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Abstract. This paper presents an advanced numerical approach that ap-
plies the quasilinearization method (QLM) and collocation method (CM)
based on modified generalized Laguerre functions (MGLFs) to solve a
nonlinear system of ordinary differential equations governing viscous flow
with heat transfer and magnetic fields on a semi-infinite domain. We
demonstrate the effectiveness and accuracy of the proposed method by
comparing it with previous well-known methods. The results show that
the proposed method provides an efficient and accurate solution to the
problem.
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1. Introduction

Investigating phenomena in science and engineering often involves develop-
ing mathematical and computational models. Many of these models involve
linear or nonlinear equations or systems of equations, which can be difficult
to solve exactly, especially on infinite or semi-infinite intervals. While there
are various analytical or numerical methods for solving such equations, mathe-
matical researchers often focus on reducing errors and approximating the exact
solution. Among the numerical methods available, those suitable for infinite
or semi-infinite intervals are often classified into two categories: spectral meth-
ods and meshless methods. Spectral methods have seen significant success in
approximating boundary value problems in semi-infinite domains [13, 14].

Oyelakin [36] used the spectral relaxation method to solve the governing
equations for a problem. In this study, we propose an advanced approach that
uses spectral methods to solve problems in semi-infinite domains, specifically
in data analysis [50, 47].

Various spectral methods have been proposed to solve unbounded domain
problems. For example, Christov [9] explained spectral methods on unbounded
intervals and demonstrated how to use orthogonal systems of rational functions.
A multi-domain bivariate quasi-linearization method is employed to solve the
system of partial differential equations [39]. The bivariate spectral quasilin-
earization method is used to solve this kind of problem [37].

Another method for semi-infinite intervals is domain truncation, where the
infinite domain is replaced with a finite interval, such as [−L,L] or [0, L], by
choosing an appropriate value for L [6]. Boyd et al. [7] employed pseudospectral
methods on a semi-infinite interval and compared the solutions with rational
Chebyshev, Laguerre, and mapped Fourier sine methods. Parand and Babolian
[58, 57] reduced the solution of semi-infinite problems to the solution of some
algebraic equations using operational matrices of derivatives and products of
rational Chebyshev and Legendre functions. Hojjati and Dehghan [21, 77]
solved nonlinear ordinary differential equations on semi-infinite intervals using
spectral methods based on the rational Tau and collocation method.

Polynomials that are orthogonal over a semi-infinite interval, such as the
Hermite spectral, Laguerre spectral, and Sinc-collocation methods, are com-
monly used [11, 72, 74]. Oyelakin [33] applied the spectral local linearization
method to solve the three-dimensional MHD stagnation point flow problem.
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Conservation equations that are on semi-infinite intervals can be solved using
the spectral local linearization method [38].

Several methods are for solving differential equations, and one of the ap-
proaches is machine learning. Least Squares Support Vector Regression (LS-
SVR) is a machine learning method that can be used for solving differential
equations. The LS-SVR method is based on the Support Vector Regression
(SVR) algorithm, which is a popular machine learning algorithm for regression
problems. The LS-SVR method is particularly useful for solving differential
equations [31, 42, 60, 76] . Neural networks have been shown to be effective in
solving differential equations, and they are becoming increasingly popular in
the field of scientific computing. Neural networks can be used to approximate
the solution of a differential equation by training a model on a set of input-
output pairs, where the inputs correspond to the independent variables of the
differential equation and the outputs correspond to the dependent variables
[30, 19, 41, 79] In this paper, we presented one of the spectral methods. In the
following, we briefly explained the benefits of this approach.

The use of the generalized Laguerre polynomials (GLPs) and modified gener-
alized Laguerre functions (MGLFs) in the QLM-CM-MGLFs method for solving
the viscous flow equation offers several benefits, including:

• Efficient approximation: The GLPs and MGLFs are efficient mathe-
matical tools for approximating solutions to differential equations on
semi-infinite intervals. They have been widely used in polynomials
approximation and solving integral or differential equations on semi-
infinite intervals.

• Orthogonality: The GLPs and MGLFs satisfy orthogonality relations,
which is important in numerical methods for solving differential equa-
tions. This allows for efficient computations and accurate approxima-
tions.

• Recurrence relations: The GLPs have recurrence relations that can be
used to compute their values efficiently. This is useful in numerical
methods where computations need to be done quickly and accurately.

• Rodrigues’ formula: Rodrigues’ formula for GLPs provides a way to
compute the polynomials and MGLFs efficiently. This formula allows
for the computation of the polynomials and MGLFs without having to
compute their derivatives, which can be time-consuming.

The use of GLPs and MGLFs in the QLM-CM-MGLFs method provides
efficient and accurate approximate solutions to the viscous flow equation. The
properties of these functions allow for efficient computations and accurate ap-
proximations, making them valuable tools in numerical methods for solving
differential equations.
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Authors year Subject Method

[80] A.M. Wazwaz 2001 Lane-Emden Domain Decomposition

[59] K. Parand, M. Razzaghi 2004 Some Physical Problems on Semi-Infinite Rational Legendre Collocation

[83] S.A. Yousefi 2006 Lane–Emden Legendre Wavelets Method

[82] A. Yıldırım, T. Öziş 2007 Lane–Emden Homotopy, Perturbation Method

[46] K. Parand et al. 2009 Blasius Equation Sinc Collocation

[65] K. Parand, A. Taghavi 2009 Blasius Equation Rational Scaled Generalized Laguerre Function Collocation

