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ABSTRACT. The paper presents an L"— analogue of an inequality re-
garding the st derivative of a polynomial having zeros outside a circle of
arbitrary radius but greater or equal to one. Our result provides improve-

ments and generalizations of some well-known polynomial inequalities.
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1. INTRODUCTION AND STATEMENT OF RESULTS

Let P(z) be a polynomial of degree at most n and P’(z) be its derivative,

then

max|P/(2)| < nmax |P(2)
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and for every r > 1,

|P’(e"0)|’“d9}r < n{ |P(ew)|’”d0}T. (1.2)
1l /

0

Inequality (1.1) is a classical result of Bernstein[6] whereas inequality (1.2) is
due to Zygmund[15] who proved it for all trigonometric polynomials of degree
n and not only for those which are of the form P(e?®). Arestov[1] proved that
(1.2) remains true for 0 < r < 1 as well. If r — oo in inequality (1.2), we get
(1.1).

If we restrict ourselves to the class of polynomials having no zeros in |z| < 1,
then both the inequalities (1.1) and (1.2) can be sharpened. In fact, If P(z) # 0
in |z] < 1, then (1.1) and (1.2) can be respectively replaced by
max |P'(2)| < 5 max | P(2) (13)

|z|=
and

{/|P’(e“’)|’”d9}r < nA,.{/|P(ei9)|’”d0}r, (1.4)
0 0

—1

I

2m
where 4, = ¢ 5= [ |14 €| do
0

Inequality (1.3) was conjectured by Erdos and later verified by Lax[11],
whereas inequality (1.4) was proved by De-Bruijn[7] for » > 1. Rahman and
Schemeisser[13] later proved that (1.4) holds for 0 < r < 1 also. If r — oo in
(1.4), we get (1.3).

As a generalization of (1.3) Malik[12] proved that if P(z) #01in |z| < k, k >
1, then

n
P < — P 1.5
fﬁi’i‘ (2)] < 1+kfﬁi’i| (2)1, (1.5)
whereas under the same hypothesis, Govil and Rahman[9] extended inequality
(1.4) by showing that

{/|P’(ew)|”d0}r gnEr{/|P(ei9)|Td9}r, (1.6)
0 0

-1

T

27
where E, = ¢ & [ [k+e"day ,r>1.
0

In the same paper, Govil and Rahman[9, Theorem 4] extended inequality
(1.5) to the s*" derivative of a polynomial and proved under the same hypothesis
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for 1 < s < n that

PO ()] < P(2)]. 1.7
max | P (2)] < T max | P(2)] (1.7)

Inequality (1.7) was refined by Aziz and Rather [3, Corollary 1] by involving
the binomial coefficients C(n,s), 1 < s < n and coefficients of the polynomial

P(z). In fact they proved that if P(z) = ajz’ does not vanish in |z| <
§=0
k, k> 1, then for 1 < s < n,
-1)---(n—s+1)
max |P®)(z)| < n(n max |P(z)|, 1.8
mase [P (2)] < M D v o) (19

ksfl
) . (1.9)
ks+1

In the literature there exist various results regarding the estimates for poly-

where

as
ao

1
s = k5T (1 t o
7S 1

L+ C(n,s)

as
ao

nomials and for general analytic functions and also the approximations of poly-
nomials and their derivatives (for example see[8],[14]). In this paper, we prove
the following result which refines the inequality (1.8).

n .
Theorem 1.1. If P(z) = ) a;%’ is a polynomial of degree n having no zeros
=0
in|z| <k, k>1, and m = min,|— |P(2)| then for 1 < s <n,

-1 (n—s+1) my s
P(S) < n(n P - : ’
ma |P)(2)] < = (max|PE) - ")

where Yy, 5 is defined by (1.9).

(1.10)

The result is best possible for £ = 1 and equality holds for P(z) = 2™ + 1.

Remark 1.2. For s =1 and m = 0, Theorem 1.1 reduces to a result of Govil
et. al.[10, Theorem 1] and for k = s = 1, inequality (1.10) reduces to a result
of Aziz and Dawood[2, Theorem A].

Remark 1.3. Note by inequality (2.2) of Lemma 2.1 (stated in section 2) that
L k® <1, which can easily be shown to be equivalent to 9 s > k%, 1 <

a.

