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ABSTRACT. The purpose of the present paper is to introduce the concepts
of (c-Ro and (.-R; strong generalized topological spaces are defined by
utilizing the notions of (¢, ¢)-open sets and (¢, ¢)-closure operators. More-
over, several characterizations of (¢-Ro and {.-R; strong generalized topo-

logical spaces are investigated.
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1. INTRODUCTION

General topology plays an important role in many fields of pure and ap-
plied sciences such as data mining, computational topology for geometric de-
sign and molecular design, computer-aided design, computer-aided geometric
design, digital topology, information system, particle physics and quantum
physics etc. The theory of generalized topological spaces, which was founded
by A. Csészér [4], is one of the most important development of general topology
in recent years. In [14], the present author introduced the notion of generalized
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submaximal spaces and discussed some characterizations of generalized sub-
maximal spaces. Ekici and Roy [13] introduced the concepts of A\ -sets and
V,-sets and investigated some properties of A -sets and \/ -sets. Roy and
Ekici [19] introduced and studied the concepts of (A, u)-open sets and (A, u)-
closed sets via p-open and pu-closed sets in generalized topological spaces. The
notion of Ry topological spaces was introduced by Shanin [20] in 1943. Later,
Davis [9] rediscovered it and studied some properties of this weak separation ax-
ioms. Several topologists (e.g. [11], [18]) further investigated properties of Ry
topological spaces and many interesting results have been obtained in various
contexts. In the same paper, Davis also introduced the notion of R; topological
spaces which are independent of both T, and T} but strictly weaker than T5.
Murdeshwar and Naimpally [17] and Dube [12] studied some of the fundamen-
tal properties of the class of R; topological spaces. As natural generalizations
of the separation axioms Ry and Ry, the concepts of semi-Ry and semi-R; were
introduced and studied by Maheshwari and Prasad [15] and Dorsett [10]. The
concept of A-sets was first introduced by Maki [16]. Arenas et al. [1] intro-
duced the notion of A-closed sets in terms of the concept of A-sets and used
A-closed sets to characterize some low separation axioms. In [2], the concepts
of Ag-sets, (A, 0)-closed sets and (A, 8)-open sets were introduced by utilizing
O-open sets and -closed sets due to Velicko [21]. Caldas et al. [3] introduced
and studied two new weak separation axioms called Ag-Ry spaces and Ay-R;q
spaces by using the notions of (A, #)-open sets and (A, §)-closure operators. In
this paper, we introduce the concepts of (.-Rg and (.-R; strong generalized
topological spaces. In particular, some characterizations of (.-Rg and (.-R;
strong generalized topological spaces are discussed.

2. PRELIMINARIES

We recall some basic definitions and notations. Let X be a set and denote
P(X) the power set of X. A subset p of P(X) is said to be a generalized
topology (briefly GT) on X if ) € p and an arbitrary union of elements of u
belongs to p [5]. Let u be a GT on X, the elements of u are called p-open sets
and the complements of u-open sets are called pi-closed sets. Let M, denote
the union of all elements of p. We say p is strong [6] if M, = X. If A C X,
then i, (A) denotes the union of all y-open sets contained in A and ¢, (A4) is the
intersections of all u-closed sets containing A [7]. According to [8], for A C X
and z € X, we have z € ¢, (A) iff z € M € p implies M N A # 0.

3. (¢,$)-CLOSED SETS

In this section, we introduce the notion of (¢, )-closed sets in strong gener-
alized topological spaces and investigate some properties of (¢, ¢)-closed sets.
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Definition 3.1. Let (X, i) be a strong generalized topological space and let A
be a subset of X. A point « € X is called a g-cluster point of A if ANe,(U) # 0
for every p-open set U containing z. The set of all ¢-cluster points of A is called
the ¢-closure of A and is denoted by ¢ (A).

A subset A of a strong generalized topological space (X, p) is called ¢-closed
if A=c.(A). The complement of a ¢-closed set is called ¢-open. By cO(X, 1),
we denote the family of all ¢-open sets of a strong generalized topological space

(X, ).
Definition 3.2. Let (X, ) be a strong generalized topological space and let
A be a subset of X. The subset ((A) is defined as follows:

((A)=n{U | ACU,U €cO(X, n)}-

Lemma 3.3. For subsets A, B, C,(y € I') of a strong generalized topological
space (X, 1), the following properties hold:
(1) AC((A);
(2) G(&(A)) = (A);
(3) if A C B, then ((A) C ((B);
(4) G(N{Cy |y eT}) € N{¢(Cy) |y €T}
() G(UH{Cy |y eT}) =U{¢(Cy) |y €T}
Proof. (1) This is obvious from the definition.

