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1. INTRODUCTION

Harmonic schlicht functions (HSF) have vastly been utilized not only in ap-
plied mathematics, but also in other numerous fields such as physics, aerody-
namics, electronics, operation research, engineering and medicine. The theory
of HSF is categorized under the most interesting topic in Geometric Function
Theory (GFT), which is a generalization of the regular schlicht functions (RSF).
Since then, the study of geometrical properties of HSF is key in ongoing seek
in GFT.

The first study on the theory of HSF was by Clunie and Sheil-Small [8] in
1984. In their seminal work, they studied each harmonic function ¢ on a sim-
ply connected domain which can be expressed in the form ¢ = p 4+ . The
function p is called the regular part while v is the co-regular part of p. A
necessary and sufficient condition [8] for ¢ to be locally univalent and sense
preserving in the open unit disk D = {z € C: |2| < 1} is |¢/(2)| > |v/(2)] in D.
Moreover, they introduced the class H consisting of HSF ¢ = u 4+ 7 which are
sense-preserving in I, and normalized by the conditions ¢(0) = ¢’(0) — 1 =0,
where the regular part p and the co-regular part v are given as follows:

) o
w2 =2+ 3 e vz =S me ml < 1. (1.1)
1=2 =1

Obviously, class H reduces to class S, which includes normalized RSF ¢ defined
in D, if the co-regular part v is zero. As a result, the functions ¢(z), in this
case, can be expressed as:

o(z) =2+ m2" (1.2)
=2

In RSF theory, there are assorted studies on convexity and starlikeness and
other properties of such functions. Further, some analogous studies were done
on harmonic functions investigating convexity, starlikeness, and others. Clunie
and Sheil-Small [8] were the first to introduce a subclass of H consisting of
harmonic convex functions, symbolized by Hcy. In addition, they investigated
geometric properties of class H such as coefficient bounds, growth and distor-
tion bounds and covering theorems. Then, in 1990, Sheil-Small [26] considered
a subclass of H involving harmonic starlike functions, symbolized by Hsr.

In 1975, Silverman [28] presented the class Sy of RSF with negative coeffi-
cients and opened new trends for studies. The subclasses of class St have been
explored by numerous researchers for different objectives with various proper-
ties. Subclasses analogous to these results have not been explored on HSF in
the literature. In 1998, Silverman [29] attempted to fill this gap by considering
the class Hit of HSF with negative coefficients rather than positive coefficients.
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Denote by Hr the subclass of H including functions ¢ = p+ 7, such that g and
v are of the formula

o0 )
pz)=2=Y 2 viE) ==Y Inlz, |ml<1, (1.3)
=2 =1

Since then, various subclasses of HSF and theirs properties have been investi-
gated by numerous complex analysts. One may refer to Jahangiri and Ahuja
[17, 18], among many others.

Convolution (Hadamard product) is a significant tool for identifying diverse
subclasses and operators. In [8], Clunie and Sheil-Small introduced the con-
cept of convolution of two harmonic univalent functions as follows:

for two functions ¢, € H is given by ¢, (2) = ps(2) + Vs (2) = 24+ 300y Yonz' +
S My 25 = 1,2, |m1| <1, |m2| <1, z €D, the convolution is denoted
by 1 * @2 and defined as:

(901 *902)(2) = Z+Z,YL,1 Ye,2 zb+z77L,1 M,2 zt. (14)
=2 =1

Denote by A the class of normalized regular functions ¢ in D. The first in-
tegral operator defined on A was proposed by Alexander [2]. Later, in 1965,
Libera [19] considered another integral operator and discussed specific prop-
erties of starlike functions under this operator. These works stimulated many
researchers for studying operators, such as Bernardi [5] in 1969, Miller, Mo-
canu and Reade [21] in 1974. The following year, Ruscheweyh [25] presented
the differential operator D'p(z), for ¢ € A, by utilizing convolution concept as
follows: for a function ¢ € A and [ > —1, the Ruscheweyh differential operator
Dly(2) is defined by D' : A — A,

D'o(z) =

ﬁ *p(2) =z+§;(l(:r_l)f)!1%2‘ (1.5)

such that D% (z) = ¢(z) and D'p(z) = 2¢/(2), 2 € D.

Corresponding to differential operator D'y(z), Noor [22] in 1999 imposed an
integral operator, which is denoted by I;¢(z) and called the Noor Integral op-
erator of [—th order of ¢, as follows:

for a function ¢ € A and | € Ny, the Noor integral operator I;¢(z) is defined
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by I' : A — A,

-1
ip(2) = o V(z) » () = [w] e

(1.6)
; l+ 1), ’
such that
(=1) _ o

Note that Ipp(z) = z¢'(2) and I1p(2) = ¢(2), z € D.
Afterwards, numerous authors have introduced and studied several Noor-type
integral operators by employing hypergeometric functions and theirs general-

izations and extension. Some of the previous studies will be mentioned here.