[62] K. Parand, M. Shahini 2009 Thomas–Fermi Rational Chebyshev Collocation

[61] K. Parand et al. 2010 Lane–Emden Lagrangian Collocation

[56] K. Parand et al. 2012 Blasius Laminar Viscous Flow First Kind of Bessel Functions

[5] A.H. Bhrawy, A.S. Alofi 2012 Lane–Emden Jacobi–Gauss Collocation Method

[22] S. Kazem et al. 2012 Unsteady Flow of Gas Radial Basis Function(RBF)

[40] R.K. Pandey, N. Kumar 2012 Lane–Emden Bernstein Operational Matrix of Differentiation

[4] F.B. Babolghani, K. Parand 2013 Steady Flow of a Third Grade Fluid Comparison Between Hermite and Sinc Collocation Methods

[48] K. Parand et al. 2013 Thomas–Fermi Sinc Collocation Method

[85] Ş. Yüzbaşı, M. Sezer 2013 Lane–Emden Bessel Collocation Method

[53] K. Parand, S. Khaleqiay 2015 Lane–Emden Rational Chebyshev of Second Kind Collocation Method

[54] K. Parand et al. 2017 Eyring-Powell Indirect Radial Basis Functions

[55] K. Parand et al. 2017 Eyring-Powell Rational Chebyshev Functions Collocation

[52] K. Parand, M. Hemami 2017 Astrophysics Equations Compactly Supported Radial Basis Function

Table 1. Semi-infinite problems solving via different meth-
ods.

In this study, we introduce spectral and different methods and the Laguerre
polynomials/functions in subsections 1.1 and 1.2. We also describe solutions
to viscous flow problems in subsection 1.3.”

1.1. Spectral and different methods. Numerical approximations are needed
to calculate the proper solution for computational models which are linear/
nonlinear and do not have an analytical solution. Some of them are Spectral
Methods. Table1 proposes semi-infinite and infinite intervals problems review
via Spectral Methods.

Wazwaz [80] developed a reliable algorithm for solving differential equations
of the Lane-Emden type. The algorithm is designed to overcome the problem
of singularities and mainly relies on the Adomian decomposition method.

Parand et al. [59] solved the Volterra model and the Lane-Emden equation
using operational matrices of derivatives and products of rational Legendre
functions. Yousefi [83] produced an exact solution for singular initial value
problems represented by the Lane-Emden equation. He used integral operators
to transform the equation into an integral equation and approximated the so-
lution using Legendre wavelets. His homotopy perturbation method is suitable
for solving nonlinear differential equations.

Yildirim and Ozis [82] used a different implementation of He’s homotopy
perturbation method to obtain exact approximate solutions of Lane-Emden-
type equations and compared the solutions obtained by different researchers
who modified the method.
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Oyelakin [34] solved the nonlinear coupled equations using the spectral local
linearization method. She also solved the Casson nanofluid flow past an elec-
tromagnetic stretching Riga plate problem using the spectral local linearization
method[32].

Parand et al. [46] proposed the sinc-collocation method to solve the Blasius
equation, which models the laminar boundary layer flow of Newtonian fluids.
They showed that this method converges rapidly and provides results that
match those obtained by another numerical solution method. In another study,
Parand et al. [65] found analytical and numerical solutions to the nonlinear
Blasius equation on a semi-infinite domain with a singularity at x = 0. They
showed that this problem could not be transformed into a finite domain problem
and used a rational Chebyshev pseudospectral method to solve it.

Other studies have used various numerical methods such as the Bessel func-
tions collocation method [56], shifted Jacobi-Gauss collocation spectral method
[5], radial basis function (RBF) collocation method [22], Bernstein polynomi-
als [40], Hermite and Sinc functions collocation [4], and the sinc-collocation
method [48] to solve various differential equations on infinite and semi-infinite
domains.

1.2. Laguerre polynomials/functions. The Laguerre polynomials are solu-
tions of Laguerre’s equation, a second-order linear differential equation. These
polynomials have been widely used for numerical solutions of differential equa-
tions on semi-infinite domains. Table 2 provides examples of studies that used
Laguerre polynomials/functions to solve differential equations.

Guo et al. [17] proposed spectral methods using Laguerre functions to solve
elliptic equations on regular unbounded domains. Parand and Taghavi [64]
used the Laguerre method to approximate the solution of the nonlinear Lane-
Emden equation on a semi-infinite domain with a singularity at x = 0. In
[66], the authors solved Lane-Emden equations using the Laguerre method
and compared their results with MGLFM and RCM, finding that the present
solutions were highly accurate. Laguerre polynomials and rational Chebyshev
functions were used to solve the unsteady gas equation in [63], while Parand
et al. [49] obtained an approximate analytical solution to the Blasius equation
using Laguerre functions.

In [45], Laguerre functions were used to study the three-order nonlinear dif-
ferential equations arising from the Blasius equation. Parand and Babolghani
[43] proposed a modified generalized Laguerre function to solve the problem of
the steady flow of a third-grade fluid in a porous half-space. They also used the
Laguerre function to investigate the flow and diffusion of chemically reactive
species over a nonlinear stretching sheet and compared their results with the
homotopy analysis method in [44].



