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ABSTRACT. We propose a new approach for image enhancement, denois-
ing and restoration, using an anisotropic diffusion based on P-M model
and L.V and al. equation, replacing the gradient by motion by mean
curvature to detect noise direction for each degraded pixel locally, apply-
ing the gradient in Gaussian kernel term to restore the degraded pixels
and adding a time term supporting the restoration process. For execution
progress, the numerical discretization for the terms of PDE modeling (ob-
tained by the approximation by difference finite volumes finite method,
Taylor method and Simpsons improved method), concludes an algorithm
treats noised image regardless the noise type (salt-pepper or Gaussian or
speckle) better than other filters based whether on anisotropic diffusion
or total, shown in the experimental results (using MATLAB program),

and demonstrated through PSNR and SSIM.
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1. INTRODUCTION

Image restoration (denoising, smoothing, enhancing...) stills an important
field of image processing with the expanding of computerized treatment and
intelligent artificial vision. As seen, we live in vision era (HD, QLED, 4K,
Holographic...), when the latest capture devices and sensor machines seek the
high definition through the manipulation of image to reach more realistic fo-
cus, consequently poor image quality is less present but yet there are noised
or blurred ones. Looking for mathematical modeling to restore and enhance
degraded images starts with edges detector by Marr-Hildreth [11]by finding the
zero-crossing of the second derivative D? of intensity

flz,y) = D*[G(r) * I(z,y)].
Taken the direction coincides with the orientation formed locally by its zero-
crossing, then J. J. Koenderink [9] runs into the image structure using the diver-
gence of image focusing on blurred ones, Perona-Malik [13] motivates enormous
approaches against total variation regularization. The robust of P-M equation
is the anisotropic diffusion, which models the edge as a step function convolved
with Gaussian
I, = div (c(t,xy) . VI).

Two years later by L. Alvarez and al.[1], motion by mean curvature appears in
the degenerate diffusion term which diffuses image I in the orthogonal direction
to its gradient DI and does not diffuse at all in the direction of DI thru a PDE
system as

{ I, = g(|G % DI|) .| DI| .div (lgfg)
I<Oaxay) = Io(l‘7y)

2. NEW APPROACH PROPOSED FOR IMAGE RESTORATION

2.1. System description. The image in gray level; adapted by electronic
device; mathematically is two dimension differentiable function I from open
subset Q) of R? to R, while digitally is a matrix of pixels with integer values
between 0 (black) and 255(white).

I:(a,b) x (a',b)) CR* —R.
I is the image in gray level, dim(I) =2; (a,b) x (a’,V) = size(I).
Where (a,b) is image width and (a’,b’) is image length.
I(z,y) is the pixel for (z,y) position where x € (a,b) its horizontal position
and y € (d/,b) its vertical position.
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FIGURE 1. Image in gray level and part

of its pixels values.

The noise mask changes in image some pixels from original values to another
ones like into 0 and 255 used in salt-pepper noise. So, for that, the problem

posed in noised image is ill-posed, because we don’t know the type of noise, so
the convenient denoising filter to rid of is also unknown; we have to estimate
the degraded pixel then dispose it and research an assessment of its original
value, usually through the neighboring pixels.

FIGURE 2. Original | FIGURE 3.

image.
noise.

Noised

image by salt-Pepper

FIGURE 4. Noised im-
age by additive Gaussian
noise.

Our anisotropic diffusion approach[6] is on the basis of PDE contains motion
by mean curvature,convolution product and Gaussian kernel and the diffusion

problem coefficient term.

I, = c(t). VG, * 1| .|VI| div (‘

I(O,J?,y) = I()(ﬂ?,y)

considering that

VI

VI

) (1.1)

e [ the noised image to start with, I; the image obtained at the moment

t during the execution process.
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e The diffusion problem coefficient term c(t) = 1 + \/ﬁ helps to en-
hance the image contrast and keeps it from turning darker during the
execution process.

e The motion by mean curvature term is degenerated diffusion term
|VI| .div (%) precises the noised pixel and noise direction in its multi
direction neighboring.

e |VG, x I| Gaussian kernel mask with o standard deviation for noised
pixel restoration with ¢ x o mask rang, since there is strong association
between noised pixel and its neighboring ones, therefore we can identify

the original value for degraded pixel.