In 2006, Noor [23] once again imposed Noor integral operator I;(g,s, 7)y(z)
on A by utilizing the well known Gauss hypergeometric function as follows:

L(o.;T)p(2) = [2F(0,6;7:2)] 7Y (2)

o0

IR SN GO R
N +L=ZQ (Q)L—].(g)L—l TnE (18)
such that
R eFosma) ™ = g—far (FED. (19)

and the function F(p,¢;7;2) is the Gauss hypergeometric function defined as
follows: (see, [9])

For o,¢ and 7 be real or complex numbers with 7 other than 0,—1,—-2,...,
and

o(o+1)s(c +1) 22

Flo,qim52) = P T}

+ ... (1.10)

[~]e
|~
RS
S— | —
:\/-\
=
S— | ~—

L1 Ssy
=0 v T

where, (o), is the Pochhammer symbol given by
Mo+o [ 1. (v =0),
L= 2 1.11
(o) (o) { co+ Do+ (oti—1), @eny L

In 2015, Ibrahim et al. [16] defined the following generalized Noor-type integral
operator Qg;H’E(T; 0,s;2;m)p(z) on class A by making use of the extension
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Gauss hypergeometric functions:
¢ . R
Q[;K,E(T7 ga <7 Z7 m)gp(z)

QB(c+t—1,7—¢+m)

: E4 1), 172, (112
1 B?’ﬁ’K’E(C—FL—LT—C—l—m)( ) 1 ( )

Il
IS
+
[~]e
—~
=)
=
= |~
| =
= | —
—|
A
| =

B?ﬂ;fﬂﬁ(g, T—c+ m)
B(s,T—<c+m)

a further extension for the extended Fy.. -(0,¢;7;2;m) Gauss hypergeometric

Q= , (1.13)

functions is given by (see [1])

s a,Bik,e
(Q)L(C)L Bg (§+L,7'7§+m) z*
Fewe(0 6373 23m) = = (L4
Uik, (Q (S m) s (T)L B(§+L,T—§+m) L! ( )

(o <0, 0<R(k), 0<Re), m < R) < R(7), |2] < 1),
B(w,v) is the familiar Beta function defined by (see, [36], p.8)
Jo P71 = p)rdp (0 <R(p);0 < R(v))
B(w,v) = (1.15)
% (w,v e C\Zy)

and the extended Beta function Béc”ﬁ?“) (w,v), which is defined by (see, [38])

1
(0% JK,E w— v— E
Bé ik, )(w,y) :/O P 1= p) R (a;ﬂ;_p"‘l—p)f) dp,  (1.16)

(
(o <k, 0<e, 0<RE), 0<min{R(Q),R(B)}, —R(ra) < R(w), —R(ca) < §R(u)).

Recently, Al-Janaby et al. [3] defined an extended generalized integral oper-
ator of Noor-type on the class of the harmonic multivalent functions by using
Fox-Wright generalized hypergeometric function as follows:

GNy [o1)e(2) = GNy [oalp[inu(z) + GNP [orlplmlv(z),  (117)
where,
o ATIT(u+ (- p)B)
GN[p1]u(z) = 27 + Z = (€+p)—pr 2, (1.18)
1=p+1 ll:[l F(pl + (L - p)al)
and
ATITCu + (- p)B)

! (E+p)—pn. 2. (1.19)
(o + (L —p)au)

GN [oilu(z) = 22 +

vt
—sly

Il
_
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On the other hand, the study of Hurwitz-Lerch Zeta function plays a signifi-
cant role in GFT. Several authors have introduced numerous linear convolution
operators on various regular function classes by utilizing Hurwitz-Lerch Zeta
function and various of its generalizations. One may refer to some of theirs
contributions: Ghanim [13], Ghanim and Al-Janaby [14], Ghanim and Darus
[15], Raducanu and Srivastava [24], Srivastava and Attiya [35], Srivastava et.al.
[41, 42].

In terms of the Hurwitz-Lerch Zeta function ©(z,v,w) defined by (see, for
example, [34, p. 121 et seq.], [33] and [37, p. 194 et seq.])

L

O(z,v,w) := Z S — (1.20)

=0 (L + w)’U

(weC\Zy; veC when |z|]<1;1<R(w) when |z]=1).

