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ABSTRACT. In this paper, we will study compatible triples on Lie alge-
broids. Using a suitable decomposition for a Lie algebroid, we construct
an integrable generalized distribution on the base manifold. As a result,
the symplectic form on the Lie algebroid induces a symplectic form on the
leaves of the distribution. Hence, the induced Poisson structure on the
base manifold can be represented by means of the induced Poisson struc-
tures on the integral submanifolds. Moreover, for any compatible triple
with an invariant metric and an admissible almost complex structure, we

show that the bracket annihilates on the kernel of the anchor map.
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1. INTRODUCTION

Lie algebroids have an important place in the context of some different
categories in differential geometry and mathematical physics and represent an
active domain of research([1, 2, 5, 8, 13, 14, 16]). Lie algebroids, are generaliza-
tions of Lie algebras and integrable distributions([10]). In fact a Lie algebroid
is an anchored vector bundle with a Lie bracket on the module of sections and
many geometrical notions which involve the tangent bundle were generalized
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to the context of Lie algebroids.

One of the most important examples of Lie algebroids are cotangent bundles of
Poisson manifolds([18]). More over the dual bundle of every Lie algebroids has
a canonical Poisson structure([4]). A Poisson structure on a Lie algebroid is
usually described as a 2-section. Using this 2-section researchers have studied
the induced Poissson bracket on the base manifold([9, 11, 15, 17, 18]).

A compatible triple on a smooth manifold, consists of a Riemannian metric, a
symplectic 2-form and an almost complex structure, together with a couple of
compatibility conditions. Compatible triples on ordinary manifolds, has been
an area of interest for decades and has been studied in a great deal of papers.
There exists two main methods concerning the issue of compatibility of Rie-
mannian metric and Lie algebroid structure. Boucetta[2] considers a Riemann-
ian metric as compatible provided that its Levi-Civita connection is compatible
with the Lie algebroid structure. Focusing on transitive Lie algebroids, how-
ever, Boroojerdian[5] calls a metric, compatible if it preserves all the adjoint
connections of the Lie algebroids. Due to the Physical applications of the latter
method we will use it in this paper.

On the other hand, Ida[6] discussed the notion of almost complex Lie algebroid
and clarified the relations between almost complex structure on the Lie alge-
broid and the one on the base manifold. We use some of his results to derive
the compatibility condition.

In this setting, we will focus on compatible triples on Lie algebroids and rep-
resent a specific decomposition of the Lie algebroid using the symplectic form.
This decomposition helps us to achieve a better and more accurate image of
the Lie algebroid that can be useful in order to investigate the structure on the
Lie algebroid.

The current paper contains four sections. In section two we review basic

definitions and facts about Lie algebroids and decompositions of transitive Lie
algebroids based on [5]. Invariant metrics on transitive Lie algebroids are also
mentioned in this section.
Section 3 includes two parts. The first, is dedicated to symplectic Lie alge-
broids, almost complex structures and compatible triples on Lie algebroids. In
the second part we have used a compatible triple to give a new and special
decomposition for the Lie algebroid. This decomposition induces an integrable
generalized distribution on the base manifold. We investigate the relation be-
tween the Poisson structure on the integral sub-manifolds and Poisson structure
on the base manifold.We already know that any symplectic structure on a Lie
algebroid, induces a Poisson bracket on the base manifold. Thus, in any com-
patible triple, the cotangent bundle of the base manifold inherits a Lie algebroid
structure. Having this in mind, we can use decomposition A = E'+E?+ L'+ L?
to show that T*M = E? 4+ L' as two Lie algebroids, provided that A is tran-
sitive.
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Finally in section 4 we discuss contact Lie algebroids, mainly based on [7]. We
find conditions for the contact form of the Lie algebroid to induce a Poisson
structure on the base manifold. In fact, this will happen if the Reeb section is
in the kernel of the anchor map.

2. PRELIMINARIES ON LIE ALGEBROIDS

A Lie algebroid over a manifold M may be regarded as a generalized tangent
bundle to M. In fact a Lie algebroid (A, p, [,],) over a smooth manifold M is

a vector bundle 7 : A — M together with a Lie algebra structure [,], on the

A

space I'(A) of sections and a bundle map p : A — T'M called the anchor map
such that

(1) The induced map p : I'(A) — X (M) is a homomorphism of Lie alge-
bras, that is, p([S1, S2],) = [p(S1), p(S2)] for S1, 52 € T'(A).

(2) For any sections Sp,S2 € I'(A) and for every smooth function f €
C>°(M) the Leibniz identity [S1, fS2], = f[S1,52] 4 + (p(S1) - f)S2 is
satisfied.

The basic example of a Lie algebroid over M is the tangent bundle 7'M with
the identity map as the anchor map.

Lie algebroids can also be smaller or larger than T'M. Any integrable distri-
bution of T'M is a Lie algebroid with the induced bracket and the inclusion as
the anchor map. On the other hand, any Lie algebra g is a Lie algebroid over
a point.

ExAMPLE 2.1. Let (M,{,}) be a Poisson manifold equipped with a bivector
w. Consider the Lie bracket [,], on I'(T*M) as follows

[, Blx = Lty — Lz gy — d(m(, )
for a, B € T(T*M). Then (T*M, 7% [,].) is a Lie algebroid over M ([9]).

