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ABSTRACT. Let G(V, E) be a graph. The common neighborhood graph
(congraph) of G is a graph with vertex set V, in which two vertices are
adjacent if and only if they have a common neighbor in G. In this paper,
we obtain characteristics of congraphs under graph operations; Graph
union, Graph cartesian product, Graph tensor product, and Graph join,

and relations between Cayley graphs and its congraphs.
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1. INTRODUCTION

The graphs considered in this paper are assumed to be connected and simple.
Let G be such a graph with vertex set V(G) and edge set E(G). Denote by G
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the complement of the graph G. As usual, C,, and K,, are cycle and complete
graph with n vertices, respectively.

The neighborhood of a vertex v is the set of all vertices u such that they
are the endpoints of the same edge and denoted by N(v). Denote by N(v) the
complement of set N(v). The degree of a vertex v, denoted by deg(v), is the

number of neighbors of v, that is deg(v) = |N(v)].

Let G be a simple graph with vertex set V(G). The common neighborhood
graph (congraph) of G, denoted by con(G), is the graph with V(con(G)) =
V(G), in which two vertices are adjacent if they have a common neighbor in
G, that is,

xy € E(con(G)) <= N(z) N N(y) # 0 where xz,y € V(G).

The basic concept of congraphs came from the theory of graph energy [1, 10],
and some basic properties of congraphs have been obtained [1, 3, 9].

There are several Graph operations which generate new graphs from old
ones.

Definition 1.1. Let G; and G5 be two graphs.

(1) Graph intersection operation of Gy and Ga, denoted by G1 N Ga, is a
graph with V(G1 NG2) = V(G1) NV (Gs) and E(G1NG3) = E(G1) N
B(Gy) [2].

(2) Graph union operation of Gy and Gs, denoted by G U Gs, is a graph
with V(G1 U GQ) = V(Gl) U V(Gz) and E(G1 U Gz) = E(Gl) UE(GQ)
[2].

(3) Graph cartesian product of G; and G5, denoted by G X G3, is a graph
with V(G1 x G3) = V(G1) x V(G2) and (u,v)(vw',v") € E(G1 x Ga) if
u =/, then vv' € E(Gs) or if v =/, then uu’ € E(Gy) [8].

(4) Graph tensor product of G; and Ga, denoted by G; ® Gs, is a graph
with the vertex-set V(G1) xV(Gz). Foru,v € V(Gy) and z,y € V(Ga),
(u,x) is adjacent to (v,y) in G1 @ G if wv € E(G;) and xy € E(G2)
[15].

(5) If V(G1) N V(G2) = 0, graph join operation of G; and G5, denoted by
G1 + Ga, is a graph with V(G + G2) = V(G1) UV(G2) and E(G; +
Gz) = E(Gl) U E(Gg) U {UU | u e V(Gl),v S V(Gz)} [8]

Let G be a non-trivial group and let S be a subset of G — {e} with S =
S—1 = {s7!|s € S}. The Cayley graph of G denoted by Cay(G : S) is a
graph with vertex set G and two vertices a and b are adjacent if ab~! € S. The
study of Cayley graphs of the symmetric group generated by transpositions is
interesting (See [7]).
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Cayley graphs of finitely generated groups are a fundamental concept in
group theory. They were introduced by Cayley [4] for finite groups and Dehn
[5] for infinite groups. Many deep results in group theory use Cayley graphs in
an essential way, see e.g. [6, 11, 12, 14]. Moreover, Cayley graphs turned out
to be a link to several other fields in mathematics and theoretical computer
science, e.g., automata theory, topology, and graph theory.

This paper is organized as follows: in section 2, we obtain some properties of
congraphs under graph operations; Graph join, Graph union, Graph cartesian
product, and Graph tensor product and in section 3, we give some relations
between Cayley graphs and its congraphs.