The following new family of the &-Generalized Hurwitz-Lerch Zeta function
(GHLZF) was discussed and studied systematically by Srivastava [39]:

O v )

€150 ,€p301,0 56
p

) i -1:[1(&)1‘91 2,0
_ - J= Z Hy's
§T(v) 1=0 (w + 1)V - El(éj)m

(w+ L)H%

T u(r21)
@m(mg]u

(0 < min{R(w),R(v)}; 0 < R(k); 0 < &),

where

q P
0<g; (j=1,---,q); and 0<1+Z§j—293‘)

j=1 j=1

and the equality in the convergence condition holds true for suitably bounded
values of |z| given by

P q
2l <Ve= [T |- (T]s
j=1 j=1
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Definition 1.1. The H-function involved in the right-hand side of (1.21) is the
well-known Fox’s H-function [[20], Definition 1.1] (see also [32],[31]) defined by
wlaAl y o, (W aA
) -y [
(K/l?Bl)v"' 7(’<‘-’qu5{) (122)
1
=— [ Ew)z7"dv (z € C\{0}; |arg(2)| <),
27 J,
an empty product is interpreted as 1, m,n,p and q are integers such that
lsms=q and 0=n<p,
O<Aj (]:175p) and O<Bj (]:1775[)7
wjeC (j=1---,p) and £k;€C (j=1--,9q)
and L is a suitable Mellin-Barnes type contour separating the poles of the
gamma functions
{T(x; + Bjv)}je,
from the poles of the gamma functions
{1l —w; + AjU)}?:l.

It is worthy of mention here that, by using the fact that [[39], p. 1496,
Remark 7]

lim { H>O €
g ol (W+o)r

=&{0(w)  (0<9),

(v,1), (0,4)
the equation (1.21) reduces to the following form:

(917"'7Q}75§15"'5§q) . o (Qla"'sgp7§17"'7§q)
Oy, dpitr by (50 w30,8) 1= Og 1 g 50 5,7 (2,0, w)

Definition 1.2. The function @éflgf%fl (;Zq)(z,v,w) involved in (1.23) is
the multiparameter extension and generalization of the Hurwitz-Lerch Zeta
function O(z,v,w) introduced by Srivastava et al. [[40], p. 503, Eq. (6.2)]

defined by

ﬁ (fj)ngj .
1

o0
(01, ,0psS1,°+ 1Sq) j= z
951?“'7517?51,1“-,5: (z,v,w) = Z R (124)
=0 (w+0)¥ - T1(5)us,

.
=S
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<p7q€N0; ij(C(]:L ap); w,éjE(C\Za (.7:13 7Q);

Qj>§k€R+ (]:lvvp’ kZlv"'vQ);
—1 < A whenv,z € C;
A =—-1andv € Cwhen |z| < VT

1
A=-1and 3 < R(ZE) when |z| = V*>

with

P q
v (s ) (115 ).
j=1 j=1

q D q »
A:ngj—ZQj and E::s—i—Z&j_Zgj_F%.
=t =1 j=1 j=1

Consequently, by the above works on Noor integral operator and its general-
izations. In Section 2, we continue our investigations and studies in the theory
of operators. Here we’ll introduce a new extended generalized Noor-type in-
tegral operator 2212 (v,w; K, &) ¢ (z) on H, which is defined by employing

GHLZF. o

In earlier investigations, various subclasses of H were proposed by researchers,
such as Aydogan et al. [4], Duman et al. [10], Dziok et al. and [11] El-Ashwah
[12]. From another side, several authors introduced a sequence of classes of
HSF. This line of study are presented here.

In 2003, Yalcin et al. [43] established a subclass H; (8) = HP(f) consisting of
functions ¢ € H which achieve the following first-order differential inequality:

R{W(2)+V ()} >8, (0<B<1). (1.25)

They also studied a sufficient condition Y .° ¢ (]v.]+ |n.]) < 2 — B, where
~v1 = 1, for functions to be in the subclass H;(5). This condition is necessary
when the coefficients are negative. Moreover, they investigated distortion the-
orems and extreme points.

In 2004, Yalcin and Oztiirk [44] considered a subclass Hy (o) = HP(ar) compos-
ing of functions ¢ € H which achieve the second-order differential inequality
as:

Rlaz (1" (2) +v"(2)) + (0'(2) +V'(2))} >0, (0 < a). (1.26)
In addition, they discussed a sufficient condition Y72, ¢ (1 + a(e — 1)) (|7.] + |n.])
< 2, where ; = 1, for functions involving the aforementioned subclass Ha(«),
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which is shown to be necessary when the coefficients are negative. They ana-
lyzed distortion theorems and extreme points as well.