An important operator associated with a Lie algebroid (A,p,[,],) over a
manifold M is the exterior derivative d4 : I'( AF A*) — T'( AFFL A*) of A
which is defined as follows

~

d'A(ﬁ)(So, ceey Sk) = Zk:(f].)lp(sl) . T](Sl, ceey SZ‘, ceey Sk)

=0

—

k ~
—|— Z (—1)2—”7’]([5“ Sj]A,Sl, veey Si, ceey Sj, veuy Sk)

i<j=1
for n € T(A*A*) and Sy, ..., Sy € T'(A). Tt follows that (d4)? = 0([8]).
Moreover, if S is a section of A, one may introduce, in a natural way, the Lie
derivative with respect to S, as the operator L : F( NE A*) — F( NF .A*) given
by

Ls=igod*+d*oig



38 Esmail Nazari , Abbas Heydari

where ig is the inner contraction with S. Exactly like ordinary manifolds, the
usual property Lg od = d o Lg holds here(see[4]), as well as the relations

is), = [Ls,ir], [Ls,Lr], = List], -

Let (A,[,].,p.) and (B,[,]s,ps) be two Lie algebroids over smooth manifolds
M and M’, respectively. A vector bundle map (®,¢) : A — B is called a
morphism of Lie algebroids if for every o € I'(A*B*) we have

P (d%a) = d*(2* () (2.1)
where ®* : AFB* — AFA* is defined by
B () (S1, s Sn) = () (B(S1), o, (S,))

for a € T(AkB*), p € M and S,..., S, € A,. It is easy to see that (®,¢) is
a morphism of Lie algebroids if for every S € T'A, p,(®(S)) = ¢+(p,(S)) and
equation (2.1) holds for every 1-form section of B. Moreover, if ¢ is diffeomor-
phism then ® maps any section of A to a section of B. In this case, ® is a mor-
phism of Lie algebroids if p, o ® = ¢, o p, and ®([S1,52] ,) = [P(S1), P(S2)],
for any Sy, S, € TA([4]).

A Lie algebroid (A, p, [,] ) over smooth manifold M is called transitive (respec-
tively regular) if p is surjective (respectively constant rank)([4]). An immediate
consequence of this definition is that, for any p in M, there is an induced Lie
bracket say ([,],)p on

Ly = Ker(py) C 4y

which makes it into a Lie algebra[10]. For a Lie algebroid (A, p, [,],) over M,
the image of p defines a smooth integrable generalized distribution in M ([3]).
The derived foliation is called the characteristic foliation of A. Let N be any
leaf of the characteristic foliation of A on M, it is easy to see that the bracket
on I'(A) deduce the bracket on the space of section of the restriction Ay of A
to N. Then p|, : Ay — TN is a transitive Lie algebroid([2]).
For a transitive Lie algebroid, L = kerp is a bundle of Lie algebras [10]. Suppose
(A, p,[,],) is a transitive Lie algebroid, then a vector bundle map A : TM — A
such that po A = 17y is a splitting of (A, p,[,],) i,e., we can decompose A to
E + L of vector bundles, where E = A\(T'M).
Fix a A : TM — A splitting of p. The map A defines a linear connection on L,
called an adjoint connection as follows.
VA X(M) x (L) — I(L)
VAT = \(X),T]

A

The 2-form Q* in A%2(M, L) is defined as follows

QQA(Xv Y) = [)‘(X)v )\(Y)]A - )‘([Xv Y])
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and is called the curvature 2-form. The Lie bracket on I'(A) with respect to
the decomposition A = E + L is written as follows

ANX) + S, AMY) +T], = M[X,Y]) + VAT — V3-S +[S, T] + Q(X,Y).

Conversely if L is a bundle of Lie algebras, and V is a connection on L that
preserves the Lie bracket and the curvature of V is in the form [2Q(X,Y), S],
for S € T(L) and some Q € A2?(M, L), then we can make TM + L into a
transitive Lie algebroid by defining a Lie bracket on I'(T'M + L) as follows

[X+SY+T]=[X,Y]|+VxT—-VyS+I[ST],+QX,Y).

So all transitive Lie algebroids have the above structure (for more details,
see[5]).

A Riemannian metric g on Lie algebroid (A, p, [,],) is said to be invariant if
all adjoint connections of A preserve the restriction gz, of g to L, i.e., for every
Aand X € X(M), Vixgr = 0. Having an invariant Riemannian metric g one
can write

9([S1, 82] 4, 83) = g(S1, [S2, 55].4)
for 51,55,93 € F(L)

Proposition 2.2 ([5]). If g is an invariant metric on (A, p,[,],) and V is the
Lewvi-Civita connection of A then

1
Vs, S2 = 5[51,SQ]A (2.2)
for every S1,S8, € T'(L).

3. COMPATIBLE TRIPLES ON LIE ALGEBROIDS

This section includes three parts. The first, is dedicated to almost complex
Lie algebroids. And the second reviewed symplectic Lie algebroids and com-
patible triples on Lie algebroids. In the last part, we have used a compatible
triple to give a new and special decomposition for the Lie algebroid.

3.1. Almost complex Lie algebroids.

An almost complex structure J4 on (A,p,[,],) is an endomorphism Jy4 :
I'(A) — T'(A), over the identity, such that J% = —idr4). A Lie algebroid
(A, p,[,]4sJa) endowed with such a structure is called an almost complex Lie
algebroid.

