’k+} . Then,

2

V

5
7 min {X(x), [5_5]“_ , 5+5k+
>57Eifrmin{X(x),[‘r_k7 okt } Ay

Xy)>o—t—k ifrmin{x(x;’[(s_k = ]}

Nay) > Tmin{X(x),X(y),P_k ‘ﬁ;’ﬁ]}

Thus, zy € U (X, %v) U Q% (X,f) = [X-‘ZL

Case (4i7) : The proof of case (4i7) is similar to that of case (i) .
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Case (iv) : Suppose that ¢ > [%%} Then, 5——k < [fi’i M}

2 2
Hence,
- - _ - _ - st _ ot
Azy) > rmin{A(w),A(y%[é 2k 76 2k }}
6T =k ot — kT
N 2 72
> —t—
whenever rmln{)\ } [5 =k 5+2k+} Thus, zy € Q% (X,f) -

[/\%L.Iftg {5 = ﬂ then

Ran) = run {0 30 [ S5 55

2
[%,‘ﬁ_w} 1f7"m1n{)\(x),)\( )} > {M 6+2k+].
= rmin{A(z),A(y)} >0 —t—k
if rmin{ ,/\ Y } [577]( 5+2k+}.

iq 3 H N7 S (N.7) — [X3
This implies that, Q?/NE U ()\,t) U QE (): t) = [)\—EL.N ) )

Now let, x, 2z € {)\%L. Then, x € U (A;f) orx € Q% (A;Z) and z € U ()\;f)
or z € Q5 (Xf) That is, A(z) > ¢ or A(2) +7 > 6 —k and X(z) > 7 or
X (2) + > 6 — k. Thus we con81der the following four cases:

(7) H/\~( )>tand /\( ) >

(i) If X (z) >t and )\( )+t>(5

(iid) I X () + ¢ >0 —k and X (2 )_ )

(i) X (x) +t >0 —kand A\(2) +1 >0 — k.

Case (i) : From Theorem 3.5(ii), it follows that

X(eyz) > rmin {X(@,X@), {‘5— ;k_,5+;k+”
rmm{?,?, {§;k 5+;k+]}

= Tmin{? [5__k_ 5+—k+}}
; PR
_ { [k, a0kt g 7> [ahs a0kt

TieF 8- —k~ oT—k*
tift < [TT]

V

v

This implies that zyz € U (X, f) or A\ (xyz) + I>6—Fk> [‘r%, %} +

[F%k*, @} = — k. That is, zyz € Q% (X;f) - Hence, zyz € [X%]?.
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Case (ii) : Assume that t> {%,%]. Then 6 —  — k < s -1 <

[5—?@—’%} and hence,
Azyz) > rmin{ [6 _k_ i k—?}
rmm{ (z),[‘S S AR k+}}>5 k
— 1frm1n{ (2), [57_1( &t k+}}§)\
Naz)>1 1f7‘m1n{/\(2),{5_4{,‘“7’#]

Thus, zy € U (X,f) uQs (Xf) = [XEL
k k7
Now suppose that ¢ < {5—51@— %} . Then,

- - - - _ L= 5t — et
A(zyz) > 7”mirl{)\(x)7)\(,z),[(S 2k ,5 2k }}
7 min {X(glc)7 {57;’“7, 5+gk+}} >6—k
. N oy -k~ §t_pt N
if rmln{)\(x), [6716, 57’“}} < A(2)
ANz >0—t—k ifrmin{X(a:), [‘v%k_,g}} > A (2)
Thus, zyz € U (X, f) U Q% (X,f) = [X%}N
7
Case (4i7) : The proof of case (4i7) is similar to case (i) .