In 2010, based on the study of Yalcin and Oztiirk [44], Chandrashekar et al.
[7] introduced a subclass Ha(or, ) = HP(a, 8) of class H, which achieves the
following condition:

Riaz (1(2) +1"(2)) + (W (2) v (2)} > B, (0<a, 0<B<1). (L27)

They also investigated a sufficient condition > "=, ¢ (1 + a(c — 1)) (|7.| + |n.]) <

2 — 3, where v = 1, for functions including to above subclass Ha(a, ), which
is shown to be necessary when the coefficients are negative.

In 2015, Sokdl et al. [30] imposed a subclass Hs(a, 5) = Rpu(a, 3) of class
H, which achieves the third-order differential inequality as follows:

Rioz? (1" (2) +v"(2)) + 3az (1" (2) + v"(2)) + (W (2) +v/(2))} > B, (1.28)

0<a, 0<8<1).

They examined a sufficient condition Y72, ¢ (1 4+ a(:? = 1)) (|7.] + n.]) < 2-8,
where v; = 1, for functions belonging to above subclass Hs(«, 3), which is
shown to be necessary when the coefficients are negative. Furthermore, distor-
tion bounds, extreme points, convolution and convex combinations are studied.

Motivated by previous works, Section 3 imposes a new subclass GHy(a, )
of H defined by utilizing a new extended 251’ (U w; Kk, &) ¢ (2) generalized
Noor-type integral operator which is Con51dered in Sectlon 2 satisfying the forth-
order differential inequality. Moreover, coefficient bounds, distortion bounds,
extreme points, convolution, convex combinations, and closure under an inte-

gral operator are given.

2. PROPOSED OPERATOR 251’ ’5

» (0w R, €)@ (2)

In this section, by employing GHLZF given in (1 21), we define a new ex-

tended generalized Noor-type integral operator X o g (v,w; K, &) ¢ (z) on H.

By setting o1 =+ ,0p =61 =---=¢;, =1, and §; € C\Z; (j=1,---,p) in
(1.21), we yield that

1,+-,1,1,--,1
@él’...’gp;gl’...)’gq(ZaU7W;Kl,f)
R _ﬁ €. . ; L
= FT@) im0 Hyy |[(w+0)kE (,1)7(07%) T
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P
11 (65)0m
1

- _1 Zoo Jj= H2’0
v L= 0,2
CH T e 167
pL

-

@+ (= ))wt

(U71)7(0,%) ] (LL_11>.

-1
: : ,1,1,-.1) . .
Next, we consider a new function (z@&, PN (z,v,w; K, §)> as:

-1
Lo L1 1 ,
(Z@él, )5[),61,"),6[1(270’(‘07/4’75))

. W+ =17 TT(E5)i-1 (€ + 1) 2.1
oS I (2.1)

= (§J)L 1 Hgg (w+ (e —1))kE

<. :
=t

) s

such that,

—1
1 ,1 1
( @;th 751,761 )5 (Z,U,w;li,f)) * (29 §p7517 )76(2 (z,v,w;mf))

oo
<+1L 1 L
=G = D D v TEST (22)
=2

where —1 < (.

Thus, from (2.1), we impose the following operator Zgigz (v,w; Kk, &) A —
A:

1 A -
Ta e e 9 () = s (00 s, (v wim ) el2)(23)

where A is defined by

A:

The calculation gives the generalized Noor-type integral operator as:

01500056

Y en (0wik, §) ¢ (2)

A (W (= 1) rillm_l (C+ 1)

o)

Remark 2.1. For some suitably chosen parameters x, §, v, w, ¢, p, §; and &;,

the operator Egig: (v,w; K, &) ¢ (z) defined in (2.5) can be reduced to various

operators previously mentioned. Thus, we have the following special cases:

. ﬁ(fﬂ)b 1 H02

7j=1

Y2 (2.5)
1

@+ (- 1)kt
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(1) By taking k =0, ¢g=1,p=2,w=v=66 = =1, & =2and ( =1
in (2.5), we obtain the Ruscheweyh’s differential operator defined by
(1.5).

(2) Fork=0,g=1,p=2,w=v=6q=1,& =1+1and & =+ 1 the
operator (2.5) reduces to Noor integral operator given in (1.6).

(3) Frk =0,g=1,p=2,w=v=186h=71,& =0 & =cand ( =1
the operator (2.5) provides Noor-type integral operator defined in (1.8).