Definition 3.1. We call an almost complex structure J4 on (A, p,[,],), ad-
missible (or called admissible with respect to Jys) if there exists an almost
complex structure Jy; on M such that

poda=Juop.

On transitive Lie algebroids, we can derive a better and more useful criterion
to investigate the admissibility of an almost complex structure.
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Proposition 3.2. An almost complex structure J4 on transitive Lie algebroid
A is admissible if and only if J4(L) C L.

Proof. Let A : TM — A be a splitting of p and E := A(TM), i.e., A= E+ L.
For X € TM put

Tar(X) = p(Ja(A(X))).
We show that Jy; is an almost complex structure on M. To prove this we need
to show that J2, = —idry. For X € X (M)

T30 = (LA (Ta 0N ) = p(Ta(aON))  (3)
where (J4(A(X ))) is the E-part of J4(A(X)) w1th respect to the given de-
composition of A. On the other hand, J4(A(X)) = J4(A(X))E + J4(AM(X))E.

E

Thus by applying J4 we have J4(Jo(A(X))E) = =X — J4(Ja(A(X))F). Again
by applying p we have p(Ja(Ja(A(X))¥)) = —p(M(X)) = —X. So by (3.1),
Jﬁ = —Idpyy, ie., Jyr is an almost complex structure on M that clearly sat-
isfies Jyyop=po Jy.

The converse is obvious. O

Remark 3.3.

(1) We will use the notion of integrability of almost complex structures on
Lie algebroids as Popescu developed in [6].

(2) If J4 is admissible with respect to Jy, and Ny, and Ny,, are Nijenhuis
tensors of (A, J4) and (M, Jyr) respectively, we have

p(Ny4(a,b)) = Ny (p(a), p(b)) (3-2)
for every a, b in T'(A)([6]).

EXAMPLE 3.4. Let (M, Ja,ga) be an almost Hermitian manifold with the
Levi- Civita connection V. We denote the induced connection on L(TM) again
by V. This connection preserves Lie bracket of L(TM). We also denote the
curvature of V on L(T'M) by R'. So for T € L(TM), we have R'(X,Y)T =
[R(X,Y),T], s, Consequently, we can define an algebroid structure on A :=
TM + L(TM) by the following Lie bracket on I'(TM + L(TM)).([5])

For every X,Y € X(M) and T, S in I'(L(TM))

X +T,Y +S], =[X,Y]+ VxS~ VyT +[T,5], .., +RX,Y).

L(TM)
Now we can define an almost complex structure on I'(L(T'M)), induced by the
almost complex structure Jy; on M, as

Joermy o T(L(TM)) — T(L(TM))

Toaan(T)(X) = T(Iu(X)) (X € X(M)).

Using these two almost complex structures, we define an almost complex struc-
ture on TM + L(TM)) as J(X +T) = Jy(X) + Jpr)(T) for X € X(M) and
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T € T(L(TM)). Clearly J is admissible with respect to Jy. It is easy to
see that gr,ran (T, S) := trace(TST) is a Riemannian metric on L(T'M), com-
patible with Jrpary. Thus (TM + L(TM),J,g) is an almost Hermitian Lie
algebroid where

g X +T,Y +8)=gu(X,Y) + grrm) (T, S).

Moreover, (M, Jyr, gar) is a Hermitian manifold if and only if (TM+L(TM), J, g)
is a Hermitian Lie algebroid. In fact, if (M, Jas, gar) is Hermitian, then the
Nijenhuis tensor of J can be calculated in the following two conditions:

(1) I T,S € T(L(TM)) and X € X (M) then by direct calculus we have
N(T, X)(Y) = N(T, S)(X) = 0.
(2) If X,Y € X(M) then
NX,Y) = [Ju(X),Ju(Y)] = [X,Y] = Ju[Jn(X), Y]
— I X, Ty (V)] + R(Jy(X), Ty (V) — R(X,Y)  (3.3)
—In(R(X, Iu(Y))) = T (R(Jar (X), Y)).

The first line in the above equation is clearly zero. So we need to show that
the second line is zero.
Integrability of Jys leads to the following calculation

Ju(R(X,Y)Z) = Ju(VxVyZ)—JIu(VyVxZ) - Ju(Vixy)Z)
= VvaJM(Z)—VyVXJM(Z)—V[X’y]JM(Z)
R(X,Y)Ju(2)

For X|Y,Z € X(M). Using the property of curvature tensor R for U,V €
X (M) we have
gM(R(X, JM(Y))U, V) :gM(R(U, V)X, JM(Y)
= — gM(R(J]u(X)7 Y)U7 V)

One can easily show that R(X,J(Y)) = —R(J(X),Y). By (3.3) we see that
N(X,Y) =0 for every X,Y in X(M), i.e., (TM + L(TM), J,g) is Hermitian.
Conversely if (TM+L(TM), J, g) is a Hermitian Lie algebroid then by equation
(3.3) we have Nj,, = 0 and so (M, Jas, gar) is a Hermitian manifold.

ExAMPLE 3.5. Consider the almost contact metric manifold (M, &, n, ¢.g) and
the Lie algebroid TM + L(TM). Let J act on vector fields as follows

J:X(M) —TI'(TM + L(TM))
J(X) = p(X) +n(X)n® ¢
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where n ® £ is a section of L(TM) such that
n@E&: X(M) — X(M)
X = n(X)E.