(2) By (1), we have (.((.(A4)) 2 ¢ (A). Suppose that « & (.(A). Then, there
exists U € ¢O(X, ) such that A C U and = € U. Since A C ((A) C U, we
have z ¢ (;((;(A)) and hence (;(((A)) C ((A).

(3) Suppose that z & ((B). Then, there exists U € ¢O(X, ) such that
B CU and z ¢ U. Since A C B, we have = ¢ (.(A) and hence ((A4) C ((B).

(4) Suppose that z € N{((Cy) | v € T'}. Then, there exists 79 € I' such
that « & ((C5,) and there exists a ¢-open set U such that « ¢ U and C,; C U.
Since NyerCy C Cy,, we have x € ((N{Cy | v € T'}) and hence

G(N{Cy [y e} C{(Cy) [y €T}
(5) Since Cy C UyerCy, by (3), C<(C’y) c C<(U'y61“c'y) and
U’yEFC§(C’Y) C CC(U’YEFO’Y)'

Suppose that ¢ & Uyer((C,). Then, z ¢ ((C,) for each v € ' and hence there
exists U, € cO(X, p) such that C, C U, and « ¢ U, for each v € I'. Thus,
UyerCy € UqyerUy and U,erUy is a g-open set not containing z. Therefore,
x & ((UyerCy). This shows that Uyer(c(Cy) 2 ((UyerCy). O

Definition 3.4. A subset A of a strong generalized topological space (X, u) is
called a (.-set if A =((A).

Lemma 3.5. For subsets B and C(y € I') of a strong generalized topological
space (X, 1), the following properties hold:
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(1) ¢(B) is a (.-set;

(2) if B is a c-open set, then B is a (.-set;

(3) if C, is a (c-set for each v € T', then U,erCy is a (c-set;
(4) if C, is a (c-set for each v € T', then NyerCy is a (c-set.

Proof. (1) and (2) are obvious.
(3) Let C,, be a (c-set for each v € I', by Lemma 3.3(4),

UyerCy = UWEFgc(Cv) = C§(U’YEFC’Y) 2 UyerCy.

Thus, UyerCy = ((UyerC,) and hence UyerC, is a (c-set.
(4) Let C,, be a (.-set for each v € I', by Lemma 3.3(5),

NyerCy = m’yEF<<(C’y) 2 <<(m’yel“cfy) 2 NyerCy.
Thus, NyerCy = {(NyerCy). This shows that N,erC, is a (c-set. O

Definition 3.6. Let A be a subset of a strong generalized topological space
(X, ).
(i) A is called a (¢,s)-closed set if A = HNF, where H is a (.-set and
F is a ¢-closed set. The complement of a ((,¢)-closed set is called
(¢,¢)-open. The family of all (¢,¢)-open (resp. ((,¢)-closed) sets in
a strong generalized topological space (X, u) is denoted by (.O(X, )
(resp. C.C(X, 1);
(ii) A point z € X is called a ((, 5)-cluster point of A if ANU # () for every
(¢,¢)-open set U of X containing x. The set of all ((,¢)-cluster points
of A is called the ((,<)- closure of A and is denoted by ¢ )(4).

Lemma 3.7. Let A and B be subsets of a strong generalized topological space
(X, w). For the ((,<)-closure, the following properties hold:

)

) C(C,c)(A) = ﬁ{F | ACF Fe C@‘O(Xv ,u)};
3) ZfA Q B, then C(C g)(A) g C(CS)(B);
)
)

Lemma 3.8. Let A and B, (v € I") be subsets of a strong generalized topological
space (X, ). Then, the following properties hold:

(1) if A is (¢,<)-closed, then A = ((A) Nece(A);

(2) if A isg-closed, then A is ({,<)-closed;

(3) if By is ((,s)-closed for each v € T', then Nyer By is ((,<)-closed.

Proof. (1) Let A be a ({,¢)-closed set. Then, there exist a (.-set H and a ¢-
closed set F such that A= HNF. Since AC H, A C (. (A) C((H)=H, and
alsoby ACF, ACc.(A) Cc(F)=F. Now, AC((A)Nc.(A) CHNF = A.
Thus, A = ((A) Ne(A).