Therefore, the generalized Noor-type integral operator Zgigz (v,w; K, &) p(2)

when extended to HSF ¢ = p 4 v is defined by

O1yees 8q 81yenes 8q 01yenns 8q
Zgi ..... &p (U,w;m,{)go(z) = Zgi ..... &p (U’w;"€7§) ,u(z) +Z§i ..... &p <U7W;H7 f) V(Z)a(2'6)
where
S1yens q
Zgi ..... 13 (U,W;H, )M(Z)
q
oo A (w+(=1)" TT0) (C+ 1)

and

51b0e)d
S0 (0,05 ,€) v(2)

A (Wt (1) _li[l((sj)b_l (€ +1)s

o)

3. GEOMETRIC OUTCOMES

-1 £ 2,0
' _71(§j)hl H0,2

J

2 (2.8)

=

(w+(—-1)k

This section is composed of two subsections. New subclass GHy(a, 8) of

HSF associated with a new extended generalized Noor-type integral operator
Zgigz (v,w; Kk, &) ¢ (2) given in (2.6) is introduced and discussed. This study
aims to determine the upper bounds for the coefficients of functions included in

this considered subclass. Moreover, several geometric properties are discussed.

3.1. Subclass GHy(«, ). This subsection presents subclasses GHy(a, 8) and

GHr4 (e, B) of HSF with positive and negative coefficients, respectively, which
include a new integral operator Egigz (v,w; K, &) ¢ (z) written in (2.6) and
achieves the forth-order differential inequity.
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Definition 3.1. A function ¢ € H is said to be in subclass GHy(a, §8) if it
satisfies the following inequality:

Rlaz? (SEe 0,0k, &) 1" (2) + TLTTE (0.wik, )V (2))

+6az2( 21 g (v,w;k, &) u" (2 )+251’ 0 ! (v, w; K, €) VW(Z)>
(3.1)
7z (S (0w, €) 1 (2) + ST (0w k,€) (7))

51, d 51) 7

(S8 Wi, O W) + SETTE (0w V() > B,

where the extended generalized Noor-type integral operator 3| O ’g (v, w; Kk, &) pu(z)

and E (v w; K,&) v(z) are given in (2.7) and (2.8), respectlvely, 0 <
«, 0§B<1 and z € D.

Also let GHyy(ev, 8) = GHy (e, 8) () Hr.

Remark 3.2. We note that

(1) Fork =a=0,p=2,¢g=¢(=v=w=06 =1, =C+1,and & =2
n (2.5), the subclass GHy(«, 8) reduces to the earlier subclass H; (5)
introduced in (1.25).

(2) Fork=0,p=2,g=(=v=w=0=1, & =(+1,and & =2
n (2.5), the subclass GHy (o, 8) = Hy(av, 8), where Hy(c, B) represents
the subclass of functions ¢ = p + 7 be of the form (1.1) satisfying the
inequality

%{QZB (,LL////(Z)+V///,(Z))+60122 (#W( )—|—1/W( ))

+Taz (1" (2) +v"(2)) + (W' (2) +V/(2))} > B, (3:2)
where 0 < a, and 0 < 8 < 1. Moreover, let Hy (o, 8) = Hy(e, 8) (Hr.

3.2. Some Properties of GHy(a, ). In this subsection, a basic result is
gained by involving coefficient condition for HSF with positive coefficients in
GHy(«, 8) and showing the prominence of this condition for negative coeffi-
cients in GHry(a, 8). Results related to functions included in GHry(«, 5) are
also obtained, such as growth bounds, extreme points, convolution, convex
combinations, and closure under an integral operator.

3.2.1. Coefficient Condition. A sufficient coefficient condition for harmonic schlicht
functions in GHy(«, 8) is provided in the first theorem.
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Theorem 3.3. Let ¢ = pu+ 0 be of the form (1.1). If

SRt al - Dlnl+ Y Py i+ ol@ - Dllnl <1-8, (3.3)
=2 =1

or

S Pyl +a(® = D](lv] + ) <28, (3.4)

=1

where

A @t —1) _ﬁg(aj)b,l (C+1)s

(v:1), (0.) ]
1 =1,0<q, and 0 < 8 < 1, then ¢ is harmonic schlicht, sense-preserving
inD, and p € GHy(o, 5).

P_1=

; (3.5)

=

(&)1 138 |+ (= D)

Proof. First, ¢ is shown to be schlicht in D. Suppose 21,22 € D such that
21 # 2o, then

’30(31) ()| oY) —v(ze)
p(z1) = plz2) | — p(z1) — plz2
=1- 12— 2 _ sl
1 Dom1 (2] — 25) o1 e ]
(71— 22) = 229 nlzf — 28) 1372, 7] (3:6)
oo L « L37
o DO pL_l%ﬁl)]hm

o 3 -
1—- ZLZQ PL*lWlf}/A

Hence |¢(z1) — ¢(#2)| > 0 and so ¢ is schlicht in D.