J also acts on sections of L(TM) as

J:T(L(TM)) — F(TM + L(TM))

J(T)=Top+n2e(T(§)) —n(T())S

The map J defines an almost complex structure on TM + L(TM).

3.2. Symplectic Lie algebroids.
A symplectic Lie algebroid is a Lie algebroid (A, p,[,] ) together with a closed
and non-degenerate 2-form w on A([12]).

EXAMPLE 3.6. Let (g,w) be a symplectic Lie algebra, i.e., g is a Lie algebra
and w is a non-degenerate 2- form on it and

w([sl, 53]9752) - w([51, 52]9753) - w([SQ,Ss}g,Sl) =0 (51,52,53 € 9)7
then (M x g,0,[,]4,w) is a symplectic Lie algebroid.

For a symplectic Lie algebroid (A,w) and every smooth function f on M
there exists a unique section ay € I'(A) such that

dAf(b) = w(ay,b) (beT(A)).

This is called the Hamiltonian section of f. Using this, one can define a Poisson
structure on M as follows([12]):

{f, 9} =wlay,ay).

There is no analogue to the Lie’s third theorem, i.e., not every Lie algebroid can
be integrated globally to a Lie groupoid, although there is a local version (see
[3]). We will introduce a specific symplectic Lie algebroids that are globally
integrable.

Proposition 3.7. For a symplectic Lie algebroid (A, p,[,],,w) if w|L is non-
degenerate, then A is integrable.

Proof. Let N be a leaf of the characteristic foliation of A then (A, par, [+ ] s Wy )
is a symplectic Lie algebroid over A/. Suppose that E is the symplectic com-
plement of Ly, ie., E = LY,. Since w|z is nondegenerate, L N L¥ = 0. So
Axy = E + Ly is a decomposition of Ax. We claim that F is closed under
the bracket. Considering 2 as the curvature 2-form with respect to the given
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decomposition of Axs, we have

0 = du,(a,bs) = pa(a) -wy (b,8) + par(B) - wy(a,s) — pav(s) - wy (a,0)
_HUN([a? S]N? b) - w/\/([av b}/\/” S) - wN([b’ S]Na a)

= wy(Q(a,b),5),

for all a,b e TE and s € 'Ly
This means that Q@ = 0. Thus I'E is closed under the bracket. Hence by
Corollary 5.2, of [3], A is integrable. O

ExXAMPLE 3.8. Let (L,wy) is a symplectic Lie algebra bundle over a symplectic
manifold (M,wys). Consider the flat connection V on L that preserves wr,.
Then (L, V) together with the zero curvature 2-form construct a transitive Lie
algebroid, A :=TM + L. Put

w: T(A) x T(A) —— C™(M)
WX +SY+T)=wu(X,Y)+wr(S,T)

clearly w is nondegenerate. Moreover, w is closed, since for every X, Y € X (M)
and S,T,T" € T(L) we have

dTMAL) (X, 8, T) = dTMTD (XY, Z) = dTMHD) (S, T, T") = 0
Thus (T'M + L,w) is a symplectic Lie algebroid over M.

In order to complete the procedure of extending tangent bundle notions to
Lie algebroids, after investigating Riemannian metric, almost complex structure
and symplectic form, we will discuss the compatibility condition of these three
notions.

Definition 3.9. Over a symplectic Lie algebroid (A, p,[,],,w), the triple
(w,J,g) is called compatible if J is an almost complex structure and g is a
Riemannian metric on A such that

9(J(5), J(T)) = g(S,T) and w(S,T) = ¢(S,J(T)) (5, T € T(A)).
For such a triple, we also have([6])
29((VaJ)b, c) = g(N(b,c), J (a)), (3-4)

where V is the Levi-Civita connection on A and N is the Nijenhuis tensor of
J.

Moreover (A,w, J,g) is called a Kahler Lie algebroid if N; = 0. One can easily
see that on a Kahler Lie algebroid, VJ = 0.
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3.3. Decomposition of Lie algebroids by compatible triple.

In proposition 3.7 we discussed the symplectic Lie algebroid (A,w) in which
w|, was nondegenerated. But, what happens when w, is degenerated? In such
case, one can find a linear subspace of L consists of elements s € L satisfying
isw), = 0. This leads us to a useful new decomposition of A.

Now, suppose that (w, J, g) be a compatible triple on a Lie algebroid (A, p, [,],)
over M. For every p € M put Lzl, = L, N L, and Lf, = (Lzl))l under the gy,
restriction of g on L. Note that w|L127 is nondegenerate. Putting E; = J(L},)7
for J(T},) € E} and S, € L, we have

9(Sp, J(Tp)) = w(Sp, Tp,) = 0.
Thus E; is perpendicular to L,,. Finally taking EfJ =(Lp,+ E;)‘“ one can see
that E2 N (L, + E,) = 0, since for a, € E2 N (L, + E}) there is S, € L, and
T, € L, such that a, = S, + J(T},). Clearly

0 =w(ap, Tp) = w(Sp + J(Tp), Tp) = g(T, Tp).