(2) If A is ¢-closed, then X being a (.-set, we have A = X N A.
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(3) Suppose that B, is a (¢,<)-closed set for each v € I'. Then, for each
v € T there exist a (.-set H, and a ¢-closed set F, such that B, = H, N F,.
Now, NyerBy = Nyer(Hy N Fy) = (NyerHy) N (NyerFy). By Lemma 3.5(4),
NyerH, is a (c-set and N,erFy is a ¢-closed set. This shows that N,erBy is
(¢, ¢)-closed. O

Theorem 3.9. For a subset A of a strong generalized topological space (X, ),
the following properties are equivalent:

(1) A s (¢,s)-closed;

(2) A=Unc(A), where U is a (.-set;

(3) A=((A)Ne(A).

Proof. (1) = (2): Suppose that A = U N F, where U is a (.-set and F is a
¢-closed set. Since A C F', we have ¢.(A) C Fand A= ANF 2D UnNc(A) D A.
Thus, A =U Nec(A).

(2) = (3): Suppose that A = U N¢.(A), where U is a (-set. Since A C U,
we have (((A) C ((U) = U and hence A C ((A) Nec(A) CUNe(A) = A
Therefore, A = ((A) Nc:(A).

(3) = (1): By Lemma 3.5, we have (.(A) is a (.-set. Since c.(A) is ¢-closed,
by (3), A =(.(A) Nc(A) and hence A is (¢, s)-closed. O

Definition 3.10. Let (X, 1) be a strong generalized topological space, A C X
and z € X. Then:

(i) Ceo)(A) =n{G € (¢.<)O(X,p) | AC G},

(ii) <x>c = C(C,()({x}) N C(C,c)({x})~

Lemma 3.11. Let A and B be subsets of a strong generalized topological space
(X, ). Then, the following properties hold:

(1) A C B implies C(C&) (A) - C(C,c) (B),

(2) Ceo) (G (A)) = Ge) (A).

Lemma 3.12. Let (X,u) be a strong generalized topological space and let
z,y € X. Then, y € (¢c.o)({z}) if and only if y € cc.o)({y}).

Proof. Let y & C¢.o)({z}). Then, there exists a (¢,<)-open set V' containing x
such that y ¢ V. Hence, = & c(¢ )({y}). This converse is similarly shown. [

A subset N, of a strong generalized topological space (X, u) is called a ({,¢)-
neighbourhood of a point € X if there exists a ((,¢)-open set U such that
zeUCN,

Lemma 3.13. A subset A of a strong generalized topological space (X, ) is
(¢,¢)-open if and only if it is a (,<)-neighbourhood of each point of A.

Proposition 3.14. Let (X, u) be a strong generalized topological space. Then,
the following properties hold:
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(1) Ceo(A) ={z € X | ¢c,o)({z}) N A # O} for each subset A of X;
(2) for each x € X, (¢.0)((x)c) = ((e,0)({});

(3) for each x € X, c(c.)((x)c) = c(¢,e)({2});

(4) if U is a (¢,<)-open set of X and x € U, then {x). CU;

(5)

5) if Fis a (¢,<)-closed set of X and x € F, then (x) C F.

Proof. (1) Suppose that ¢ oy({z}) N A = 0. Then, x ¢ X — ¢ )({z}) which
is a (¢, ¢)-open set containing A. Therefore, x & (¢ ¢)(A). Consequently, we
obtain (¢ )(A) € {z € X | cc,g({z}) N A # 0}. Next, let z € X such that
cc,o)({z}) N A # 0 and suppose that & (¢ ¢)(A). Then, there exists a (¢,<)-
open set U containing A and = ¢ U. Let y € ¢ ({z}) N A. Hence, U is
a (¢, ¢)-neighbourhood of y which does not contain z. By this contradiction
MRS C(C,i) (A)

(2) Let z € X, then we have {z} C co({z}) N ¢.o({r}) = (z)c. By
Lemma 3.11, (¢.o)({z}) € (¢,e)((x)c). Next, we show the opposite implica-
tion. Suppose that y & (.¢)({z}). Then, there exists a (¢,¢)-open set V/
such that x € V and y ¢ V. Since (z)c C (,o)({2}) C (e, 0)(V) =V, we
have Ci¢.o)((z)¢) € V. Since y & V,y & (¢)((x)c). Consequently, we obtain
Ce.) ((2)e) € e,y ({x}) and hence ((¢,¢)((2)<) = (e, ({7})-