SN . Iy S”—k~ ot—kt 5 -k~ 6t—kt
Case (iv) : Suppose that t > [T, 7} Then, S—t—Fk < [T’ T} .
Hence,

X(zyz) > rmin{X(x),X(z),[ék 5+k+”

2 2
6=k 0Tkt
B 2

2 )
> d—-t—k

whenever r min {X (x) ,X(z)} < [%,%] . Thus, zyz € Q% (X,f) C
N3] w7 <[5, 255 then

Xayz) > rmin{X(m),X(z),F_;k_ 5+;’“+H

b

[5*—1( st—kt

: ’7] 1frm1n{ (l’)v)‘()}>|:%’%:|‘
Tmm{)\ (Z)} >tk
if rmin{ } [6_7]6_ 6+2k+}'

This implies that, zyz € U (X,f) U Q% (x\;f) = )\%L.
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Conversely, assume that (i) is valid. If there exist x,y € S such that x <y

and
{ [Jk 5+k+”
< r min s 5 s

then, A (z) < f, < rmm{ (y), [ RS }} for some ¢, € D(0, °5%]. It
implies that x € U ()\; tz> C {X%Lbut x ¢ Q% (X, t~) . Also, we have X (z)+1, <

2%, < 6 — 7@: and hence (x te )EX that is ¢ Q% (X,fz> Therefore, z ¢

[/\5} , which is a contradiction. Hence, )\( ) > rmin {X (y), [yi, 6+§k+} }

for all x,y € S with x < y. Assume that there exist z,y € S such that hy (xy) <
rmin {)\ (x) ,X(y) , [Q, M] } then X (zy) < ¢ < rmin {)\ (), A

for some ¢ € D(0, ] It implies that x € U ()\ t) [)\5} andy € U ()\ t) -
[A%L, thus by second condition of being bi-ideal in ordered semigroup .S, we
7

have zy C [X%} . Thus, A(zy) +1 or A(zyz) +1 > 6 — k, which is a contradic-
7

tion. Hence, Py (zy) > rmin{ (x ,)\( ), [575’“7, 5+5k+} } . Now suppose that

)
there exist x, y, z € S such that Py (xyz) < rmin {)\( ), hy (2), {57%, %} } ,

‘ﬁ%’“] } for some ¢ € D(0, 25£].

then)\(xyz)<t<rm1n{)\( )X (2), [5;%
It implies that z € U(A;t) C [/\%}N and z € U(X;?) c {xﬂ thus by

[
second condition of bi-ideal in order semigroup S we have, zyz C )\% N
Thus, A (zyz) + ¢ or A(zyz) + ¢ > 6 — k, which is a contradiction. Hence,

X(chz) > rmin {X (x) ,X(z), [57%, #} } Therefore, by Theorem 3.5,

we conclude that A is an interval valued (E, € \/q%) -fuzzy bi-ideal of S. O

If we take § = [1,1], in Theorem 3.21, then we have the following corollary.

Corollary 3.22. For interval valued fuzzy subset Py of S, the following are
equiva}vent.'
(1) X is an interval valued (G, € \/qz) -fuzzy bi-ideal of S.

(i) (v € DO.1]) ([g], # 0 = [, is a bivideal of 5.)

If we take 0 = [1,1], and k = [0,0] in Theorem 3.21, then we have the
following corollary.

Corollary 3.23. For interval valued fuzzy subset hy of S, the following are
equiva!fnt.'
(1) X is an interval valued (€, € Vq)-fuzzy bi-ideal of S.

(ii) (VI € D(0,1]) ([X]ﬁé 0= mz is a bi-ideal of S.)

I}
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An interval valued fuzzy subset of S is called proper if Im()) has at least
two elements. Two interval valued fuzzy subsets are called equivalent if they
have same family of level subsets. Otherwise, they are called non-equivalent.

Theorem 3.24. Let \ be an interval valued (e, € \/q%) -fuzzy bi-ideal of S such

that
#foR@ < [255 555 ) 2

Then, there exist two proper non-equivalent interval valued (6, € \/q%) -fuzzy

bi-ideal of S such that X can be expressed as the union of them.