18 Z. Hajimohammadi, K. Parand, A. Pakniyat

Authors year Method

[17] B. Guo et al. 2005 Generalized Laguerre approximation

[64] K. Parand, A. Taghavi 2008 Generalized Laguerre polynomials collocation method

[66] K. Parand et al. 2009 rational Chebyshev and modified generalized Laguerre function pesudospectral methods

[63] K. Parand et al. 2009 Generalized Laguerre polynomials and rational Chebyshev collocation method

[49] K. Parand et al. 2010 Modified generalized Laguerre function Tau method

[45] K. Parand et al. 2012 Rational Gegenbauer and Modified Generalized Laguerre functions Collocation method

[43] K. Parand, F.B. Babolghani 2012 Modified Generalized Laguerre Functions

[44] K. Parand, F.B. Babolghani 2012 Modified Generalized Laguerre Functions

[10] F. Comte et al. 2016 Laplace deconvolution

[84] Ş. Yüzbaşı 2016 Laguerre Approach

[51] K. Parand, Z. Hajimohammadi 2017 Modified Generalized Laguerre functions, QLM – Collocation method

[20] Z. Hajimohammadi, K. Parand 2017 Fractional Rational Generalized Laguerre polynomials QLM-Collocation method

[24] CH. Lin 2017 Laguerre polynomial neural network and modified particle swarm optimization

[1] P. Agarwal et al. 2017 generalized hyper geometric function and the Laguerre polynomials

[8] O. Cherroud et al. 2017 Generalized Laguerre polynomials

[81] S. Xu et al. 2017 Generalized Laguerre and Neural Dynamics

[27] F.J. Liu et al. 2017 generalized Laguerre functions

[29] A.M. Makarenkova et al. 2017 Projection Galerkin Method

[25] Ch Lin 2017 Laguerre polynomials neural network and modified particle swarm optimization

[86] Ch Zhang et al. 2017 Laguerre Spectral Method

[71] I.I. Sharapudinov 2017 Laguerre polynomials

[73] Y. Shi et al. 2017 Laguerre- Galerkin method

[87] D. Zhang, X. Miao 2017 Weighted Laguerre Polynomials

[26] F. Liu et al. 2017 generalized Laguerre functions

Table 2. Infinite/Semi-infinite problems solving via Laguerre
polynomials/functions.

Other studies have used Laguerre functions for a variety of applications,
including Laplace deconvolution [10], solving singular perturbated differential
equations [84], and solving the Eyring-Powell problem using the modified gen-
eralized Laguerre function and the QLM-collocation method [51, 20]. Laguerre
functions have also been used in control systems [24], integrals involving La-
guerre and hypergeometric functions [1], constructing Wigner distribution func-
tions [8], time-varying neural dynamics [81], elliptic equations [27], diffusion
equations [29], solving the telegraph equation [87], transient electromagnetic
problems [73], and second-order equations and fourth-order equations [26].

1.3. Viscous flow. Viscous flow is a type of fluid flow in which there is a
continuous steady motion of the particles, the motion at a fixed point always
remaining constant. In recent years, novel types of flow situations have been
investigated, such as the boundary layer on a continuous moving surface [78].
The behavior of boundary layers on surfaces was first discussed by Sakiadis [68,
69]. Some recent research on this topic is presented in Table 3. MacCormack
[28] introduced the implicit analog of the explicit method. Akyildiz et al. [2]
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Authors year Method

[28] R.W. MacCormack 1982 Implicit method, explicit method

[2] F.T. Akyildiz et al. 2006 Exact-solution

[23] S.A. Kechil , I. Hashim 2007 Adomian Decomposition Method (ADM)

[89] Z. Ziabakhsh et al. 2010 Homotopy Analysis Method (HAM) and Runge-Kutta (RK)

[70] K.M. Sanni et al. 2016 Runge-Kutta (RK)

[67] J.A. Rad et al. 2016 Radial Basis Function (RBF)

Table 3. The recent researches for viscous flow.

found the exact solution for a chemically reactive problem over a stretching
sheet. Kechil and Hashim [23] investigated the boundary-layer equation of flow
over a nonlinearly stretching sheet in the presence of a chemical reaction and
a magnetic field by employing the Adomian decomposition method (ADM).
Ziabakhsh et al. [89] analyzed the flow and diffusion of chemically reactive
species over a nonlinear stretching sheet immersed in a porous medium using
the Homotopy analysis method (HAM). They attempted to demonstrate the
capabilities and wide-ranging applications of the HAM method in comparison
with numerical methods for solving this problem. Sanni et al. [70] focused on
the flow of a viscous fluid over a curved surface stretching with nonlinear power-
law velocity. The boundary layer equations were transformed into ordinary
differential equations using suitable non-dimensional transformations. These
equations were numerically solved using the shooting and Runge-Kutta (RK)
methods. Rad et al. [67] proposed a new numerical scheme to solve a nonlinear
system two-point boundary value problem on a semi-infinite domain, which
describes the flow and diffusion of chemically reactive species over a nonlinearly
stretching sheet immersed in a porous medium.

The rest of this paper is organized as follows: we introduce the mathematical
formulation of the problem in section 2; preliminaries, including the generalized
Laguerre polynomials, the modified generalized Laguerre functions, the QLM
method, and the collocation method, are explained in section 3; the applicabil-
ity of the method is presented in section 4; results and discussions are shown
in section 5, and finally, the conclusion is explained in section 6.