(3) By the definition of (z)¢, we have {z} C (z). and c(¢ o)({x}) C cc,¢)((2)<)
by Lemma 3.7. On the other hand, we have (). C ¢ ¢)({z}) and

cc)((2)e) € c(e0)(cico ({7})) = ¢(c.0)({2}).
Thus, ¢(¢,o)({x)s) = ¢c.o)({2})-
(4) Since x € U and U is a (¢, s)-open set, (¢ o)({x}) € U. Thus, (z); CU.
(5) Since x € F and F is a ((,¢)-closed set,

() = cc.oo{z}) NCeoy({2}) Ceo{a}) C F
O

Lemma 3.15. The following statements are equivalent for any points x and y
in a strong generalized topological space (X, p):

(1) Ceoz}) # Sy}
(2) ccoy{zh) # cco{y}):
Proof. (1) = (2): Suppose that (¢ o)({7}) # (c,c)({y}). Then, there exists a

point z in X such that z € (¢ o)({z}) and z & {(¢,o)({y}) or z € (¢ c)({y}) and
z & Cic.o)({x}). We prove only the first case being the second analogous. From

z € (eo)({z}) it follows that {z}Ncie o) ({2}) # () which implies z € cco)({2})-
By z € (c.o)({y}), we have {y} Ncic.o)({z}) = 0. Since z € c(¢ ) ({z}),
cc.o{z}) Ceeo{z})

and {y} Nc,o)({z}) = 0. Therefore, it follows that ¢ o)({z}) # cc,o)({y})-
Thus, ¢i¢.o)({2}) # Cc.o)({y}) implies that c(¢.o)({}) 7 cc.o)({y})-
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(2) = (1): Suppose that co)({7}) # c(c.)({y}). Then, there exists a point
z in X such that z € cco)({z}) and 2 & ¢ o)({y}) or z € ¢¢c.oy({y}) and
z & cc.o)({z}). We prove only the first case being the second analogous. It
follows that there exists a ({,¢)-open set containing z and therefore = but not

y, namely, y & ((¢.o)({z}) and thus (¢ o ({z}) # (e ({¥})- O

4. (-Ry STRONG GENERALIZED TOPOLOGICAL SPACES

We begin this section by introducing the concept of (.-Ry strong generalized
topological spaces.

Definition 4.1. A strong generalized topological space (X, ) is called a {.-Ro
space if, for each (¢, )-open set U and each x € U, ¢ o)({z}) C U.

Proposition 4.2. For a strong generalized topological space (X, ), the follow-
ing properties are equivalent:
(1) (X, p) is a G-Ro space;
(2) for any F € (¢,5)C(X,u), x & F implies F C U and x ¢ U for some
U € (¢,9)0(X, p);
(3) for any F € (,)C(X, ), @ ¢ P implies F (e ({a}) = 0;
(4) for any distinct point x and y of X, either cc.oy({7}) = c¢c,o)({y}) or
ce.o({z}h) Neeo({y}) = 0.

Proof. (1) = (2): Let F € ((,5)C(X,u) and let x € F. By (1),
c(c’q)({x}) CX-F.

Put U = X — ¢¢.o)({z}), then U € ((,<)O(X,pu), F CU and z ¢ U.

(2) = (3): Let F € (¢,5)C(X, ) and z ¢ F. There exists U € (¢,5)O(X, )
such that F C U and 2 ¢ U. Since U € ((,<)O(X, i), U Ne¢eo)({x}) =0 and
Fn C(C,g)({x}) = (.

(3) = (4): Suppose that c(c oy({z}) # ¢(c,c)({y}) for distinct points z,y € X.
There exists z € c(¢o)({z}) such that z & ¢ o)({y}) (or z € ¢(c)({y}) such
that z & cc.o)({w})). There exists V € (¢,5)O(X, u) such that y ¢ V and

z € V;hence x € V. Thus, z & cico)({y}), by (3), cc.oy({z}) Nee,o({y}) = 0.
The proof for the other case is similarly.