Proof. Let {X(2) X () <[54, 55|} = {0, T B} where, 1 > >
. > t, and n > 2. Then, the chain of (E,E \/q%)—level bi-ideal of S is
X 3 o 5l = =
[)‘E} [Eshe gt < [)\ELH < [/\EL“Z c ... [)\—]JZ = S. Let © and =

be interval valued fuzzy subset of S defined by

t, ifze {égL ,

_ 't}iface{(:)gl\[@)5}~ ,

iree[or] B
and
= (2) if z € [Eg} S :

koifae [ég} \{ég] ,

E(@) = tee 5] [ .
E(r) = % if x € [E%L \ [E%Ll ,
3 e 2] \[2]

tn tn—1
respectively, where t3 < k< t. Then, O and E an interval valued (6, € \/qg)—

fuzzy bi-ideal of S, and é,é € A. The chain of (E \/q-g)—level bi-ideal of ©

and E are given by {éEL C ['(:)E]~ C..C [(:)5}~ and [EEL c [EEL c
N k t1 k to k tn k t k to
.. C {E%L , respectively. Therefore, ©® and = are non equivalent and clearly,

n

A=0OUE. ’Hence proved. (I
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4. IMPLICATION-BASED INTERVAL VALUED FUZZY BI-IDEALS

Fuzzy logic is an extension of set theoretic multi-valued logic in which the
truth values are linguistic variables or terms of the linguistic variable truth.
Some operators, for example A, V, -, — in fuzzy logic are also defined by using
truth tables and the extension principle can be applied to derive definitions
of the operators. In fuzzy logic, the truth value of fuzzy proposition ¢ is
denoted by [®]. For a universe X of discourse, we display the fuzzy logical and
corresponding set-theoretical notations used in this paper

€ =X, (1)
[@Vv¥] = min{[®],[¥]}, (2)
(@ U] = min{1,1 - [®] + [¥]}, (3)
Vo (@) = inf[® ()] 0
® if and only if [P] 1 for all valuation (5)

The truth valuation rules given in (3) are those in the L ukasiewicz system
of continuous-valued logic. Of course, various implication operators have been
defined. We show only a selection of them in the following.

(a) Gaines-Rescher implication operator (Igr) :

1 ife <y,
0 otherwise.

(Igr) (z,y) = {

(b) Godel implication operator (Ig) :

1 ifx <uy,
y otherwise.

(16) o) = {

(¢) The contraposition of Godel implication operator (I.¢) :

1 if x <y,
1 —x otherwise.

(1) () = {

Ying [24] introduced the concept of fuzzifying topology. We can expand his/her
idea to ordered semigroups, and we define an interval valued fuzzifying bi-ideal
as follows.

Definition 4.1. An interval valued fuzzy subset X of S is called an interval
valued fuzzifying bi-ideal of S if it satisfies the following conditions:

(1) Vz,y € 95) (xgy:> ()z; [mEX] — {yEXD)
(i7) (Vx,y € ) (): rmin{[mEX] — [yeﬂ} — [myEXD
(i73) (Vz,y,z € 5) (): Tmin{[meﬂ — {ZGX}} — [myzEXD
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In [11], the concept of t-tautology is introduced, i.e., for all valuations:
= & if and only if [cﬂ >7 (6)

Definition 4.2. An interval valued fuzzy subset X of S and ¢ € D(0, 1] is called
a t-implication-based interval valued fuzzy bi-ideal of S if it satisfies:

(iv) (Vz,y € 5) (mgy:> (Iz; [:ceﬂ — [yEXD)
(v) (Vz,y € 5) ():;rmin{[xeﬂ — [yEX}} — [xyEXD
(vi) (Vz,y,z € S) ():—{rmin{{x EX} — [z EX}} — [J:yz EXD

Suppose I is an implication operator. Then Nis a t-implication-based inter-
val valued fuzzy bi-ideal of S if and only if the following conditions are satisfied
for all z,y,z € S.

(o <y=T(X@)A@w)=T

(i) T (r min {X (), (y) ,X(xy)}) >t

(1i) T (r min {X (), A(y), A (xyz)}) >t

In the following, we characterize ordered semigroups by the properties of

[5*71( st —kt

5 }-implication—based interval valued bi-ideals.

Theorem 4.3. For any interval valued fuzzy subset by of S, we have,
(i) If I = Iggr , then \isa u—zmplzcatzon based interval fuzzy bi-ideal of

S if and only zfX is an interval valued (e, € \/qg) -fuzzy bi-ideal of S.