To show that ¢ is locally schlicht and sense-preserving in . It suffices to
show that |/ (2)| > |¥/(2)|. By using ng the condition (3.3), we have

[es) o0 [eS)
W () 2 1= el TP > 1= el 2 18- Py o[l +a(® = 1)
=2 =2 =2

(3.7)

>3 Poa i+ al = Dlind > Y dnllel ™t = )l

=1 =1
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Utilizing the fact that R(w) > g if and only if |1 — f+w| > |1 + f — w], it is
sufficient to obtain

(1= 8) +as® (B8 (v,wsk, ©) 1 (2) + B8 (0,wik,©) V()
6022 (S200 (v, € W (2) + S0 (0,03, (2))
+mm(zgg2@u¢moﬂ()+z“”(umm@ﬁﬂgg
(S0 (0w, ) 1 (2) 4 S8 (0,0, )V (2))|

g et (2 (5, )+ ELTE (0w )V (2))

—6az? (SgTTE (v.wik, ) 0 (2) + TETTE (0w, V()

(3.8)

—Taz (Egi """ gz (v,w; K, &) u"(2) + Zgigi (v, w; K, )u"(z))

61,...,04 01,...,84
(B w1 (2) + SETTE (0w OV (2)) | > 0

in proving ¢ € GHy(«, 8). Substituting for u(z) and v(z) in (3.8) yields

=B +14+> Piacfi+al® —Dynz " +> Pafl+al® - 1)]mzH‘

=2 =1

—|1+8)—-1- i P,_q 1+ Ot(L3 — 1)]’7LZL71 — i Py 1+ a(L3 — 1)]17LzL71‘

=2

3.9

22{(1— ~ [ Pralital® = Dl 43S P di 4 al® - Dl el 1]}( )
=2 v=1

=2 =1

>2 {(1 —B) L[S P dl 4 aG® — Dl + 30 Py dl 4 al? - 1)]Im\]}
>2(1- B)(1 - |2]) >0,

by the condition (3.3). The harmonic function

-8 ﬂ _
_z—l—; P 1L1+a x,. 2" —I—Z P = 9,2'(3.10)

1L

where Y07, |z,| + Y2, |y.| = 1, shows that the coefficient bound written by
(3.3) is sharp. The functions of the form (3.10) are in GHy(a, 8) because the
condition (3.3) can be achieved as follows:

P 1 3.1 P 1 3.1
S Hordlreleolly ),y Podira@ =Dl
=2 =1

=Yzl + > Il =1 (3.11)
=2 =1

This completes the proof of Theorem 3.3. (]
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Corollary 3.4. Let ¢ = pu+ 7 be of the form (1.1). If

L+ a(® =Dyl + ) i+ al® = 1)n| <185, (3.12)
=2 =1
S i+ al® = D)l + In]) <2 -8, (3.13)

1 =1,0<q, and 0 < 8 < 1, then ¢ is harmonic schlicht, sense-preserving
inD, and ¢ € Hy(a, B).

Proof. By part (2) of Remark 3.2 and Theorem 3.3, we have the required
assertion. O

We proceed to show that, the condition (3.4) is also necessary for harmonic
functions ¢ = p + 7, where p and v are of the form (1.3).

Theorem 3.5. Let ¢ = u+ U be of the form (1.3). Then ¢ € GHry(w, 8) if
and only if the condition (3.3) or (3.4) is achieved and it is as follows:

Do Pa dl+al® =D+ Pa I+ al® = Dlnl <1 -5,
=2 =1
or

Y Prdl+al® = D](nl+n)) <2 -5,

=1
where P,_y defined in (3.5), 1 =1,0<a, and 0 < 8 < 1.

Proof. Since GHry(a, ) C GHy(w, 3). We only need to prove the ”only if”
part of this theorem. For function ¢(z) of the form (1.3), we have the conditions
(3.1) as follows:

+ 6a2? (Egigz (v,w;k, &) u" (2) + Egigi (v,w; K, €) z/”(z))
7oz (S0 (,wim, ) i (2) + SR (0,0, €)1 (2)
+ (Zgig; (v,w; K, &) ' (2) + Zgigz (v, w; Kk, €) z/(z))} > f.
Consequently, we get
9%{(1 =B) =Y Py ifi+all® =Dyl 27 =) Py i+ a® = 1) [n ZH}

=2 n=1

> 0. (3.14)
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The above required condition must hold for all values of z in . Upon choosing
the values of z on the positive real axis where 0 < |z| = r < 1, we must have

(1=8) =Y Povifl+al@® =] lplr " =" Pog el +al® = D] ] r
=2 =1
> 0. (3.15)
Letting » — 1~ through real values, it follows that

(1=8) = D P dl+a@® =D+ Pyl +a(® = 1] ]| = 03.16)
1=2 =1

So, we have

Z Pl +a(® = 1)] ||+ Z Pyl +a(®=1)]|n| <1-25 (3.17)

=2 =1

O

Corollary 3.6. Let ¢ = u+v be of the form (1.3). Then ¢ € Hry(a, B) if and
only if the condition (3.12) or (3.13) holds.