(4) = (1): Let V € ((,5)O(X, ) and let x € V. For each y ¢ V,z # y and
z & ¢c.o)({y}). Then, cc.o)({2}) # cc.o)({y}), by (4),
e ({ah) Neeo () =0

for each y € X —V and hence ¢ o)({z}) N (Uyex—veeo)({y})) = 0. On the
other hand, since V' € ((,)O(X,p) and y € X — V', we have

ceo{yh) X -V

and hence X —V = Uyex_veceo)({y}). Thus, (X — V) Neeo)({2}) = 0 and
c¢,s)({x}) € V. This shows that (X, u) is a (-Ro space. O
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Corollary 4.3. A strong generalized topological space (X, ) is (-Rg if and
only if, for any x and y in X, cc.o)({z}) # cc.o)({y}) implies

C(g&)({x}) N C(C&)({y}) =.

Proof. This is an immediate consequence of Lemma 3.7. (I

Proposition 4.4. A strong generalized topological space (X, p) is (,-Ro if and
only if, for any x and y in X, (¢c.o({z}) # Cic.)({y}) implies

Gy ({zh) N {y}) = 0.

Proof. Suppose that (X, i) is {.-Ro space. Thus by Lemma 3.15, for any points

z and y in X if (¢ ({2}) # (o) ({y}), then o) ({x}) # c¢.o)({y})- Now,
we prove that {¢.o)({z}) N (co)({y}) = 0. Assume that

z € (o ({z}) N ({yh)-

By z € (¢,o)({z}), it follows that = € ¢ )({z}). Since x € ¢ )({x}), by
Corollary 4.3, c(¢,o)({z}) = c(c,o)({2}). Similarly, we have

cco{y}) = cco{z}) = cc.o({z})-

This is a contradiction. Therefore, we have (¢ o) ({x}) N ¢c.o)({y}) = 0.
Conversely, let (X, 1) be a generalized topological space such that for any

points z and y in X, ((¢.o)({2}) # (. ({y}) implies
Ceo{z) Ny} =0.

If ccoy({z}) # cco{y}), then by Lemma 3.15, (co({z}) # (o({y})
Therefore, ((¢,c)({z})N¢(¢.c)({y}) = 0 which implies ¢ o) {y})Ne(e.o ({y}) = 0.
Because z € ¢()({x}) implies that = € (¢ ({z}) by Proposition 3.14 and

therefore (¢ o)({x}) N {c,c)({z}) # 0. By the hypothesis, we have

e ({2h) = Ceo({2)-
Then, z € ¢ o)({z}) Nee.o)({y}) would imply that

ceo{r}) = cco({2}) = cc.o)({y})

This is a contradiction. Thus, ¢ o)({z}) Neco)({y}) = 0, by Corollary 4.3,
(X, p) is a (R space. O

Proposition 4.5. For a strong generalized topological space (X, ), the follow-
ing properties are equivalent:

(1) (X, p) is a (-Ro space;

(2) for any nonempty set A and G € ((,s)O(X, u) such that AN G # 0,

there exists F' € (¢,5)C(X, ) such that ANF # 0 and F C G;

(3) for any G € ((,<)O(X), G =U{F € ((,q)C(X,pu) | F € G};

(4) for any F € (¢, )C(X, 1), F = 0{G € ((,)O(X, ) | F C G}

(5) for any x € X, c(c.o)({2}) C (¢, ({})-
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Proof. (1) = (2): Let A be a nonempty subset of X and let G € (¢,5)O(X, p)
such that AN G # 0. There exists x € ANG. Since z € G € ((,¢)0(X, u),
ceo{z}) € G. Put F = cicoy({z}), then F € (()C(X,p), F C G and
ANE #0.

(2) = (3): Let G € (¢,6)O0(X, p), then G D U{F € (¢,s)C(X,pn) | F C G}.
Let x be any point of G. There exists F' € ({,<)C(X, u) such that z € F' and
F C G. Therefore, we have z € F C U{F € (¢,s)C(X,p) | F C G} and hence
G = U{F € (¢.)C(X,p) | F C G},

(3) = (4): The proof is obvious.

(4) = (5): Let x be any point of X and let y & (¢ o)({z}). Then, there
exists V' € (¢,<)O(X, ) such that € V and y € V; hence ¢¢ o) ({y}) NV = 0.
By (4), we have (N{G € (¢,5)O(X, ) | ccc)({y}) € G}) NV = 0 and there
exists G € ((,5)O(X,p) such that ¢ G and ¢ ({y}) € G. Therefore,
ceo){x}) NG =0 and y & cc o) ({r}). Consequently, we obtain

cie,o)({7}) € e ({2})-

(5) = (1): Let G € (¢,<)O(X, ) and let z € G. Let y € (¢,o)({}), then
T € ¢¢o)({y}) and y € G. This implies that (¢ )({z}) € G. Therefore, we
obtain z € c¢o)({7}) € {¢,o)({w}) € G. This shows that (X, u) is a (-Ro
space. O

Corollary 4.6. For a strong generalized topological space (X, i), the following
properties are equivalent:

(1) (X, 1) is a ¢,-Ro space;

(2) ccoz}) =Ceoz}) forallz e X.