The analytic solution for PDF is hard to find, as usual, we are going to solve it
numerically by finite differences FD method [7]; Simpsons improved method [7]
and the convolution product[3, 4]. Unlike the usual, for the numerical methods
where it needs the step h to create the mesh of the open subset 2 , we are
going to depend on the image pixels as a step, that means we will work locally
for each pixel in the digital image.

For time step 7, we depend on the image clarification sought in image acquisi-

tion process where
T

N’

T is the time range, N’ is the number of iterance and 7 = 1...T time index.
The open subset Q = (a,b) x (af, br) becomes Q = [M, N] and the digital image
I becomes discrete one.

T =

[(taxay) :I(k},l,]) :IZ

Where [M, N] is the image size and (i,7) pixel coordinates with M is the
number of image lines, ¢ = 1...M image pixel line, N is the number of im-
age columns, j = 1...N image pixel column. Using Euler explicit scheme to
discretize the mathematical system (1.1) above, equations(2.1) — (2.6) are ap-
proximated equations applied into the proposed system terms (3.1) — (3.4) to
reach their discretization.

1: The diffusion problem coefficient term stills the same

1

Va2

2: The convolution product,we apply Simpsons improved method

(VGy x I) (z,y) = //VGU(x — 71,y — T2).I(T1, T2)dTodTy .
Q Q
For Q = (a,b) x (a/,V') V(x,y) € Q ; in order to, we subdivide
-2 hlzb;/[a, T = @+ mhy for x € (a,b) and m = 1...M.
- hQZU;N“',yn = a + nhofor y € (a/,b’) and n=1..N.
With Simpsons improved method, the integral approximation is

c(t)=1+ (3.1)
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7 F(t)dt ~

Tm—1

h
3 f (@m—1) +4f (@m) + f (@mi1)]-
That gives us the convolution product as

—1N—-1 Zm+1 Yn+1

(VGy *I) (z,y) = Z > [ [ [VGo(z — 11,y — 72).I(11, 72)dr2dr]

m=1 n=1z,m_1Yyn_1

N—1
Z 19h2 [VGU(xmflaynfl)-l(xmflaynfl)

. (2.1).
7yn 1) mvyn 1)+VG ( m+17yn—1)'l(xm+17yn—l)

VG, (x I(x
+ANVGo (2, 1, y,) (2, 1 y,) +16.VG (x,,,y,)1(,,, Y,)
o(z m+17yn) I(x m+l7yn) + VGU( m—l’yn+1)‘I(xm—1’yn+1)
+4.VGo(Tm, Ynt+1)-L (@, Ynt1) + VGo(Tm1, Ynt1)-L(Tm1, Ynt1)]
3: Since we already considered the digital image as discrete one where
hi1=hs = pixel and we have G, Gauss kernel for sets with dimension

( dim = 2) calculated as

1 T+y
Go (2,y) = 2.7.02 exp < 2.02 > ’

Then its gradient VG, applied for discrete imaeg is

271'04 exp( Zt'j)
271'(74 exp( l+]) '

VGG (I,y) = VGm‘j = <

We obtain
. | MoIN— . . _ _
VG xI](i,j) = |5 > > [VGo(i—1,j—-1)I(i—1,j—1)

m=1 n=1
+4.VG,(i,j 1) I(,,j — 1)+ VG, (i+ 1, — 1).I(i+ 1,5 —1)
+4.VGy(i —1,5).1(i — 1,5) + 16.VG4(i,5).1(i,5) (3.2)
+4.VG, (z—l—lg)[(z—i—lj)—i-VG (i—1,7+1)I(G—1,7+1) '
+4.VG,(i,j+1).I(G,j+1)+ VG, (i +1,j+1).IGE+1,5+1)
+4VG, (i, + 1)1, j+ 1)+ VG, (i+1,j+1).I(i+1,57+1)
+4VG (i, + 1)1, j+ 1)+ VG, (i+ 1,5+ 1)1+ 1,5+ 1).
4: The degenerated diffusion term includes multi factors and operators
to deal with, we apply Taylor method for first and second derivatives

approximation and the gradient norm |VI| is the second norm.