2. Mathematical formulation of the problem

In this section, we consider two-dimensional viscous and electrically con-
ducting fluid flow. There are other examples of equations of this type that
can be solved using spectral methods [35]. The surface under consideration is
stretched with a nonlinear velocity by applying equal and opposite forces along
the x-direction, while the reactive species expire from the sheet and are released
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into the surrounding fluid with a first-order chemical reaction. We note that
both the governing equations and boundary conditions are nonlinear. Under
these conditions, the resulting boundary layer equations that govern the flow
are given as follows [2, 23, 89, 70, 67]:

∂u

∂x
+
∂v

∂y
= 0. (2.1)

u
∂u

∂x
+ v

∂v

∂y
= υ

∂2u

∂y2
− σB2

0

ρ
u. (2.2)

u
∂C

∂x
+ v

∂C

∂y
= D

∂2C

∂y2
− k1C. (2.3)

Where x and y are the distances along and perpendicular to the sheet, u and
v are the respective components of the velocity in the x and y directions, k1 is
the chemical reaction parameter, D is the mass diffusion coefficient, C is the
species concentration in the fluid, B0 is the strength of the magnetic field, σ
is the electrical conductivity, µ is the dynamic viscosity, ρ is the fluid density,
and g is the acceleration due to gravity.

The appropriate boundary conditions for this problem are:

u (x, 0) = ax+ cx2, v(x, 0) = 0, C(x, 0) = Cw,

u→ 0, C → 0, as, y → ∞. (2.4)

Where a and c are constants and the subscript w denotes the condition at the
wall. The introduction of the similarity transformations [2, 23, 89, 70, 67]:

η =

√
a

υ
y, u = axf ′(η) + cx2g′(η), v = −

√
aυf(η)− 2cx√

a/υ
g(η),

C = Cw[C0(η) +
2cx

a
C1(η)], K =

k1Sc

a
, N =

σB2
0

aρ
, Sc =

υ

D
. (2.5)

Reducing equations (1)-(5) to a system of dimensionless nonlinear ordinary dif-
ferential equations [67]:

f ′′′ + ff ′′ − (f ′)2 −Nf ′ = 0. (2.6)

g′′′ + fg′′ − 3f ′g′ + 2f ′′g −Ng′ = 0. (2.7)

C ′′
0 + ScfC ′

0 −KC0 = 0. (2.8)

C ′′
1 − Scf ′C1 + ScgC ′

0 + ScfC ′
1 −KC1 = 0. (2.9)

The boundary conditions become:

f ′(η)|η=0 = g′(η)|η=0 = 1, f(η)|η=0 = g(η)|η=0 = 0, C0(η)|η=0 = C1(η)|η=0 = 1.

(2.10)
f ′(η)|η→∞ = g′(η)|η→∞ = C0(η)|η→∞ = C1(η)|η→∞ = 0, (2.11)
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where f and g are the functions of velocity, C0 and C1 are species concentra-
tions in the fluid, N and K are magnetic and chemical reaction parameters
respectively and Sc is Schmidt number. The primes denote differentiation for
η.

3. Preliminaries

In this section, the generalized Laguerre polynomials, the modified gener-
alized Laguerre functions, the QLM method and collocation method are ex-
plained.

3.1. Generalized laguerre polynomials (GLPs). The Generalized Laguerre
Polynomials (GLPs) have been widely used in polynomials approximation, solv-
ing integral or differential equations on semi-infinite intervals[65, 17, 87, 61, 45,
27, 25]. They are denoted by GLα

n(x) and are defined as follows [15, 51]:

GLα
n(x) =

n∑
k=0

(
n+ α

n− k

)
(−1)k

k!
xk, x ∈ Λ, n ∈ N ∪ {0}, (3.1)

where n is the degree of polynomial and nonnegative integers, α > −1, Λ =

(0,∞). GLPs have the following recurrence relations[51, 75, 88]:

GLα
0 (x) = 1,

GLα
1 (x) = 1 + α− x,

(n+ 1)GLα
n+1(x) = (2n+ α+ 1− x)GLα

n(x)− (n+ α)GLα
n−1(x), (3.2)

where n ≥ 1, n ∈ N. Moreover, GLPs satisfy the applied following properties;
for α > −1 and n ∈ N ∪ {0}, they hold [51, 16, 75, 15, 88]:

GLα
n(x) = GLα+1

n (x)−GLα+1
n−1(x). (3.3)

∂xGL
α
n(x) = −GLα+1

n−1(x) = −
n−1∑
k=0

GLα
k (x). (3.4)

x∂xGL
α
n(x) = nGLα

n(x)− (n+ α)GLα
n−1(x). (3.5)

GLα
n(x) = ∂xGL

α
n(x)− ∂xGL

α
n+1(x). (3.6)

The Sturm-Liouville equation of GLPs as follows[51, 16]:

x−αex∂x(x
α+1e−x∂xGL

α
n(x)) + λnGL

α
n(x) = 0, n ∈ N ∪ {0}. (3.7)

This above formula is equivalent by,

x∂2xGL
α
n(x) + (α+ 1− x)∂xGL

α
n(x) + λnGL

α
n(x) = 0, n ∈ N ∪ {0}. (3.8)
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With the corresponding eigenvalue, λn = n , for any α > −1.

The Rodrigues’ formula for GLPs is [51, 15]:

e−xxαGLα
n(x) =

1

n!

∂n

∂xn
(e−xxn+α). (3.9)

and for any α > −1, GLPs satisfy the following orthogonality relation [51, 75]:∫
Λ

GLα
n(x)GL

α
m(x)xαe−xdx = γαnδn,m, (3.10)

Where γαn = Γ(n+α+1)
n! , n ,m are nonnegative integers, Λ = (0,∞) and δn,m is

the Kronecker function. xαe−x is named the weight function.