Proof. (1) = (2): Suppose that (X,p) is a (.-Rp space. By Proposition
4.5, ceo){z}) € (eo{x}) for each z € X. Let y € (i o({z}), then

o) ({2h) Neeo{y}) # 0. By Corollary 4.3, c(¢.o)({2}) = .o ({y}). Thus,
Y € cco)({z}) and hence (¢ o)({x}) € ¢ o)({z}). This shows that

oo {z}) = o ({z})-
(2) = (1): By Proposition 4.5. O

Corollary 4.7. Let (X,u) be a strong (.-Rqy generalized topological space and
let v € X. If (x) = {x}, then c o)({z}) = {=}.

Proof. This is a consequence of Corollary 4.6. O

Proposition 4.8. For a strong generalized topological space (X, ), the follow-
ing properties are equivalent:

(1) (X,p1) s a G-Ro space;
(2) @ € cie.o({y}) if and only if y € c(c.o)({}):
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Proof. (1) = (2): Suppose that (X, u) is a (-Ro space. Let x € c¢co)({y})
and let U be any ((,¢)-open set such that y € U. Hence, () ({y}) € U.
Since z € ¢(¢,o)({y}) and (X, ) is {-Ro, by Corollary 4.3, z € (¢ y({y}) C U.
Therefore, every (¢,s)-open set containing y contains x. Thus, y € ¢(¢.)({z}).

(2) = (1): Let U be a (¢,s)-open set and let x € U. If y € U, then
v & co)({y}) and hence y & c(c o)({z}). This implies that ¢ ) ({x}) C U.
Hence, (X, 1) is a {~-Ry space. O

Proposition 4.9. For a strong generalized topological space (X, 1), the follow-
ing properties are equivalent:

(1) (X.p) s a G-Ro space;

(2) (z)e = cc,)({z}) for each x € X;
(3) ()¢ is (¢,¢)-closed for each x € X.

Proof. (1) = (2): By Corollary 4.7, c(c.o)({z}) = ((¢,c)({z}) for each z € X.

Thus, c(¢o)({z}) = cc.o({2}) N0 ({2}) = (@)

(2) = (1): Since (z)s = ¢(¢,)({2}) for each z € X, ¢(¢ o) ({x}) € {(¢.)({2}),
by Proposition 4.5, (X, u) is {-Ro.

(2) < (3): This is a consequence of Proposition 3.14. O

5. Q}—Rl STRONG GENERALIZED TOPOLOGICAL SPACES

In this section, we introduce the concept of (.-R; strong generalized topo-
logical spaces. Moreover, some characterizations of (.-R; strong generalized
topological spaces are discussed.

Definition 5.1. A strong generalized topological space (X, ) is said to be a
C-Ry space if, for any points z,y in X with (¢ o)({x}) # ¢(¢c,c)({y}), there exist
disjoint (¢, <)-open sets U and V' such that c(c o) ({z}) € U and ¢¢ o) ({y}) C V.

Proposition 5.2. If a strong generalized topological space (X, i) is (.-Ry, then
(Xv /’6) is C§'R0'

Proof. Let U be a ((,p)-open set and let « € U. If y ¢ U, then since
& cieo({y}), ccoo{r}) # cc.o)({y}) and there exists a (¢, <)-open set V,
such that ¢ o({y}) €V, and = ¢ V,, which implies y & c(¢.)({z}). Thus,
c¢,o)({z}) € U. Hence, (X, 1) is (c-Ro. O

Theorem 5.3. For a strong generalized topological space (X, 1), the following
properties are equivalent:
(1) (X,p) is a ¢-Ry space;
(2) for each z,y € X one of the following hold:
(i) for any (¢,<)-open set U, x € U if and only if y € U,
(ii) there exist disjoint (¢,<)-open sets U and V' such that x € U and
yevV;
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(3) for each x,y € X such that cc o)({x}) # cc.)({y}), there exist (¢,<)-
closed sets Fy and Fy such that v € Fp,y & Fp,y € Fy,x &€ Fy and
X =F,UF,.