2. CHARACTERISTICS OF CONGRAPH ON GRAPH OPERATIONS

Lemma 2.1. Let G(V, E) be a simple graph with n vertices and m edges. In
the common neighborhood graph (congraph) of G, for every v € V. we have:
(1) degeon(a)(v) = | Uyen(w) N(u) = {v}| = [Neon(a)(v)|. Also, if N(u)N
N(w) = {v} then for every u,w € N(v), we have degconq)(v) +
dega(v) = Zu@EN(U) dega (u;).
(2) For every u,v € V(Q), if deg(u) + deg(v) > n, then con(G) = K,
Proof. (1)
U € Neon(ay(v) <= uv € E(con(G))
<= N(u)NN(v) # hence there exists a € N(v) and a € N(u)
< a€ N(v)andu € N(a).
That is Neon(g)(v) = Uuen @) N (u) — {v}.
Hence,
degeon(c)(v) = [Uuen(w) N(ui) = {v}
= |Uuene) (N(w) —{v})]
= Y IN(w)—{v}

u; €N (v)

= > (Nw)l-1)

u;, €N (v)

= Z dega(u;) — |N(v)]

u; EN(v)

Y dega(us) — dega (v).

u; EN(v)

Therefore, degeon(c)(v) + dega(v) = 3, e N dege(ui).
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(2) Tt is enough to show that for every u,v € V we have N(u) N N(v) # 0.
Otherwise, we have

n 2 [N(u) UN(v)| = [N(u)| + |N(v)| = deg(u) + deg(v) > n,

which is a contradiction. Hence, it follows that uv € E(con(G)), that
is, con(G) = K.
(]

Corollary 2.2. Let G(V, E) be a graph with n vertices and m edges and have
not any cycle of order 4. Also, let con(G) be a graph with n vertices and m/
edges the congraph of G. Then,

1
m' = §M1(G) —-m,

where My (G) stands for the first Zagreb index, defined as My(G) = 37, oy, deg®(v;)

Proof. For every u,w € N(v) we have v € N(u) N N(w). Now, we show that
N(u) N N(w) = {v}. For, if there exist a € N(u) N N(w) such that a # v, it
follows that au,vu, aw,vw € E(G), that is, we have a cycle of order 4, which
is a contradiction. Hence, by Lemma 2.1 we have degcon () (vi) + dega(vi) =

ZujeN(Ui) dega(u;). Thus,

> degeon(ey(vi) + Y dega(v) = > Y dega(uy),

v; €V v; eV ﬂiGVUjGN(’Ui)
it follows that

2m’ 4+ 2m = Z deg?(v;).
v, €V
Therefore,
1 1
! _ 2 N _ = _
m =g Zevdeg (v;)) —m = 2M1(G) m.

Theorem 2.3. Let G1 and Go be two graphs of order n and m respectively. If
G1 or Gy is connected then con(Gy + G2) = Ky pm.

Proof. Let z,y € V3 U V3 then we show that zy € E(con(G1 + G2)), that is,
Ng,+6,() N Ng,+6,(y) # 0. For, if z,y € V; then it is easy to see that
(Ng, () UVa) N (Ng, (y) UVa) # 0. Similarly, if z,y € Va then (Ng, (z) UV1)N
(Ng,(y) UV1) # 0. Now, if x € V3 and y € Vs then (Ng, (z) UV2) N (Neg, (y) U
V1) # 0, since at least one of Gy or Ga is connected. Therefore, for every
x,y € ViUV we have xy € E(con(G1+G2)), hence con(G1+G2) = Kpym. O
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Theorem 2.4. Let G and Gs be two graphs. Then con(G1®G2) = (con(G1) x
con(Gz)) U (con(G1) @ con(Ga)).

Proof. Let (z,y), (u,v) € V(G ® Ga). If (z,y)(u,v) € E(con(G; ® G2)) then
NG1®G2 (x,y) N NG1®G2 (U,U) 7é 0.

0 # NG1®G2(‘T>y) N NG1®G2(u7v) = (NGl(‘r) X NGQ(y)) n (NG1 (’LL) X NG2(U))
= (Ng,(z) N Ng, (u)) x (Na, (y) N Ne, (v)),

ie.

Ng, ()N Ng,(u) 0Ny =v or Ng,(y) N Ng,(v) ZDANz=u
or  Ng,(x) N Ne, (u) # 0 A Ne, (y) N Na, (v) # 0.

Hence,

zu € E(con(Gh)),y = v or yv € E(con(G3)),z = u or zu € E(con(G1)),yv € E(con(Gz))
which means

(z,y)(u,v) € E(con(G1) x con(G2)) or (x,y)(u,v) € E(con(G1) ® con(G2)).

Therefore,

con(G1 ® Ga) = (con(G1) x con(G2)) U (con(G1) ® con(Ga)).

Theorem 2.5. Let G1 and Gy be two graphs. Then con(G1 x Ga) = (con(G1) x
con(G2)) U (G1 @ Ga).

Proof. Let (z,y), (u,v) € V(G1 x G2). Then

(,y)(u,v) € E(con(Gy x G2))
<= Ng,xa,(z,9) N Ng,xa,(u,v) #0
< {(z x Ne,(y)) U (Ne, (z) x )} N {(ux Na, (v)) U (Ney (u) x v)}# 0.