Theorem 2.1. Tylor method for approzimation
if f is n-differentiable functz’on from a set E into a set F and n > 2,

Vo€ B f(x Z £~ k" - a)k + Ry () R"(I)g;)?a a€F
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o [, = %(t, x,y) is the first derivative of the function I for time 7 and
its approximation

It ~ w + O(T) O(T)_Ij)o.

For discretization we get

k+1 k
L =1

I, = (2.2)
T
o [, = %(t,x, y) is the first derivative of the function I for z and its
approximation.

I, ~ I<t,z+1,z;L);I(t,r,y) +0(2) O(xi:%.

For discretization we get

L1
o [, = %(t,x,y) is the first derivative of the function I for y and its
approximation
I(tzy+1)—I(tz, O(y)—0
I, ~ %2(“/) +O(x) (yz)/_m.

For discretization we get

k k
;o= g = 1
Yy h2

so, with h; = hy = pixel, we arrive to

I, = Iik+1j - Iik‘ (2.3)

Iy=1I5 . — 1. (2.4)

Used in the second norm for the gradient |VI| = ‘ j:x , we obtain
y
I.r 2 2
vI| :’ L |- VI, = 15) 4+ (15, — 1), (3.3)

e For the L' operator div(%) .

o [, = %(t, x,y) is the second derivative of the function I for zand
its approximation

Log = 1Fy; — 2105 + IF . (2.5)
o I, = %(t,x,y) is the second derivative of function I for y and its

approximation

Iy =15, — 208+ 1 (2.6)

1j—1-°
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Then the divergent will be
div < VI ) _ R+ i — 2.5 15
VI ’
v (17 +1)

Finally, the equations (3.1), (3.2), (3.3) and (3.4) give the approximation of
the problem (1.1).

(3.4)

3
2

2.2. Problem stability.

Theorem 2.2. Let the problem L.U = f
with L : differential operator, U, f : differential function ;
where its perturbed one is L.UM = f(h)
FEuler explicit scheme of the problem L.U = f is stable if :

36 >0, 3hg > 0Vhy < hg , Vof" € Fy | such as , LUM = fh) 4 55
accepts unique solution ZM € Uy , further more , ||Z" — UhHUh <a Hfh

I,

ZM s the approzimated solution UM is the approzimated solution space.
fMis the approzimated fuction FMis the approzimated function space.

We apply the previous theorem on our problem (1.1), when the subset € is
associated with the norm sup.

In I, = % , the operator % is linear so, we prove that

I(h)’ < H (h)‘
H Qh =a f

Qp
where I is the image and f(¢, z,y) = ¢(t).|VG, * I| . |[VI| .div (%) . We have
for the first equation in system (1.1)

I = 1o I29)  ang [, = f(k, i, j)

we have
I(k+ 1a7fa]) —I(k,’t7])

T

= f(k,i,5)
than we have
I(k+1,i,7) = I(k,i,5) + 7.f(k, 1, j)
1874 = |15+ 7.
max |75 < max |17 + rmax | ff|

max [ Ij;| < max |I9;| + r.max | fF].
i,j i,J 0,
By addition side by side and same terms reduction, we get
max 15| < max [I%| +n.rmax | f§;
] 2,7 3
g, < allf®llg,

such as T = n.7 so the schema is stable for a« =1+ T.
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3. EXPERIMENTAL RESULTS

In order to estimate the efficiency of our image enhacement and restoration
model, we carry out the algorithm and simulation using a Windows PC in sys-
tem powered by Intel 2.6 GHz and 64 bit operating system with 4GB RAM.
The experiments are performed using MATLAB R2017a software[14] on dif-
ferent types of noise, take advantage from the image processing toolbox and
adjudicating to PSNR, RMSE and SSIM; with time interval took between
7= 1lsto T = 60s according to noise type and number for iterations, noting
that
MSE: Mean Square Error is the cumulative squared error between the original
and the noised image.