Proof. (1) = (2): Let z,y € X. Then, (i) c¢o({z}) = cc,o)({y}) or (ii)
e (2] # o) T eeoe) = ceo({y}) and U is any (¢,s)-open
set, by Proposition 5.2, x € U implies y € ¢ )({z}) € U and also y € U
implies « € cico)({y}) € U. If ¢co)({x}) # cc)({y}), then by (1) there
exist disjoint (C,¢)-open sets U and V such that x € ¢ ({z}) € U and

yeceo{yh) cV.
(2) = (3): Let x,y € X such that ¢ o)({x}) # c(c.o)({y}). Then, we have

r & co{y}) or y € cco)({z}), say = & cic.o)({y}). Then, there exists a
(¢,¢)-open set G such that x € G and y ¢ G. This shows that (ii) holds.
There exist disjoint (¢,<)-open sets U and V such that z € U and y € V. Put
F,=X—-Vand F, = X —U. Then, F, and F), are (¢, s)-closed sets such that
reF,ygdFrye Fy,x ¢ Fyand X = F, UF,.

(3) = (1): First, we shall show that (X, u) is a (.-Ry space. Let U be a
(¢,s)-open set and let 2 € U. Suppose that y ¢ U. Then, c.o({y}) NU =0
and hence c(¢ o)({2}) # ¢(¢c,o)({y}) since x € U. By (3), there exist (¢, )-closed
sets F, and Fy such that x € Fy,y € Fp,y € Fy,x € Fy and X = F, U F),.
Then, y € X — F,,x ¢ X — F, and X — F, is ((,<)-open. Therefore, we have
Y & cc,c)({z}) and hence c(¢)({z}) € U. This shows that (X, u) is a (-Ro
space. Next, we show that (X, u) is a (-R; space. Let z,y € X such that
cie,o)({z}) # cie.oy({y}). There exist (¢,<)-closed sets F, and F, such that
v € Fpy ¢ Fpye Fy,o € Fyand X = F, UF,. Now, put U = X — F,
and V=X — F,. Then, z € U,y € V and U,V are disjoint ({,¢)-open sets.
Moreover, we have c¢ o)({x}) € U and c(¢ )({y}) € V since (X, i) is a (-Ro
space. Thus, (X, u) is a (-R; space. O

Definition 5.4. A strong generalized topological space (X, p) is said to be:

(i) ¢-Tp if for any distinct pair of points 2 and y in X, there exists a
(¢, ¢)-open set containing one of the points but not the other;
(ii) {-Ty if for any distinct pair of points  and y in X, there exist ({,¢)-
open sets U and V of X suchthat x e U, y g U andyeV,xz ¢ V;
(iii) (-T» if for any distinct pair of points x and y in X, there exist ((,¢)-
open sets U and V of X suchthat z e U,y € Vand UNV = (.

Proposition 5.5. Let (X, u) be a (-T1 strong generalized topological space.
Then, the following properties are equivalent:

(1) (Xa :u) is a CC_Tl space;
(2) for any point x € X, {x} is (¢,s)-closed;
(3) (X, p) is a (c-Ro and (-Tp space.
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Proof. (1) = (2): Let = be any point of X. Let y € X such that y # «.
There exists a (¢,¢)-open set U such that y € U and = ¢ U. This shows
that y & c(c,c)({x}). Therefore, we have ¢ ¢)({z}) = {z} and hence {z} is
(¢, ¢)-closed.

(2) = (3): The proof is obvious.

(3) = (1): Let x and y be any distinct points of X. Since (X, p) is a (-Tp
space, there exists a ((,¢)-open set U such that either z € U and y ¢ U or
r¢gUandyecU. Incasex € U and y € U, we have z € ¢ ({z}) C U
and hence y € X —U C X — ¢(¢co)({z}). Since the proof of the other is quite
similar, (X, p) is a (-1} space. |

Theorem 5.6. For a strong generalized topological space (X, u), the following
properties are equivalent:

(1) (X7 M) is a C{'T2 space;
(2) (X, 1) is a Co-Ry and (T} space;
(3) (X, ) is a (-Ry and (-Ty space.