(i) If I = I , then \is a 55’“ -implication-based interval valued fuzzy bi-
ideal of S if and only zfx is an interval valued (E, € \/q%) -fuzzy bi-ideal of
S.

(tie) If I = I.¢ , then \is a %—implication—based interval valued fuzzy
bi-ideal of S if and only zfX satisfies the following conditions:

(tita) (Vz,y € S) (x <y = rmax— {X(y), [5_%’“_, ﬁ%’“j} > rmin {X (y) ,g})

(#i1b) r max {X(zy) , [‘s_;k_ , g] } > rmin {/\ (), (y) ,5}
(¢iic) r max {X (zyz), {%, %} } > rmin {X (z),X(2) ,g}
for all, x,y,z € S.

Proof. (i) : The proof of (i) is straightforward.
5=k

(i) : Suppose that Nisa %5~ implication based interval valued fuzzy bi-ideal
of S. Then,

(@): (Vay e 8) (v <y=Ta (A@) X)) = |55, 25
®): (7y € ) (1o (rmin {32, )} Xew) 2 [543+ )
(¢) : (Vx,y,z € 5) (IG (rmln{ (z), (z)} (xyz)) > {6*51@* ’ %])
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Let 2,y € S be such that = < y. Using (a) we have, A (y) > A (z) or A (z) >
Ay) > [%M} Hence, X (z )>rmin{X(y), [%,%H.Hom
(b) we have A (zy) > rmln{)\(aj),X(y)} or rmin {X(x),X(y)} > X (zy) >
[6‘;’6‘,”;’@*} Hence, A(xy)>rmm{A(a:),X(y), [5‘*’6‘ %}}
Therefore, A (zy) > Tmin{)\(x),X(y), [5 S k*}} Now from (c), we

Az )}orrmm{)\( ), (z)} > A (zyz) {57 k7,5+ kT

z), A (2), [‘rgk:w}}.Thus,

have A (zyz) > r min { (z

)5
(

Hence, A (zyz) > rmin {

3 (ay2) >rmin{X(x),X(z), {5;k,5+;k+]}.

Therefore, by Theorem 3.5, it follows that \ is an interval valued (E, S \/q—g)—
fuzzy bi-ideal of S.

Conversely, assume that X is an interval valued (6, € \/qg) -fuzzy bi-ideal of
S. Let, z,y € S be such that  <y. Thus, by Theorem 3.5(¢), it follows that

5> [6‘%75%1&
. . Ing - +7 + 7~
Io (A@) X)) = l““mﬂathgiJiﬁ;j =),
if 7 min {X(m), [%,g}} - T%’%

From Theorem 3.5(i7) , if

rmin {3 (2), X (), [£52, S5 = rnin {3 (0) 3 (9)

then A (xy) >rm1n{/\( )X (y )}

Also, I (rmln{ y)} )) —=5> [%,#]

Ifrmin{)\(x) A ), {6 T %] } = [6751“7, 5+gk+] , then X (zy) > [%, w

and hence, I (rmln{)\( ), A (y )} ,X(wy)) > [‘57%’“7, 5+;k+} .
Now from Theorem 3.5(447) , i

rmm{ F L ]}:rmm{x@»x@g,

then A (zyz) > rmm{ (z), (z)} Also, I (rmln{)\ } (xyz ) =
5> [5 —h~ 5t — k+] Ifrmln{/\ (2)7[5 S k+” {5— L k+}7
then A (zyz) > [%, 5+2’“ ] and hence, I (rmm{)\(x),)\(z)} )\(xyz)) >

o —k~ oT—kt

2 )

bi-ideal of S

6_

5 -implication-based interval valued fuzzy

. Therefore \ is a
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(iii) : Assume that X satisfies (ifia) (iiib) and (iiic). Let z,y € S be such
that z < y. In (i7ia), if r min {X (x) ,g} = 4, then 7 max {X (v), | =5, 5*51@*} } =
Sandso X (z) =6 > A(y) . Consequently, I ¢ (X (z), A (y)) =4> [5_5]“_ , 5+;k+} .
If A(y) < 9, then

rmax{X(x), {5_;k_,5+;k+]} > X (y)