Thus T}, = 0, and so a,, = S,. Since a, € L%, we have S, € L. On the other
hand, S, € (E})“, hence

0= W(J(Sp)v SP) = g(S;D’ S;D)a
thus a, = 0. Therefore, (E} + E) @ L, is a decomposition of A, i.e., A, =
(E) + E}) @& (L, + L2). Note that these sets (including E', E?, L', L?) may
not be sub-bundles or distributions, and they may have not constant rank.
However, under certain circumstances, some combinations of these sets are
sub-bundles For instance, if A is transitive then E? + L! is a sub Lie algebroid.
The restriction of [, ], to Lzl, is zero. In fact w is closed so, for every S, T), € Lzl,
and Z, € L, we have

0= d*w(Sp, Ty, Zp) = ~w([Sp: Tyl Zy)-
Therefore, Sy, Tp], € L. Again for Z, € L}, we have
0= dAW(Spv Ty, J(Zyp)) = —w([Sp: Tpla» J(Zp)) = 9([Sp, Tp) s Zp)

thus [S,, T,], € L3. Therefore, [Sy, T,], = 0.

Moreover, p(E? + L') is an integrable generalized distribution on M. If N is
a leaf of A then (E? + L')|,, is a Lie sub algebroid of A,, — N, because for
every a,b € I'(E? + L') and S € I'(A) such that S, € L, we have

0 = d*w(a,b, 5)(p) = ~w([a, b, S)(p),

which means that
[a,b],, € T(E?+L"). (3.5)

The above equation shows that E2 + L' is closed under the bracket. Now we
put A := p(E?+ L") and call it the symplectic generalized distribution of (A,w)
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on M. For z € M if O, is the integral sub-manifold of A at z, we can define
as a nondegenerate 2-form on O, by

o, © X(0) X X(0,) — C=(0,)
Wo, (X’ Y) (p) = w(aa b)(p),

where a,b € T'(E? + L') satisty p(a,) = Xp,p(by) = Y, for every p in O,.
Clearly w,,  isa2-formon O,. Since w|_, is nondegenerate, so is w,, . Moreover
W, 1s closed and so is a symplectic form on O,.

woz

Theorem 3.10. Let (w,J,g) be a compatible triple on Lie algebroid A and
A be the symplectic generalized distribution of (A,w) on M. Then for every
integral sub-manifold O of A we have

{fag}|o = {flovg\o}Oa

where {,} is the Poisson structure induced by w and {,}o is the Poisson
structure induced by wo on O.

Proof. For f,g € C>°(M) let ay and a, be the Hamiltonian sections of f,g
with respect to w and Xf\o , Xg‘o be the Hamiltonian vector fields of f, and
gl With respect to w,. Then

plag(@)) = Xp, (@), plag(@)) = Xg, (x)  (z€O).

Thus for every z in O we have
{fl(wg\o}o(‘r) = We (Xf|o (x)v ‘X9|O ({,C)) = w(af(m)v ag(x)) = {fa g}“’lo (:,C),
which completes the proof. O

Corollary 3.11. With the above notations, if f is constant on Oy for some
x € M, then

{f,9}(y) =0,
for every g € C°(M) and y € O,.

Suppose that (w,J,g) be a compatible triple on Lie algebroid (A, p,[,],)
such that J preserves L2, Then for any a, € Eg and S, € L% we have

0 =w(J(Sp), ap) = g(Sp, ap),
which means that Ef) is perpendicular to Lf,. Our claim is that E? is invariant
under J. To prove this, for a in Ez consider the equation

L2

E2
J(a) = (J(a))"™" + (J(a)) ",
WhereEf, is perpendicular to Lzl, + Ezl, and J is compatible with g. Thus J(a)
has no component, through L) and E}. Therefore,

0 = w((J(a))L?’, a)
1T ((T(a))=2) || -
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2
Hence (J(a))L’” is zero, for every a in EZZ,.
Next, for an integral sub-manifold O of A, we define go and Jo as follows

Jo(X) =p(J(a)) , go(X,Y)=g(a,b),

where X,Y € TO and a,b € E? such that p(a) = X and p(b) =Y.

Clearly Jo is an almost complex structure and go a Riemannian metric on
M such that the triple (w, Jo,go) is compatible on ©. We have proved the
following result:

Theorem 3.12. Let (w, J, g) be a compatible triple on (A, p,[,] ) together with
decomposition (E; —|—E§) + L, for A,, such that J preserves L?. Then for every
integral sub-manifold O of A = p(E? + L), (w,, Jo,g0) is a compatible triple
on O.

Corollary 3.13. Let (w, J, g) be a compatible triple on a transitive Lie algebroid
(A, p,[,]4) such that J is admissible. Then w, is nondegenerate, L' and E'
are null, and A =TM. Also (M,wyr) is a symplectic manifold and the triple
(war, g, Jar) is compatible. Moreover the Poisson structure induced by w is
equal to the Poisson structure induce by war on M.

Our decomposition of Lie algebroid, enables us to somehow regard the cotan-
gent bundle of the base manifold as a Lie sub-algebroid of our Lie algebroid.

Theorem 3.14. Let (w, J, g) be a compatible triple on a Lie algebroid (A, p,[,] )
with the decomposition A, = (E;, +E§) + (L;,JrLf,). Then for any leaf N of the
characteristic foliation of A, the Lie algebroid ((E*+L") n, Pl w2
and (T*N,7*,[,|r=n) are isomorphic over N .