Proof. (1) = (2): Since (X, p) is a (-T» space, (X, p) is (-T1. Let z and y
be points of X such that c( o({x}) # ¢(c,c)({y}). Then, by Proposition 5.5,
{z} = cc.o)({x}) # cic.o)({y}) = {y} and there exist disjoint (¢, <)-open sets U
and V such that ¢ o)({z}) = {z} C U and ¢ )({y}) = {y} € V. This shows
that (X, ) is a {-R;y space.

(2) = (3): The proof is obvious.

(3) = (1): Let (X, pu) be a (-R; and (-Tj space. By Proposition 5.2 and
5.5, (X, ) is a (-1} space and every singleton is ((,<)-closed. Let x and y be
distinct points of X. Then, c.o({z}) = {z} # {y} = c,o)({y}) and there
exist disjoint (¢, ¢)-open sets U and V such that x € U and y € V. This shows
that (X, p) is a (-T» space. O

ACKNOWLEDGMENTS

This research was financially supported by the Faculty of Science, Ma-
hasarakham University.

REFERENCES

1. F. G. Arenas, J. Dontchev, M. Ganster, On A-sets and Daul of Generalized Continuity,
Questions and Answers in General Topology, 15, (1997), 3-13.

2. M. Caldas, D. N. Georgiou, T. Niori, On (A, #)-closed Sets, Questions and Answers in
General Topology, 23, (2005), 69-87.

3. M. Caldas, S. Jafari, T. Noiri, Characterizations of Ag-Rp and Ag-R1 Topological Spaces,
Acta Mathematica Hungarica, 103, (2004), 85-95.

4. A. Csészar, Generalized Open Sets, Acta Mathematica Hungarica, T5, (1997), 65-87.

5. A. Csaszéar, Generalized Topology, Generalized Continuity, Acta Mathematica Hungarica,
96, (2002), 351-357.



10.

11.
12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

Cs-Ro and (c-R; Strong Generalized Topological Spaces 123

A. Csészar, Extremally Disconnected Generalized Topologies, Annales Universitatis
Scientiarium Budapestinensis de Rolando Eétvés Nominatae Sectio Mathematica, 47,
(2004), 91-96.

. A. Csészar, Generalized Open Sets in Generalized Topologies, Acta Mathematica Hun-

garica, 106, (2005), 53-66.

. A. Csaszér, Modification of Generalized Topologies via Hereditary Classes, Acta Mathe-

matica Hungarica, 115, (2007), 29-36.

. A. S. Davis, Indexed Systems of Neighborhoods for General Topological Spaces, Journal

of the American Mathematical Society, 68, (1961), 886-893.

C. Dorsett, Semi-T2, Semi-R; and Semi-Ry Topological Spaces, Annales de la Société
Scientifique de Bruzelles, 92, (1978), 143-150.

K. K. Dube, A Note on Ry Topological Spaces, Matematicki Vesnik, 11, (1974), 203—208.
K. K. Dube, A Note on R; Topological Spaces, Periodica Mathematica Hungarica, 13,
(1982), 267-271.

E. Ekici, B. Roy, New Generalized Topologies on Generalized Topological Spaces Due to
Csészar, Acta Mathematica Hungarica, 132(1-2), (2011), 117-124.

E. Ekici, Generalized Submaximal Spaces, Acta Mathematica Hungarica, 134(1-2),
(2012), 132-138.

S. N. Maheshwari, R. Prasad, On (Rp)s-spaces, Portugaliae Mathematica, 34, (1975),
213-217.

H. Maki, Generalized A-sets and the Associated Closure Operator, Special Issue in Com-
memoration of Prof. Kazusada IKEDA’s Retirement, (1986), 139-146.

M. G. Murdeshwar, S. A. Naimpally, R;-topological Spaces, Canadian Mathematical
Bulletin, 9, (1966), 521-523.

S. A. Naimpally, On Rp-topological Spaces, Annales Universitatis Scientiarium Bu-
dapestinensis de Rolando Eétvés Nominatae Sectio Mathematica, 10, (1967), 53-54.

B. Roy, E. Ekici, On (A, p)-closed Sets in Generalized Topological Spaces, Methods of
Functional Analysis and Topology, 17(2), (2011), 174-179.

N. A. Shanin, On Separation in Topological Spaces, Doklady Akademii Nauk SSSR, 38,
(1943), 110-113.

N. V. Velicko, H-closed Topological Spaces, American Mathematical Society Transla-
tions: Series 2, 78, (1968), 102-118.