3.2. Modified generalized laguerre functions (MGLFs). The modified
generalized Laguerre functions (MGLFs), MGLα

n(x), are defined as follows[65,
61, 66, 63, 45, 51]:

MGLα
n(x) = e−xGLα

n(x), x ∈ (0,∞), n ∈ N ∪ {0}. (3.11)

Due to above formula, MGLFs satisfy the following properties:

MGLα
n(x) =

n∑
k=0

(
n+ α

n− k

)
(−1)k

k!
xke−x, x ∈ Λ, n ∈ N ∪ {0}. (3.12)

(n+1)MGLα
n+1(x) = (2n+α+1−x)MGLα

n(x)− (n+α)MGLα
n−1(x). (3.13)

MGLα
n(x) =MGLα+1

n (x)−MGLα+1
n−1(x). (3.14)

∂xMGLα
n(x) = −MGLα+1

n−1(x)−MGLα
n(x). (3.15)

Moreover, MGLFs have the orthogonal system with respect to w(x) = x/2 as
weight function.

3.3. The quasiLinearization method (QLM). One of the accurate, com-
putationally, stable, simple, quick and convergence methods is the quasilin-
earization method (QLM), which is a well-known method to solve nonlinear
differential equations, ordinary or partial. This technique leads to a sequence
of linear equations and is developed basically by the Newton-Raphson method.
This method has the quadratic convergence, i.e. O(h2) [51, 20, 55, 54]. Let us
suppose that have a nonlinear ordinary equation on the semi-infinite domain
as follows:

∂3f

∂x3
= G(f ′′, f ′, f, x). (3.16)

With the boundary conditions: f(0) = A , f ′(0) = B , f ′(∞) = C for A,
B, C are the real constant. QLM approximates the solution iteratively, and
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linearized the system in the following:

∂3fi+1

∂x3
= G(f ′′i , f

′
i , fi, x) +

2∑
j=0

(f
(j)
i+1 − f

(j)
i )

∂G(f ′′i , f
′
i , fi, x)

∂f
(j)
i

. (3.17)

Where f (j) is the j-th derivative of function f and i is the number of iterations.
with the boundary conditions: fi+1(0) = A , f ′i+1(0) = B , f ′i+1(∞) = C for
every iteration. The iterations stop when |fi+1 − fi| ≤ ε for a small positive
constant.

3.4. The collocation method (CM). The collocation method (CM) is a
numerical technique used to solve ordinary, partial, and integral equations.
This method comprises two essential components: the candidate solution and
the collocation points. First, the candidate solution is expanded into a finite-
dimensional space, such as polynomials up to a certain degree. Then, the
equation is rewritten in terms of the candidate solution, and suitable distinct
points, known as collocation points, are selected. These collocation points are
substituted into the equation’s solution, leading to a system of linear equa-
tions. Solving this linear system yields an accurate solution for the equation
[3, 18]. This approach is suitable when an exact solution is unavailable, and
the accuracy of the solution obtained can be estimated by calculating the error.
Suppose the equation is as follows:

H(f (n), f (n−1), ..., f ′′, f ′, f, x) = b(x). (3.18)

Where H is the nonlinear function of functional derivatives off function and b
is the right side of the equation such as the constant number. f̃(x) is the ap-
proximate function which is obtained by using the candidate solution as follows:

f̃(x) =

N∑
i=0

aiφi(x). (3.19)

Where φi(x), i = 0, ..., N is sub candidate solution such as polynomials have
zero degree to N degree and ai, i = 0, ..., N are the unknown coefficients.
Rewriting the left side of eq. (29) via f̃(x). The error estimation is defined in
the following:

R̃(x) = H(f̃ (n)(x), f̃ (n−1)(x), ..., f̃2(x), f̃1(x), f̃(x), x)− b(x). (3.20)

The above formula is called the residual function and put on it, the collocation
points and solve the linear system equations. Ideally, if the residual function is
zero, then gets the exact solution. When the residual function approaches to
zero more and more, achieve a more accurate solution.
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4. Application of the method

In this section, we explain to apply QLM-CM-MGLFs for solving the viscous
flow over a nonlinearly stretching sheet with chemical reaction, heat transfer,
and magnetic field. As we explain the mathematical problem in section two, we
should solve the system of ordinary differential equations. We focus on eq.(2.6);
this equation is the nonlinear ordinary equation and is not dependent on the
others. For this reason, we first solve it to achieve a more accurate solution
and apply this to other equations. So we expand the function f , in the form
of truncated series of MGLFs as follows:

f(η) =

m1∑
i=0

aiMGLα
i (η) = A.MGLT = MGL.AT . (4.1)

Where ai, i = 0, ...,m1 are the unknown coefficients, MGLα
i (η), i = 0, ...,m1

are basic functions of different degree of MGLFs.
A = [a0, a1, a2, ..., am1 ]

T and MGL = [MGLα
0 ,MGLα

1 ,MGLα
2 , ...,MGLα

m1
]T

are the vector forms.
Moreover, using the QLM on Eq.(2.6), we have the following relations:

∂3f

∂η3
= G(f ′′, f ′, f, η) = (f ′)2 +Nf ′ − ff ′′. (4.2)

Subject to the boundary conditions:

f(0) = 0, f ′(0) = 1, f ′(∞) → 0. (4.3)

For satisfying the two boundary conditions at zero, we have:

ψ1 = η + η2f. (4.4)

This approximation provides the more flexibility and is not unique. For sat-
isfying the boundary condition at infinity, we put the last collocation point
to derivative function ψ1, so we choose the suitable intervals for collocation
points to convince the conditions of problem. Now we can write each order of
derivative of function ψ1(η)as follows:

∂ψ1

∂η
= 1 + 2η

m1∑
i=0

aiMGLα
i + η2

m1∑
i=0

ai
∂MGLα

i

∂η
. (4.5)

∂2ψ1

∂η2
= 2

m1∑
i=0

aiMGLα
i + 4η

m1∑
i=0

ai
∂MGLα

i

∂η
+ η2

m1∑
i=0

ai
∂2MGLα

i

∂η2
. (4.6)

∂3ψ1

∂η3
= 6

m1∑
i=0

ai
∂MGLα

i

∂η
+ 6η

m1∑
i=0

ai
∂2MGLα

i

∂η2
+ η2

m1∑
i=0

ai
∂3MGLα

i

∂η3
. (4.7)
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According to the QLM, the residual function obtains to the following relation:

(R̃1)i(η) = −
∂3(ψ1)i+1

∂η3
+G((ψ

′′
1 )i, (ψ

′
1)i, (ψ1)i, η) + ((ψ1)i+1 − (ψ1)i)

∂G

∂(ψ1)i

+((ψ
′
1)i+1 − (ψ

′
1)i)

∂G

∂(ψ′
1)i

+ ((ψ
′′
1 )i+1 − (ψ

′′
1 )i)

∂G

∂(ψ
′′
1 )i

. (4.8)

Where G((ψ′′

1 )i, (ψ
′

1)i, (ψ1)i, x) = ((ψ
′

1)i)
2 +N(ψ

′

1)i − (ψ1)i(ψ
′′

1 )i.

By using roots of shifted Laguerre polynomials on the certain domain as the col-
location points to the residual function (R̃1)i(η) , the set of equations for each
iteration can be solved, consequently, the unknown coefficients ai, i = 0, ...,m1

for each iteration will be obtained. We can continue iterations to achieve the
arbitrary amount of (R̃1)i(η) such as 10−9 or the certain iterations such as
25. The obtained results of last iteration for the function (ψ1)i, i = last_itr ,
consequently, the function f(η) is used to another equations. Now considering
to Eq.(2.7) and according to obtained solution for f(η) and applying it to this
equation, we have a linear ordinary equation then we can solve it by using
CM. Therefore we can expand the function g, in the form of truncated series
of MGLFs as follows:

g(η) =

m2∑
i=0

biMGLα
i (η) = B .MGLT

2 = MGL2.B
T , (4.9)

where bi , i = 0, ...,m2 are the unknown coefficients, MGLα
i (η), i = 0, ...,m2

are basic functions of different degree of MGLFs.
B = [b0, b1, b2, ..., bm2

]T and MGL2 = [MGLα
0 ,MGLα

1 ,MGLα
2 , ...,MGLα

m2
]T

are the vector forms.
Subject to the boundary conditions:

g(0) = 0, g′(0) = 1, g′(∞) → 0. (4.10)

for satisfying the two boundary conditions at zero, we have:

ψ2 = η + η2g. (4.11)

Now we can write each order of derivative of function ψ2(η)as follows:

∂ψ2

∂η
= 1 + 2η

m2∑
i=0

biMGLα
i + η2

m2∑
i=0

bi
∂MGLα

i

∂η
. (4.12)

∂2ψ2

∂η2
= 2

m2∑
i=0

biMGLα
i + 4η

m2∑
i=0

bi
∂MGLα

i

∂η
+ η2

m2∑
i=0

bi
∂2MGLα

i

∂η2
. (4.13)

∂3ψ2

∂η3
= 6

m2∑
i=0

bi
∂MGLα

i

∂η
+ 6η

m2∑
i=0

bi
∂2MGLα

i

∂η2
+ η2

m2∑
i=0

bi
∂3MGLα

i

∂η3
. (4.14)
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So the residual function,R̃2(η) obtains to the following relation:

R̃2(η) = ψ′′′
2 + fnewψ

′′
2 − 3f ′newψ

′
2 + 2f ′′newψ2 −Nψ′

2, (4.15)
where fnew is obtained as the execution of QLM. Now we have a linear alge-
braic equation basis on unknown coefficients bi, i = 0, ...,m2. For achieving this
equation to a linear system of algebraic equations, we put roots of Laguerre
polynomials as the collocation points to the residual function R̃2(η) and for sat-
isfying the boundary condition at infinity; we put the last collocation point to
derivative functionψ2, consequently, the unknown coefficients bi, i = 0, ...,m2

and gnew will be obtained and used to another equations. Moreover, we focus
to eq. (2.8), use the expanding form of the functionC0, in the form of truncated
series of MGLFs as follows:

C0(η) =

m3∑
i=0

eiMGLα
i (η) = E .MGLT

3 = MGL3.E
T . (4.16)

Where ei, i = 0, ...,m3 are the unknown coefficients, MGLα
i (η), i = 0, ...,m3

are basic functions of different degree of MGLFs.
E = [e0, e1, e2, ..., em3

]T and MGL3 = [MGLα
0 ,MGLα

1 ,MGLα
2 , ...,MGLα

m3
]T

are the vector forms.
Subject to the boundary conditions:

C0(0) = 1, C0(∞) → 0. (4.17)
For satisfying the boundary condition at zero, we have:

ψ3 = 1 + ηC0. (4.18)
Now we can write each order of derivative of function ψ3(η)as follows:

∂ψ3

∂η
=

m3∑
i=0

eiMGLα
i + η

m3∑
i=0

ei
∂MGLα

i

∂η
. (4.19)