+Lbp [’]‘<E2+L1)N)

Proof. Note that (A, par, [, ]a7) is a transitive Lie algebroid over A. Also
Ly = Ker(py) is a Lie algebra sub-bundle of (Ax, pn,[,]n). Since ER, +
Ly =L = —J(L3;), where wys is the restriction of w to Apr, (E? + L) is
a vector sub-bundle of Ax. Moreover, by (3.5), T'(E? + L) is closed under
the bracket and thus inherits the Lie algebroid properties.

Looking at Ax as La + Lﬁ/, one can consider the vector bundle map

J Ay — Ax
a— J(a)L*f.

It is easy to see that J*= ((E?+L")x) = (E'+E?) . Thus (E'+E?)y is smooth
and so (E' + E?)x + Ly is a decomposition of Ax. Let A : TN — Ay be
the corresponding splitting with respect to the decomposition Ax = L+ Lk[.
We define

V(B + LYy — TN

ar— =X\ (iqw)
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Since w is nondegenerate, ¥ is one to one. Thus 1 is an isomorphism of vector
bundles.

To complete the proof we need to prove that v preserves the bracket and anchor
maps. To do this, we take an arbitrary f € C°°(N) and denote its Hamiltonian
section on N by ay. Then

(plag) +7(df)) - g =dg(ay) + dg(7™(df))
=w(ag,ay) + 7(df,dg)
:{gvf}_{g7f}

ie., play) = —7*(df). Thus af + A(7*(df)) € La. Now for a € (E? + L)
and f € C°(N), we have

(p(a) = 7*(9(a))) - f =w(ay,a) — 7(v(a),df)
=w(ay, a) +(a) (7" (df))
=w(ag,a) = w(a, A(r"(df)))

( (

Thus p(a) = 7*(¢(a)), i.e., ¥ preserves the anchor maps.
On the other hand, for a,b € T'((E? + L')x) and X € X(N) we have

(@), )], (X) = 0 ([a,8] 2,0, ) (X),

which means that i preserves the bracket and so it is a Lie algebroid isomor-
phism. (I

Transitive Lie algebroids that admit compatible triple structures, encounter
especial limitations provided that the Riemannian metric is invariant. Here,
we will mention some cases.

Theorem 3.15. If (w, J,g) is a compatible triple on transitive Lie algebroid A
such that g is invariant and J is admissible then

(1) The bracket of every two sections of L is zero.

(2) (A w, d,g) is Kahler if and only if (M,war, Iy, gar) s Kahler.
Proof. (1) w is closed. Therefore, for S1, 52,55 € I'(L) we have
0 = d4w(S1, Sa, S3) = —w([S1, S2] 4, S3) + w([S1, S3] 4, S2) — w([Sa, S5 4, S1).
Since (w, J, g) are compatible we can rewrite the above equation as
—9([S1,52] 4, JS3) + g([S1, 53] 4, JS2) — g([S2, 93] 4, J51) = 0.
Since ¢ is invariant we have

_g([slst]Av JSE’)) - g([SleSﬂAvSB) - g([JS1, 52]A7S3) =0. (3'6)
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This shows that
_[Sla S2]A - J([Sh JS2].A) - J([JSh S2]A) =0.
Using the above equation, one can calculate N(S7,52) as follows

N(S1,82) = [JS1, JS2] , —[51,82] , — J[JS1,S2] , — J[S1, JSa] , = [JS1,TS2] ..
(3.7)
Replacing S; by JSi, in (3.6) we have

g(J[JS1,82] 4, S3) — g([JS1, JS2] 4, 83) + g([S1,52] 4, 53) =0,
which means that
—[JS1, JS2] . + [S1,52]  + J[JS1,52], =0
Therefore,
N(S81,82) = —J[S1,J52] - (3.8)
By applying (3.8) and (2.2) in (3.4) we have
0 = 29((V51J)Sg, Sg) — g(N(S% Sd), JSl)
= g([Sh JSQ]A? 53) - g(‘][Sla SQ]A7 53) + g('][SQa JS3]A3 JSl)
= g([Sh JSQ]A7 53) - g(J[Sla 52]A>S3) - g(J[Sla SQ]A; SS)
= g([ShJSZ]A*QJ[SlasQ]AaS?))a
i.e., for every Sy, S5, € T'(L)
[S1,JS2] , = 2J[S1,52] 4-
Applying this to (3.7) and (3.8) we get N(S1, S2) = [JS1, JS2], = —4[S1,S2] ,-
On the other hand, N(S1, S2) = —J[S1, JS2] , = 2[S1,52] ,. Therefore, [S1,Sq], =
0 and N(Sl,SQ) =0.
(2) Now look at A as L+ + L. By the proof of Theorem 3.14, L* is closed un-

der the restriction bracket. Suppose that (M, war, Jar, gar) is Kahler, therefore,
NJM = 0, i.e.,

(3.9)

N, (X, Y)=0 (X, Y e X(M)).
By (3.2)
Njy(a,b) =0 (a,b e T(L1)).
We have just proved, in the previous part, that N(S,T) = 0 for every S,T €
I'(L). To complete the proof, it suffices to show that N(S,a) = 0 for every
S eT(L)and a € T(L*). Using (3.4) we have
g(N(S,a),T) = —g((VsrJ)(S),a) =0 (T € T(L)).