Proof. By part (2) of Remark 3.2 and Theorem 3.5, we obtain the required
result. d

3.2.2. Growth Bounds. The following theorem considers the growth bounds for
function in ¢ € GHry (o, 3).

Theorem 3.7. Let ¢ € GHryy(a,8). Then, r =|z] <1

e < Wi+ (gpins ) [1= g ol @as)

2P [1 4 7a 1-53
and
lo(2)] > (1 + |mu|)r — (M) [1 - ﬁ Im] r?, (3.19)
where,

A w1 T16; (C+1)
P = =1

=

P 2,0
[I1& Hos |(w+ 1k
=1

0<a,and0< g <1.

Proof. Let ¢ € GHrpy(«, 8). Taking the absolute value of ¢, we have
()l < (L [mDr + 3272, (el + ) r

[eS) — Py Py ¢
< (1 Il + 72 232, (s ) (BT + 255,
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[e%s) — P11 a(l®— P,_q 1 a(t®-1
S (1 + ‘T]1|)T + 7"2 ZL:Q (213(11[15')701]) ( L ([it,@)( 1 | | + L ([1+/3§ )] |77L|)

<@t pnbr+ (gpras) [1- 25 ] 2 (3.20)

and

le(2)] = A+ I Dr = 3202, (vl + )

o0 a 2P, [147q] 2P, [147a
2(1+|771|)7'*7"22L=2 (2P1[1—€;a ( (11[ E) 7. + (11; ]‘ L|)

1— o) P,_q 1 O¢L371 P,y l4a(”’—1)]
> (1+ I — 72 (A ) T2y (B tgietlyy,| + Lortditele bl |)

> L+ I — (i) [1 - o5 Iml] 7 (3.21)
O

Corollary 3.8. Let ¢ € GHyy(av, 5). Thenr=|z| <1

(o2 < (1 + ml)r + (2;[1 DN -l e
and
o0 = @l = (e ) 1= 5 | (3.23)

where 0 < a, and 0 < B < 1.

Proof. By part (2) of Remark 3.2 and Theorem 3.7, we derive the required
assertion. ]

3.2.3. Extreme Points. We determine the extreme points of closed convex hulls
of GHry (e, 8) denoted by coGHr,(«, 5).

Theorem 3.9. Let p € GHpy(w, 8). A function ¢ € coGHry (v, 8) if and only

if
o) = 3 (Gun2) + (=) (324
where -
p(z) = z,
mlz) =2 = p— L[ll—l-_aﬁ(b?’ R (4=2,3,.), (3.25)
v (2) = S — )

TP lta@ -1
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S (G ) =1, 0< ¢, and 0 <4,
Proof. For a function ¢ of the form (3.24), we have
0(2) =220 (Gup(2) + Yuri(2))
=22 (S +9) 2 = X0 prriraw] 9 — Lot P Y

_ -5 - B _
=7 ZP 1L1—|—O¢L3 ZP 1L1—|—0¢L3 )]q/}LZ'(S'%)
Therefore, in view of Theorem 3.5, we acquire
P fl+a(d—1 P l+ald -1
Z [ — ( )] |’7L|+Z [ — ( )] ‘nL|
1=2 1 /8 =1 1 5
s oo (3.27)
SZ¢L+Z¢L=1—¢1 <L
L1=2 =1
Therefore, ¢ € cOGHry(c, 5).
Conversely, suppose that ¢ € coGHryy(a, 8). Set
P iJl+al®-1
g = Dot AUl s, (3.25)
-
and
Py fl+a(®-1
P, = —=1 [1 — /3( ) In.] (1L=1,2,..). (3.29)

On the basis of Theorem 3.5, we notice that 0 < ¢, < 1, (1 =2,3,...) and
0<%, <1,(=12.). Let ¢p1 =1 - 7°,¢, — > .=, %, and notice that
by Theorem 3.5, ¢1 > 0. Consequently, p(z) = Y72, (¢, pu.(2) + 1, (2)) is

obtained as required. O
Corollary 3.10. Let ¢ € Hyy(a, 8). A function ¢ € ¢oHry(w, ) if and only
if
0(2) =D (b (2) + Yovi(2)) (3.30)
=1
where
p(z) = z,
1-5
L =< Lv = 27 ) )
mlz) =2 = o] (1=23,..) (3.31)
1-8
=2 =1,2