Now, ifX( ) > [5*%!(7 5+gk+} in (a) then A () > hy (y) and so I.¢ <X (z) ,X (y)) =
5> [57% M} If)\( ) < {%,M},in(a)thenxw)g{%,%],

—~

a)

2
Hence,

Lo (M(@) A W) = { 55

In (iiib) , lmeln{ ,5} 5, thenrmax{)\(xy), [%,@}} =

Y

[ 5] i X (@) = X ()
(y) > [‘S_%’C_ 5;’“} otherwise.

>/2

§ and hence, A (zy) =6 > rmm{ } . Therefore,

e (Tmin{X(x),X(y)} ,X(xy)) —i> [5_;k—’ 5+;k+] |

If rmin{X(m),/\(y),g} = r min {X(x),X(y)} , then

rmax{X(xy), [5 5 L 5 k+]} > rmin {X () X ()} )

Hence, if r max {X(xy), [5_;’“_, 5+;k+ } = 6_;]“_ 5+7’“+} ,in (b) then

A(zy) < [%, w] and 7 min {X (z) ,X(y)} < [%, %} There-
fore,

e (Tmin{X(x),X(y)} ,X(xy)) _3> [6514’ 5+;k+] |

whenever A (zy) > 7 min {X( ), X(y)} and I.¢ (r min {X(x) ,X(y)} X(xy)) =

d—rmin {X(x),X(y)} > [‘5 SE o k ] Whenever)\(:ty) <rm1n{)\($),X(y)}.

Now, ifrmax{)\(xy) [5 S k*}} = X (zy), in (b) then A (zy) > rmin {X(x),X(y)}
and so L (rmln{)\( YA y} ) [5 k- %}

} 0, then rmax{)\(xyz), {5_%, %]} =

Mz
A2)
6 and hence, A (zyz) = 6 > rmm{ } Therefore,

Now in (igic) , if r min { x)

I.c (Tmin{X(ic),X(Z)} ,X(asyz)) —5> {52k’ 5+2k+] |
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If r min {X (), X (2) ,5} = rmin {X (x) ,X(z)} , then
~ - _— k= st —kt ~ ~
rmaux{)\(acyz),[(S 2k ,5 2k }}zrmin{)\(x),)\(z)}. (¢)

Hence, if r max {X(ﬂ:yz)7 [‘5751“7, ‘5+gk+}} = {5751677 5+;k+} , in (c) then

X(zyz) < [57%7 %} and r min {)\ (m),)\(z)} < [‘r%’(, #} . There-

fore,

L (rmin {X (@), X(9)} X (y2)) =5 > {5—;;{—’ 5+;k+] |

whenever A (zyz) > r mi {X(:r) ,X(z)} and I.¢ (r min {X (z) ,X(z)} ,X(xyz)) =
o— rmm{ (), A (z)} [5 k- ‘5+gk’+} ,wheneverX(myz)<rmin{)\( ), A (z )}
5+ kT

Now, 1frmax{ (zyz), [5 Sk ook }} = A(ay2), in (c) then A (zyz) >
rmln{ )} and so I.¢ (rmln{)\(m),X(z)},X(myz)) =4> [%,%} .

Therefore, Nis a

7—1mp11cat10n-based interval valued fuzzy bi-ideal of S.
5

Conversely, suppose that Nis a T—lmphcatlon based interval valued fuzzy
bi-ideal of S. Then

(@ (g€ 8) (v <y = Io (M) Aw)) 2 [£52, 255]),

(b) (Va,y € 9) (I (rmin{X(x),X(y)} X(xy)) >[5 o),

(6) (va,y,2 € 8) (1o (rmin {X (@), X(2) } X ay2)) = [55, 2550]),
Let 2,y € § besuch that # < y. Then, from (a) it follows that Ie; (X (2) X () ) =

Ford=X(y) = [255, 555 | sothat X 