RMSE: Root of Mean Square Error.

PSNR: Peak Signal to Noise Ratio gives a noise free monochrome for image
and its noisy approximation.

SSIM: Structure Similarity Index Metrix is a method for predicting the per-
ceived quality of measuring the similarity between two images, usually original
image and restored image.

H
|
—

m—

MSE(] —I'(i, )
mn =0

n

<.
I
o

with (m,n) is the image size; I restored image and I original image.

RMSE = /MSE(])

9 2
PSNR = 10.log, <1\/ng>

(2pip5 + 1) (2045 + c2)

SSIM = with
2 2 2 2
(12 +p2 +c1) (07 + 0% +ca)
w; is the average of z pixels; p; is the average of y pixels;
0'1-2 is the variance of x pixels; 0]2- is the variance of y pixels;

and o;; is the covariance of = pixels and y pixels.

c1 = (0.01- L) and ¢z = (0.03 - L)? are two variables to stabilize the division with

weak denominator, L is the dynamic range of the pixel values (typically this is 255).

The noised image restoration and the manipulation of the algorithm con-
cluded by programming the Euler explicit scheme for discretization of proposed
system are done in MATLAB R2017a into the following steps: Step 1: pro-
gram the convolution product based on the Gaussian kernel as mask with o
standard deviation and scale parameter.

Step 2: verify the image dimension that should be dim = 2 then convert
the image in gray level with single values for pixels.

Step 3: filter the image by motion by mean curvature in to detect degraded
pixels.
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Step 4: determine time step by 7 = 1s and the number of iterations K and
o standard deviation for filtring Gaussian noise.

Step 5: start a loop from [ = 1 to [ = K restoring degraded pixels and
enhance image, calculating RMSE, PSNR and SSIM for better result we
achieve.

The first table shows noised image manipulation to rid of salt and pepper
noise after K = 4 iterations and time step estimate to 7 = 1s. The second
table shows noised image manipulation to rid of additive Gaussian noise, this
time after K = 40 iterations but the same time step estimates to 7 = 1s.

Original Image | Noised Image | Restored Image | PSNR | Our Proposed Approach
Restored Image | PSNR

24.49 24.63

19.64 20.03

34.85 35.06

27.43 27.62

TABLE 1. Salt and Pepper noise d = 0.05 K = 4.
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Original Image | Noised Image | Restored Image | PSNR | SSIM Our Proposed Approach
(Weiner Filter) Restored mage PSNR | SSIM
27.53 | 0.27 33.13 | 0.17
33.03 | 0.12 31.86 | 0.16
31.61 | 0.20 34.44 0.11
31.52 | 0.11 35.84 | 0.07
30.67 | 0.07 29.98 | 0.10

TABLE 2. Additive Gaussaian noise o = 0.05 K = 4.

4. COMPARISON WITH OTHER APPROACHES

4.1. Approaches based on anisotropic diffusion model. S. A. Halim,
and N. N. Wira [8] propose two diffusion functions which known as diffusion
function 1 (DF — 1) and diffusion function 2 (DF — 2) by the following forms

. o 1
DF —1: 6u1(8)—w

DF —2: 0y241(8) = e<_(#)2>

where s is image gradient and K is a threshold to control the diffusion process.

DF-1 follows the properties of the diffusion function as when s approaches
o0, it tends to become 0 and when s approaches 0, the value is 1. Meanwhile,
DF-2 was proposed by modifying and enhancing the diffusion function pro-
posed by Tsiotsios and Petrou since the diffusion function preserves the edges
better in the images.
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In the proposed approach by E. Cuevas and al. [5] , the appropriate anisotropic
diffusion parameter values for filtering the noised images are obtained as the
solution that involves the best possible trade-off between two conflicting ob-
jective functions. The optimization process considers the minimization of the
noise contained in the image, while the contrast of the main characteristics of
the original image is maximized.