On the other hand, g(N(S,a),b) = 0 for every b € I'(L*) and so N(S,a) = 0.
Thus (A, J,w, g) is Kdhler. The converse is trivial. O

Theorem 3.16. On a transitive Kihler Lie algebroid (A,w, J, g) if g is invari-
ant then the restriction of the bracket on I'(L) is zero.



On contact and symplectic Lie algebroids 49

Proof. Fixapoint p € M. Using the decomposition mentioned at the beginning
of the section, one can write A, = (E} + E2) + (L}, + L2). Since (A,w, J, g) is
Kdéhler, Vw = VJ = 0, where V is the Levi-Civita connection of g. Now for
S, T e Lf, and Z € L‘,ll7 we have

0 :(vSw)(Tr Z)
=w(VsT,Z) +w(T,VsZ)
:w(%[& T, Z) +w(T, %[S, Z]4)

—w(T, %[5, 7).

This means that

(L), L2, € L. (3.10)
Using the above equation and the fact that ¢ is invariant, for S,7T € Lg and
Z € L}, we have

9([9, T4 2) = 9(S, [T, Z] ) = 0, (3.11)
and so
[L2,L2], C L. (3.12)

Moreover for S,T,Z € L,
0 =d4w(S,T, Z)
=—-w([S,T
=—w([$,T],.2) = 2(Vzw)(S5.T)
=—-w([S,T

ie., [L2,L2], C L,. Hence by (3.12) we have [L2, L2] , = 0.
Furthermore, we know that [L,, L}], = 0. Thus for S,T € L and Z € L2 we
have
0=g([S,T],,2) = g(S,[T,Z],),
ie., [L},12], € L2. Using (3.10) one can easily see that [L], L2], = 0. This
proves that the restriction of the bracket on L is zero.
O

4. CONTACT LIE ALGEBROID

Let (A, p,[,],) be a Lie algebroid of rank 2n+1 over a smooth m-dimensional
manifold M. A 1-form 5 € T'(A*) is called contact if n A (dAn)™ # 0. In this
case, (A,n) is called a contact Lie algebroid([7]). For a contact Lie algebroid
(A, n) there exists a unique section & € I'A called the Reeb section such that

nE) =1, id4n=0.
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A triple (p, &, n) is called an almost contact structure on A if ¢ is a (1,1) tensor
section of ' A® A*), £ e T A, n € T'(A*) and
n€) =1,  ¢*=—ida+neE

Moreover (A, ¢, &, n) is called an almost contact Lie algebroid.
A Riemannian metric g on A is said to be compatible with an almost contact
structure (¢, &, n) if

9((5),o(T)) = g(S,T) =n(S)n(T) (S, T € TA).

In this case, (A, ¢, &, n, g) is called an almost contact Riemannian Lie algebroid.
For an almost contact Riemannian Lie algebroid (A, ¢, &, 1, g) if

d4n(S,T) = g(S, (1))

then 7 is a contact form, £ is the Reeb section and (A, p,&,n,g) is called a
contact Riemannian Lie algebroid([7]).

Let (A, p,&,n) be an almost contact Lie algebroid. Then D := Ker(n) is a
vector sub-bundle of A of rank 2n. If 7 is contact then dn, is nondegenerate.
Let (A, n) be a contact Lie algebroid, consider the vector bundle morphism

P A— A
S —s igd.
It is easy to see that
A" = Im(y) & (n).
Thus for f € C*°(M), there exists Sy € I'(A) and h € C°°(M) such that

dAf =ig,d*n + hn. (4.1)
In fact
h=p(&)-f
If Sy, S satisfy (4.1), there exist k € C°° (M) such that
Sy —Sp=kE (4.2)

Putting ay := Sy — n(Sy)¢ one can easily see that ay satisfies the (4.1). Also
as is independent of the choise of Sy. In fact, if Sy, Sy satisfy (4.1), then by
(4.2) we have

Sy —n(Sy)§ = Sy —n(Sy)e.
We call ay, the Hamiltonian section of f.
Now we can define

{,}:C®(M) x C®(M) — C>*(M)

(fvg) — dAn(a’faag)'
In fact for f,g € C°(M)

{f,9} =plag) - f=—play)-g (4.3)
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Theorem 4.1. On a contact Lie algebroid (A,n) if p(§) = 0 then the above
bracket is a Poisson structure on M.

Proof. {,} is R-bilinear and skew-symmetric. Now if ay, a4, ap, are Hamiltonian
sections of f,g,h € C*(M), respectively, then

dA(fg) =fd*g + gd* f
=fiq,d"n + gis,dn

:i(fa9+gafv)dA77-

Moreover, 1(faq + gay) = 0. Thus fay + gay is the Hamiltonian section of fg.
Hence

{fg.n}y =d"n(fay + gay. an)
=fd*n(ag, an) + gd*n(ay, an)
=f{g,h} +9{f.n},
i.e., {,} satisfies the product rule.
Furthermore,
i[af’ag]AdAn =[La; iag]AdAn
=dMiq,iq, AN + i, d%ia,dn — iq,dMia, 4 — ia,ia,d4d My
:d'An(afv ag)
={f,9}.

Thus [af, ag] . — n([ay, ag) )¢ is the Hamiltonian section of {f, g}.
Now we can prove the Jacobi identity. We use (4.3) as follows

{f7 {97 h}} = _{fvp(a‘g) ’ h} = p(af) : p(ag) “h
{9.{h, [}} ={g.play) -h} = —plag) - plas) - h

{ha{fvg}}:p(a{f,g})'h :p([af7a9D'h

{£: {9, n}} +{g.{h. f}} +{h.{f,9}} = 0.
]

Lemma 4.2. If (A,n) is a contact Lie algebroid such that L, C D, for some
p € M, then L, = 0.