Therefore,

(X Na, (y)) N (ux Ne, () U (2 X Na, (y)) 0 (Na, (u) x v)
U (Ne,(x) x y) N (ux Ne, (v)) U (Ne, (2) x y) 0 (Ne, (u) x v) # 0.
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Hence,

(z x Nay(y)) N (ux Ne, (v) # 0
T =uA Ng,(y) N Ng,(v) 0 < x =u A yv € E(con(G3))

<~

< (x X Ng,(y)) N (Ne, (u) x v) #0

<= x € Ng,(u) Av € Ng,(v) # 0 < au € E(G1) ANyv € E(G2)
> (Ng,(x) xy) N (ux Ney(v)) # 0

<= wu€ Ng,(2) xy € Ng,(v) <= zu € E(G1),yv € E(G2)

— (NGl(x)xy)ﬂ(Ngl(u)xv);é@

< y=vANg (u)NNg,(z) #0 < y=v,zu € E(con(G1))

Therefore, for every condition we get:

(x,y)(u,v) € E[con(G1) x con(G2)] or (z,v)(y,v) € E(G1 ® G2)
<~ (z,y)(u,v) € Elcon(G1) x con(G2) U E(G1 ® G2)].

3. RELATIONS BETWEEN CAYLEY GRAPH AND ITS CONGRAPH
Let Cay(G : S) be a Cayley graph. Then,
N(e) = {xeG|{z,e}=ze€ E}
= {zeG|laet=2ec8S =5

Thus, deg(e) = |N(e)| = |S|. It is easy to see that N(x) = N(e)-x =S -z for
each z € G.

Theorem 3.1. [13]/Theorem 2.4.] If Cay(G : S1) and Cay(G : Ss) are Cayley
graphs. Then

(1) Cay(G : S1) U Cay(G : S2) = Cay(G : 51U S,),

(2) Cay(G : S1) N Cay(G : S2) = Cay(G : 51N Sy).

Lemma 3.2. Let Cay(G : S) be a Cayley graph. Then

con(Cay(G : 8)) = Cay(G : S* — {e}).
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Proof. Let T'(V, E) = con(Cay(G : S)), I'(V', E') = Cay(G : 5% — {e}). It is
obvious that V =V’. Let x,y € V, then

vy € E <= Ncayc:s)(®) N Neaya:s)(y) # 0 <= (Sz) N (Sy) # 0
<= there exists a € (Sx) N (Sy) < a = s1x and a = say
= sr=sy<s=eFay =559 . 9=9.5=3>
— ayckl,

for some s1,82 € S. O

By Lemma 3.2 we have the following corollary.

Corollary 3.3. Let Cay(G : S) be a Cayley graph. Then

con(con(Cay(G : S))) = Cay(G : S* — {e}).

In general, we know that con(G1UG3) # con(G1)Ucon(G2) and also con(G1N
Gs) # con(G1) N con(Gsy). But in the following theorem, we show that the
equalities hold for a special condition.

Theorem 3.4. Let G; = Cay(G : S1) and Gy = Cay(G : S2) be two Cayley
graphs such that (S1 U S2)? — {e} = (S? — {e}) U (55 — {e}). Then

con(G1 U G3) = con(G1) U con(Gy).
Also, if (S1182)? —{e} = (ST — {e}) N (53 — {e}), then
con(G1 N Gy) = con(G1) N con(Ga).

Proof. By Lemma 3.2 and Theorem 3.1 we have:

con(G1UGs) = con(Cay(G:S1)UCay(G : S3))
= con(Cay(G :51US3))
= Cay(G:(S1US2)? —{e})
= Cay(G: (57— {e}) U (S5 — {e}))
= Cay(G: 5% —{e})UCay(G : Sz — {e})
= con(Cay(G : S1)) Ucon(Cay(G : Ss))
= con(G1) U con(Gs).
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Also, by Lemma 3.2 and Theorem 3.1 we have:

con(G1NGy) = con(Cay(G :S1)Necay(G, Ss))
= con(Cay(G: 51 NSy))
= Cay(G: (51N S2)* —{e})
= Cay(G: (S —{e}) N (S5 — {e}))

= Cay(G: 5% —{e})NCay(G : S —{e})
con(Cay(G : S1)) Neon(Cay(G : S3))
= con(G1) Ncon(Gs).
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