C(n,s) a;
s < n. Using this fact in inequality (1.10), we get the following improvement

of inequality (1.7).

n X
Corollary 1.4. If P(z) = Y a;jz’ is a polynomial of degree n having no zeros
j=0
in|z| <k, k>1, and m = min,— |P(2)| then for 1 < s <n,

() <n(n—1)--~(n—s+1) .m
max |P0)(2)] < = (maxlPG) - 7). (1)
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In order to prove the Theorem 1.1, we prove the following more general re-
sult which extends Theorem 1.1 to its corresponding L”— analogue.

n .
Theorem 1.5. If P(z) = ) a;z’ is a polynomial of degree n having no zeros
§=0
in|z| <k, k>1, and m = minj,|— |P(z)|, then for every complex number 3

with |B] <1 and 1 < s < n, we have
1
d9}

{ 7‘P(s>(eie)+ﬁmn<n 1) s
0
2 1
Sn(n—l)-n(n—s—&-l)Cr{/|P(ei9)|"d9} . (1.12)
0

kn(l + 1/}k,s)

2m %1
where C, = {;,r I r,s + eiarda} , >0 and vy s is defined by (1.9).
0

Remark 1.6. Using the fact that ¢ s > k® and take § = 0 in inequality (1.12),
we obtain a result of Aziz and Shah[5].
2. LEMMAS

We need the following lemmas for the proofs of Theorems. Here, throughout
this paper we write Q(z) = z"P(2).

Lemma 2.1. If P(z) = Y a;jz7 is a polynomial of degree n which does not
§=0
vanish in |z| < k,k > 1, then for 1 < s <n and |z| =1,

Q¥ (2)| = ¥, | PH) ()], (2.1)

and

1 Qg
—|— k" <1
C(n, 8)|a0 -
where Yy, 5 is defined by (1.9).

The above lemma is due to Aziz and Rather[3].

Lemma 2.2. If P(z) is a polynomial of degree n, then for each a, 0 < av < 27
and r > 0, we have

27 27 27
/ / @) + e P dbda < 2" / PO o, (2.3)

0 0 0
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The above lemma is due to Aziz and Shah[4].

Lemma 2.3. If P(z) = Y a;jz7 is a polynomial of degree n which does not
7=0
vanish in |z| < k,k > 1, then for 1 < s <n and |z| =1,
mn(n—1)---(n—s+1)
kn

Q9 (2)] = tr,s | PO (2)| +

where m = min|,|— |P(2)].

wk‘,sa (24)

Proof. Since m < |P(z)] for |z| = k, we have for every 8 with |3] < 1,

m]ff ‘< \P(2)| for |2| = k.
Therefore by Rouche’s theorem P(z) + m]f,fn has no zero in |z| < k, k > 1.

Applying Lemma 2.1 to the polynomial P(z)+ m]f,f” , we get for 1 < s <n and
‘Z| =1,
1) (n— 1
‘Q(s)(2)| > 1/fk,s‘P(S)(z) T mn(n ) kn(n s+ )5‘ (2.5)
Choose the argument of 8 so that
‘P(S)(z) n mn(n—1)--- (knn— s+1)82""* _ ‘P(S)(zﬂ n mn(n—1)--- (Zn— s+ 1)|,Bz”_5|7
it follows from (2.5) that for |z| =1,
] —1)--(n—s4+1 n—s
Letting |8| — 1 in inequality (2.6), we get
R s mn(n—1)---(n—s+1
Q)] 2 v | PO ()| + ( )kn( L.
This completes the proof of Lemma 2.3. (]

Lemma 2.4. If A, B,C are non-negative real numbers such that B + C < A.
Then for every real «,

(A= C)+e*(B+C)| < |A+eB|. (2.7)

The above lemma is due to Aziz and Shah[4].