R. R .Nair and al.[12] propose a methodology based on the concept that the
immediate future value of the intensity of a candidate pixel can be predicted
in terms of the estimate of the increment or decrement of the pixel intensity in
terms of the directional derivatives with respect to neighborhood pixels inside
an open subset. The prediction equation is a novel mathematical model devel-
oped from Einstein’s stochastic argument for Brownian motion.

Whilst A.Theljani and al. in [16] consider a non standard high-order non-
linear diffusion equation in analogy with the Total Variation and biharmonic
models, the high-order diffusion models perform better than second-order ones
in image denoising for edge and curvature preserving issues In fact, they are
able to reproduce features of “high-order” (curvature, corners, etc.) and allow
the matching of edges across large distances due to the supplementary infor-
mation provided by high-order derivatives, whereas in the homogeneous zones
they enforce the smoothing effect.

In the same approach, a qualitative analysis and numerical simulations of
a nonlinear second-order anisotropic diffusion problem with non-homogeneous
Cauchy—Neumann boundary conditions presented by T. Barbu and al. in [2].

Also, for the two phase ultrasound Image de-speckling Framework by non-
local means on anisotropic diffused image data a qualitative analysis and nu-
merical simulations of a nonlinear second-order anisotropic diffusion problem
with non-homogeneous Cauchy-Neumann boundary conditions [15].
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Compared Approach | Original Image | Noised Image | Restored Image | PSNR | Our Proposed Approach
Restored Image | SSIM

8] 24.49 0.7931

5] 19.64 0.8025

[12] 34.85 0.5177

2] 27.43 0.7026

[15] 19.40 0.7089

TABLE 3. Comparing with Anisotropic diffusion

approaches results.

For restoration method mentioned in [16], the original image isn’t available,
hence we calculate SSIM instead of PSNR between their and our restored im-

ages in table.4.

Compared Approach

Original Image

Noised Image

(16]

Not available

Restored Image

-

PSNR

Our Proposed Approach

32.01

Restored Image

SSIM

‘

0.8462

TABLE 4. Comparing with Anisotropic diffution approaches results.
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4.2. Approches based on various other methods. Image processing is
an expanding field of researches, we are going to compare PSNR. of results
obtained through image manipulation by other methods than Anisotropic Dif-
fusion ones and results generated by our proposed model.

A. Lanza and al. in [10] focus on the choice of the sparsity-promoting regular-
izer and propose the parameterized non convex non separable regularizer

Ri(e) = Re) ~ (R OZ B3 ) (o),

Where O denotes the infimal convolution operator and matrix B € Ry, is a
parameter.
J. Xu and al.[17] present a novel variational model for image decomposition
by proposed system contains two variational minimization problems: one is a
high-order variational problem with L? norm for the data fidelity term, while
the other includes a Tikhonov regularization for one introduced vector and
bring in an auxiliary variable to split LLT model.
Based on keeping the useful multiorder structure information from lost, H.
Zeng and al.[18] generalize the denoising algorithm for 2- order tensors case to
3-order tensors by solving the problem

arg IZliIl rank(L) + XS],

st O=L+S+N
where O; £; S and N € R™*"%P: O denotes the observed hyperspectral image;
L represents the clean hyperspectral image data; S is the sparse noise which
consists of impulse noise, stripes, deadline and so on; A is the Gaussian noise;
m X n is the spatial size of the hyperspectral image, and p is the number of
spectral bands.

Compared Approach | Original Image | Noised Image | Restored Image | PSNR | Our Proposed Approach

Restored Image | SSIM
10] 22.92 0.8314
[17] 29.55 0.7438
[18] 37.15 0.7635

TABLE 5. Comparing with various approaches results.
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5. CONCLUSION

Even with the growth and the increase of algorithms and academic researchs
in the image restoration and denoising field, based on varied mathematical
models perturbation, PDE in Anisotropic Diffusion remains more lean on for
image restoration as a result of its robust handling the image properties by
smoothing with edge preservation and treating each pixel locally and their
algorithms exhibit better, so our proposed model even simple but involves
powerful terms with efficient performance as concludes higher results estimated
to 7% as seen in the tablesl, 2, 3 and 4 present a link with good approaches
for those kind of noise.
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