∂2ψ3

∂η2
= 2

m3∑
i=0

ei
∂MGLα

i

∂η
+ η

m3∑
i=0

ei
∂2MGLα

i

∂η2
. (4.20)

There for the residual function,R̃3(η) defines to the following relation:

R̃3(η) = ψ′′
3 + Scfnewψ

′
3 −Kψ3. (4.21)

Where fnew is obtained as the execution of QLM. Using roots of Laguerre
polynomials as the collocation points to the residual function R̃3(η) lead to
obtaining a linear system of equations. By solving this system, we obtain the
unknown coefficients ei, i = 0, ...,m3. Furthermore, the boundary condition at
infinity is satisfied by using the last collocation point to the functionψ3 . Fi-
nally, we focus to eq. (2.9). We define the function C1 by using the truncated



An Advanced Numerical Approach To Solve Viscous Flow Via Modified ... 27

series of MGLFs form as follows:

C1(η) =

m4∑
i=0

ziMGLα
i (η) = Z .MGLT

4 = MGL4.Z
T . (4.22)

where zi, i = 0, ...,m4 are the unknown coefficients, MGLα
i (η), i = 0, ...,m4 are

basic functions of different degree of MGLFs.
Z = [z0, z1, z2, ..., zm4 ]

T and MGL4 = [MGLα
0 ,MGLα

1 ,MGLα
2 , ...,MGLα

m4
]T

are the vector forms.
with the boundary conditions:

C1(0) = 0, C1(∞) → 0. (4.23)
The boundary condition at zero satisfies as follows:

ψ4 = ηC1. (4.24)
Each order of derivative of function ψ4(η)as follows:

∂ψ4

∂η
=

m4∑
i=0

ziMGLα
i + η

m4∑
i=0

zi
∂MGLα

i

∂η
. (4.25)

∂2ψ4

∂η2
= 2

m4∑
i=0

zi
∂MGLα

i

∂η
+ η

m4∑
i=0

zi
∂2MGLα

i

∂η2
. (4.26)

Moreover the residual function,R̃4(η) defines to the following relation:

R̃4(η) = ψ′′
4 − Scf ′newψ4 + Scgnew(C0)

′
new + Scfnewψ

′
4 −Kψ4, (4.27)

where fnew , gnew , (C0)new are obtained on prior steps. A linear system of
equations achieve from the function R̃4(η) when roots of Laguerre polynomials
which are the collocation points are put to it. We get the unknown coefficients
zi, i = 0, ...,m4.by solving this system. The infinite boundary condition is
obtained by placing the last collocation point in the function ψ4(η).

5. Results and discussions

In this section, we present the numerical values by implementing the QLM-
CM-MGLFs on viscous flow in Maple. We obtain numerical results and propose
graphical results for the velocity profiles and tables. The numerical results are
validated by making a comparison with the published works [2, 23, 89, 70, 67].
Fixed number of collocation points, mi = 20, i = 1, 2, 3, 4 for this experiment
are used. We select zeros of shifted Laguerre functions as collocation points.
The effects of three parameters N, K and Sc on the boundary layers are shown
in Figs 1-8. We present the numerical values of f ′′(0), C ′

0 and C ′
1. Moreover

graphical results for f ′(η), g′(η), C0(η) and C1(η) with the different values of
parameters N, K and Sc are presented.
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Figure 1. Velocity profile f ′(η) for some N with Sc=0.24,
K=0.2

Figure 2. Velocity profile g′(η) for some N with Sc=0.24,
K=0.2.

The velocity profiles for different N and fixed Sc=0.24 and K=0.2 are plotted
in Fig1. This reveals that the velocity profiles boundary layer reduces with the
increment of the magnetic parameter. As shown in Fig1, QLM-CM-MGLFs
method was successful. Integration of Eq.(6) with boundary conditions Eqs.
(10, 11) has an exact solution [2] as:

f(η) =
1√

1 +N
(1− e−

√
1+Nη). (5.1)

For N=0, f(η) = 1− e−η is the unique solution of the problem [12].
The behavior of velocity profile g′(η)for increasing the magnetic parameter
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Figure 3. Concentration profileC0(η) for some N with
Sc=0.24, K=0.2.

Figure 4. Concentration profile C1(η) for some N with
Sc=0.24, K=0.2.

N is also seen from Fig2. Increasing the magnetic parameter N makes the
velocity profile reduces. Influences of the increment parameter N for the species
concentrations C0(η) and C1(η) are shown in Figs 3 and 4. Furthermore, as
shown in Figs 5 and 6, for the effects of Schmidt number Sc, the concentrations
profiles C0(η) and C1(η) reduce with different value of the Schmidt number
Sc. The concentrations profile C1(η) approaches to the bottom and reaches its
minimum at the same distance of η from the wall before oscillates back to zero.

We also included in Figs 7 and 8 the graphs of concentration profile. The ef-
fect of the destructive chemical parameter K is shown. These illustrate that the
destructive chemical reaction parameter reduces as the concentration of C0(η)

and C1(η) increases. Table 4 shows the comparison between QLM-CM-MGLFs
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Figure 5. Concentration profile C0(η) for some Sc with
N=0.8, K=0.2.

Figure 6. Concentration profile C1(η) for some Sc with
N=0.8, K=0.2.

method and other methods of velocity profile −f ′′(0) for various magnetic pa-
rameter N when K=0.2 and Sc=0.24.