Z?il (¢L+¢L) = 17 0 S ¢L ando S ,l;Z)L'
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Proof. By part (2) of Remark 3.2 and Theorem 3.9, the required assertion is
obtained. ]

3.2.4. Closure Property. Now we show that ¢ € Hry(a, 8) is closed under con-
vex combinations of its members.

Theorem 3.11. The subclass ¢ € GHry(a, 8) is closed under convexr combi-
nations.

Proof. For j =1,2,..., let ¢; € GHryy(c, 8), where

0i(2) =2 =Y iz = nidl 7 (3.32)
L=2 n=2

Then, by Theorem 3.5, we have

y: o drer =y Adiree=l <1y
=2 =1

For Zfil t; =1, 0 <t; <1, the convex combination of ¢; may be written as

S tigi=z-> <Z ti|%‘,L|> = (Z tilm,bl> 2. (3.34)
=1 L =1

=2 i =1 1=1
Then, by (3.33), we have

oo P,_1 i+« 3.1 e’} oco P, 1+ 3.1 e’}
o2, Bt i) + 02, 2=l (2 i)
e’} co P, i+« 3.1 oco P, 1+ 3.1
= Zi:l ti (Z;z %W@J + Z;l %WHD

< Zti =1. (3.35)
i=1

Therefore, by Theorem 3.5, Y o0 tip; € GHry(a, 8). O

Corollary 3.12. The subclass Hry(a, 8) is closed under convex combinations.

Proof. By part (2) of Remark 3.2 and Theorem 3.11, we get the required result.
O

3.2.5. Conwolution Property. The next theorem shows that the subclass GHryy (v, 8)
is closed under convolution.

Theorem 3.13. For 0 <e < 8 <1, let p € GHry(a, 8) and ¥ € GHry (v, €).
Then (¢ *9) € Hry(w, 8) C GHry(a, €).
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Proof. Let the harmonic function ¢(z) = 2z — Y 02, [.]2" — Do, [m.]2" and

Wz) = 2 = Y2, |a]z" — D02, |b.|z". Then the convolution of ¢ and o is
defined as follows:

(90 * 19)(2) =z = Z |7LGJL|ZL - Z |77LbL|?' (336)
=2 =1

In Theorem 3.5, since ¢ € GHry(a, €), we conclude that |a,| <1 and |b,| < 1.
However, ¢ € GHry(«, ), then we yield

S Py i+al® =Dy al+ Y Py ol +a(® = 1)] |n, bl

= " (3.37)
<SPy fl+al =Dl + S Py a1 ] <1-B<1-c.
1=2 =1
So, (¢ * 1) € GHyy(c, 8) C GHry(v, €). O

Corollary 3.14. For 0 < e < 8 < 1, let ¢ € Hry(a,B) and ¥ € Hyy(a, ).
Then (¢ x 1) € Hry(ca, B) C Hry(a, ).

Proof. By part (2) of Remark 3.2 and Theorem 3.13, we have the required
result. |

3.2.6. A Family of Integral Operators. Finally, a closure property of subclass
GHry4(av, B) is discussed under the generalized Bernardi-Libera-Livingston in-
tegral operator B(z), which is considered as follows: (see [27])

1
B(z) = (p+ 1)/ 11 (2)dt (p> 1), (3.38)
0
Theorem 3.15. If ¢ € GHryy(«, 8). Then B € GHry(a, §).

Proof. Let
o) =2-> |nle" =Y Inlz". (3.39)
=2 =1

Then, we have

B(z)=(p+ 1)/ ! ((tZ) > ) =" I (tZ)L> dt
0 =2 =1
=z— Z |A, |z — Z |B,|z",
=2 =1

(3.40)

where
_pt1
pti

_ptl
p+i

A, . and B, [7,].
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Thus, since ¢ € GHry(«, 8),

ip_l 1+ ol — 1)]<P+1 |’n|) +§:P_1 U1+ altt — 1)]<P+1 m)

p+e — p+e
. oos (3.41)
<SPyt al -] bl + 3 Pl 4+ ol — )]l <1 B,
=2 =1
In virtue of Theorem 3.5, we obtain B € GHry(a, B). O

Corollary 3.16. If ¢ € Hry(a, 8). Then B € Hyy(a, §).

Proof. By part (2) of Remark 3.2 and Theorem 3.15, we have the required
assertion. O
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