3. PROOFS OF THEOREMS

Proof of the Theorem 1.5. Since P(z) is a polynomial of degree n ,
P(z) #0in |z] < k,k > 1, and Q(z) = 2"P(2). Therefore, for each a,0 <
a <27, F(2) = Q(2) + €'®P(2) is a polynomial of degree n and we have

FO(2) = Q¥ (2) + PY)(2),
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which is clearly a polynomial of degree n — s,1 < s < n. By the repeated
application of inequality (1.2), we have for each r > 0,

27
/ |Q(s)(ei9) + eiaP(s)(eiG)‘Tde
0

2m
S(n—s+ 1)”/ QU () + ¢i* PE=1(¢)|"dg
0

27
<(n—-s+1)"(n—s+2)" / QU2 () + e P2 ()| "do
0

2 ) . .
<(n—s+1)"(n—s+2)"...(n— 1)T/ |Q/(620) + empl(ew)}rda'

0
(3.1)

Integrating inequality (3.1) with respect to « over [0, 27] and using inequality
(2.3) of Lemma 2.2, we get

27 /27r
/0 0
2m

<om(n—s+ 1) (n—s+2)...(n— 1)%/0 P o, (32)

Q) (%) 4 e P () ’T dfdo

Now, from inequality (2.4) of Lemma 2.3, it easily follows that
- —1)...(n— 1 s
wk,s{ ’P(s)(eﬁ)‘ + mn(n ) (n—s+ )d’k, }

kn(l =+ 1/%,3)
; —1...(n—s+ Db s
< [@en)| - mn(n s (33
< e ) e (33
Taking A = |Q() ()|, B = | P)(e)[, C = mrn=lonmst b,

and noting that ¢ s > k* > 1,1 < s < n, so that by (3.3),
B+C<¢ps(B+C)<A—-C<A,

we get from Lemma 2.4 that

() (i _mn(nfl)...(nferl)i/Jk,s
{|Q () (14 1gs) }

—s—em{’P(s)(ew)’ N mn(n—1)...(n—s+ 1)wk75}

<

‘Q(s) (eie)’ + eia

P(s)(eie)".
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This implies for each r > 0,

2

/02"|F<9)+eiaa(9),rda< /0 o] +

P(S)(ew)HT do,  (3.4)

where

mn(n—1)...(n— s+ 1)
kn(l + ¢k,8)

F(o) = |QW(e")] -
and

mn(n—1)...(n— s+ 1)y
kn(l'i"‘/]k,S) .

G(0) = [P +

Integrating inequality (3.4) with respect to 6 on [0,27] and using inequality
(3.2), we obtain

27 27
1 / |F(0) + e G(0)| dadd
27T 0 0

1 2T 2m
wh |

2m 2w

= QL//‘Q(S)(ew)+eiaP(S)(ei9)‘rdad9
T
0 0

dadf

IA

Q(s)(em) —|—€ia P(s)(eie)

IN

27 -
(n—s—i—l)r(n—s—&—Q)’“...(n—l)rnr/o |P(619)| de.
(3.5)

Now for every real number o and t; > t5 > 1, we have
[t + ™| > |ty + e,

which implies for every r > 0,

2m ) 2m )
/ [t1 + e"*|"da > / [ta + e'*|"da.
0 0
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E£(0)

If G(0) # 0, we take t; = G ‘ and to = 1y, s, then from (3.3) and noting that
Yr,s > 1, we have t; > t9 > 1, hence

o i T _ r o M eiar o
/O |F(6) + ¢2G(6)| da—|G(9)|/0 @ |
:|G(9)|’”/0 ZEZ;'—FJ“ da

27
> |G(0)|T/O |[tn,s + €| da

— {‘P(s)(eie)‘ L ma(n - ;i(linw;j)+ 1)%,5}

27
/O |thg,s + €| da. (3.6)

For G(0) = 0, this inequality is trivially true. Using this in (3.5), it follows for
each r > 0,

/27r {|P(S)(ei9)| N mnin—1)...(n—s+ 1)7/%,3} 20
0

kn(l + wk,s)

_ T _ T _ 1\TT 2 )
< (n—s+1) (277LT s+2) T(n )™ / |P(el9)}rd9.
sr o [Vns + e da

(3.7)
Now using the fact that for every 8 with |5] < 1,
Bmnn—1)...(n— s+ 1)¢s
k(1 + g 5)
the desired result follows from (3.7).

Proof of the Theorem 1.1 Making » — oo and choosing the argument of
suitably with |8| = 1 in (1.12), Theorem 1.1 follows.

nn—1)...(n—s+ s
kn(1+¢k,s) ’

PO et) + < [POE)] + 7
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