The residual function for QLM-CM-MGLFs method at K=0.2, N=0.8 and
Sc=0.24 are plotted in Fig 9. In Tables 5,6 are observed that the concentrations
profiles C0(η) and C1(η) with various N when K=0.2 and Sc=0.24. The con-
centrations profiles C0(η) and C1(η) with various Sc when K=0.2 and N=0.8
are shown in Tables 7,8. The concentrations profiles C0(η) and C1(η) evaluated
at Sc=0.2 and N=0.8 with various K are shown in Tables 9, 10.
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Figure 7. Concentration profile C0(η) for some K with
N=0.8, Sc=0.24.

Figure 8. Concentration profile C1(η) for some K with
N=0.8, Sc=0.24.

6. Conclusions

The purpose of this paper is to introduce the accurate numerical method
which is named the QLM-CM-MGLFs method. This method is the combina-
tion of quasilinearization and collocation methods based on modified general-
ized Laguerre functions and are applied to problems in the semi-infinite domain.
We used this method to solve the system’s ordinary equations which included
the nonlinear ordinary equations. We choose the viscose flow problem over
a non-linearly semi-infinite stretching sheet under the influence of a magnetic
field and chemical reactions and introduce an efficient and accurate solution.
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(a) Residual function(R̃1)i(η), i = 20. (b) Residual functionR̃2(η).

(c) residual function R̃3(η). (d) Residual function R̃4(η).

Figure 9. The residual functions for QLM-CM-MGLFs
method at K = 0.2, N = 0.8 and Sc = 0.24.

The effects of the magnetic parameter N , the Schmidt number Sc, destructive
chemical reaction parameter K over the velocity profile −f ′′(0) and concen-
tration profiles −C ′

0(0),−C ′
1(0) are presented. Furthermore, a comparison of

the numerical results of the method with other methods like RBF (radial basis
functions), HAM (homotopy analysis method), and RK (runge-kutta) methods
are reported. The results show that QLM-CM-MGLFs have high accuracy and
high rate convergence. The figures of residual functions show that the paper’s
method has a proper convergence rate. Therefore results explained QLM-CM-
MGLFs is the proper accurate numerical method that can be applied to solve
the nonlinear system of problems on the semi-infinite domain and has high
reliability and efficiency.
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N HAM[89] ADM[23] RK[89] RBF[67] Exact solution[2] Present method

0.0 − 1.0000000 − 1.0000000 1.0000000 1.00062373

0.6 1.264934 − 1.264911 1.265029 1.264911 1.26491121

0.8 1.341624 − 1.341640 1.341668 1.341640 1.34164080

1.0 1.414017 − 1.414213 1.414221 1.414213 1.41421356

1.5 1.580231 1.581139 1.581113 1.581139 1.581139 1.58113883

9.0 − 3.162278 − 3.162278 3.162278 3.16227766

25 − 5.099019 − 5.099019 5.099019 5.099019510

Table 4. Variation of the velocity profile −f ′′(0) for various
values N at K=0.2 and Sc=0.24 with different methods.

N HAM[89] RK[89] RBF[67] Present method

0.6 0.505910 0.50590 0.505874 0.5059083704

0.8 0.503601 0.50380 0.503807 0.5038173855

1.0 0.501943 0.50191 0.501965 0.501969266

1.5 0.498112 0.49813 0.498136 0.498136478

Table 5. Variation of the concentrations profile −C ′
0(0) for

various values N at K=0.2 and Sc=0.24 with different meth-
ods.
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N HAM[89] RK[89] RBF[67] Present method

0.6 0.040063 0.04035 0.040300 0.040368295

0.8 0.040320 0.04022 0.040249 0.040272071

1.0 0.040070 0.04004 0.040073 0.040080567

1.5 0.039380 0.03937 0.039358 0.039357178

Table 6. Variation of the concentrations profile −C ′
1(0) for

various values N at K=0.2 and Sc=0.24 with different meth-
ods.

Sc HAM[89] RK[89] RBF[67] Present method

0.24 0.503601 0.50380 0.503807 0.50381738559

0.40 0.544218 0.54429 0.544198 0.54421803445

0.60 0.596620 0.59659 0.596580 0.59666880808

0.80 0.650062 0.65001 0.65005 0.65056739908

Table 7. Variation of the concentrations profile −C ′
0(0) for

various values Sc at K=0.2 and N=0.8 with different methods.

Sc HAM[89] RK[89] RBF[67] Present method

0.24 0.0403201 0.04022 0.0402495 0.040272071

0.40 0.0673822 0.06795 0.0680524 0.068096680

0.60 0.1014366 0.10221 0.1022899 0.102613246

0.80 0.1338458 0.13469 0.1348760 0.137458586

Table 8. Variation of the concentrations profile −C ′
1(0) for

various values Sc at K=0.2 and N=0.8 with different methods.
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K HAM[89] RK[89] RBF[67] Present method

0.2 0.503601 0.50380 0.503807 0.50381738559

0.8 0.933541 0.93358 0.933537 0.93353807310

1.0 1.036527 1.03652 1.036523 1.036524488

1.2 1.129936 1.12992 1.129918 1.12991859168

Table 9. Variation of the concentrations profile −C ′
0(0) for

various values K at Sc=0.24 and N=0.8 with different meth-
ods.

K HAM[89] RK[89] RBF[67] Present method

0.2 0.040320 0.040220 0.040250 0.040272071

0.8 0.030445 0.030667 0.030669 0.030673082

1.0 0.028971 0.029101 0.029102 0.029105341

1.2 0.027672 0.027822 0.027823 0.027825153

Table 10. Variation of the concentrations profile −C ′
1(0) for

various values K at Sc=0.24 and N=0.8 with different meth-
ods.
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