Proof. For S, € L, C Dy, one can extend S, to a section S of D. Now for
T € I'(D) we have

A4, (Sp, ) = p(Sp) n(T) = p(T)n(S) = n(([S.T] 4)p) =0,
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where the last identity is a result of ideal property of I'L. Since 7 is contact,
d““mD nondegenerate, Thus S, =0, i.e., L, = 0. 0

Lemma 4.3. For an almost contact structure (p,&,n) on a Lie algebroid A if
n is contact and p(L,) C L,, for some p € M, then L, =0 or p(&,) = 0.

Proof. Choose p € M such that ¢(L,) C L,. If L, # 0 then by Lemma 4.2
there exists S, € L, such that 7,(S,) # 0. Thus

1p(Sp)&p = ¢*(Sp) + Sp.
Since ¢ preserves Ly, ©*(S,) € Ly, and so &, € Ly,. O

Let (A, p,&,m, g) be a transitive contact Riemannian Lie algebroid such that
@ preserves L. If L = 0 then A = TM and our Riemannian contact Lie
algebroid reduces to an ordinary contact metric manifold. So let L # 0. Since
¢ eTl'L, by (4.3), we may write

D=DnL)&L*.
Moreover, for S € TL*+ and T € T'L,
d*n(8,T) = g(S,¢(T)) = 0. (4.4)

Let A : TM — A be the splitting map corresponding to A = L+ & L. Putting
w 1= A*(dn), one can see that w is closed and non-degenerate, i.e., (M,w) is
a symplectic manifold. Clearly ¢ preserves L. Therefore, ¢ and g induce an
almost complex structure Jy; on A (with the decomposition L + L*) and a
Riemannian metric gp; on M, respectively. Thus, (w, Jar, gar) is a compatible
triple on M. The interesting point is that, the Poisson structure induced by
Theorem 4.1 coincides with the Poisson structure induced by w.

ACKNOWLEDGMENTS

The authors wish to thank the referee for their helpful comments and sug-
gestions.

REFERENCES

1. P. Antunes, J. M. Nunes da Costa, Hypersymplectic structures with torsion on Lie alge-
broids, J. Geom. Phys., 104, (2016), 39-53.

2. M. Boucetta, Riemannian Geometry of Lie Algebroids, Journal of the Egyptian Mathe-
matical Society, 19, (2011), 57-70.

3. M. Crainic, R. Fernandes, Integrability of Lie brackets, Ann. of Math., 157, (2003),
575-620.

4. E. de Leon, J. C. Marrero, E. Martinez, Lagrangian submanifolds and dynamics on Lie
algebroids. J. Phys. A, 38, (2005), 241-308.

5. Gh. Fasihi Ramandi, N. Boroojerdian, Forces Unification in The Framework of Transitive
Lie Algebroids, Int. J. Theor. Phys., 54, (2015), 1581-1593.

6. C. Ida, P. Popescu, On almost complex Lie algebroids, Mediterr. J. Math., 13, (2016),
803-824.



10.

11.

12.

13.

14.

15.

16.

17.

18.

On contact and symplectic Lie algebroids 53

. C. Ida, P. Popescu, Contact structures on Lie algebroids, arXiv:1507.01110, 2015 -
arxiv.org

. D. Iglesias, J. Marrero, D. Martin de Diego, E. Martinez, E, Padron, Reduction of Symple
ctic Lie Algebroids by a Lie Subalgebroid and a Symmetry Lie Group, SIGMA, 3 (2007)
049, 28 pp.

. Y. Kosmann-Schwarzbach, Poisson Manifolds, Lie Algebroids, Modular Classes: a Survey,

SIGMA, 4, (2008) 005, 30 pp.

K. Mackenzie, General Theory of Lie Groupoids and Lie Algebroids, Cambridge Univer-

sity Press, 2005.

N. Neumaier, Waldmann, Stefan Deformation quantization of Poisson structures associ-

ated to Lie algebroids, SIGMA, 5, (2009), Paper 074, 29 pp.

R. Nest, B. Tsygan, Deformations of symplectic Lie algebroids, deformations of holomor-

phic symplectic structures, and index theorems Asian J. Math., 5, (2001), 599-635.

L. Popescu, Geometrical structures on Lie algebroids, Publ. Math. Debrecen, 72(1),

(2008), 1-15.

L. Popescu, Lie algebroids framework for distributional systems. An. Stiint. Univ. Al. I.

Cuza Iagi. Mat (N.S.), 55(2), (2009), 257-274.

L. Popescu, A note on Poisson-Lie algebroids, I. Balkan J. Geom. Appl, 14(2), (2009),

79-89.

L. Popescu, Symmetries of second order differential equations on Lie algebroids. J. Geom.

Phys, 117, (2017), 84-98.

P. Popescu, Poisson structures on almost complex Lie algebroids, Int. J. Geom. Methods

Mod. Phys, 11(8), (2014), 1450069, 22 pp.

Y. Vorobiev, On Poisson realizations of transitive Lie algebroids.J. Nonlinear Math. Phys,

11, (2004), 43-48.



