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ABSTRACT. The sum of distances between all the pairs of vertices in
a connected graph is known as the Wiener index of the graph. In this
paper, we obtain the Wiener index of edge complements of stars, complete

subgraphs and cycles in Ky, .
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1. INTRODUCTION

Let G = (V, E) be a simple connected undirected graph with vertex set V(Q)
and edge set E(G). Given two distinct vertices u, v of G, let d(u,v) denote the
distance between u and v, is the number of edges on a shortest path between
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u and v. The Wiener index, W(G) is a well known distance based topological
index introduced as a structural discriptor for acyclic organic molecules [5]. In
1947 Harold Wiener defined W (G) as the sum of the distances between all the
pairs of vertices of G[4]. That is,

W(G) = d(u,v),

u<v

equivalently, W(G) of a graph G is defined as the half of the sum of the dis-
tances between every pair of vertices of G. That is,

W(G):% > d(u,v), (1.1)

u,veV(QG)
where the summation extends over all possible pairs of distinct vertices v and

v in V(Q).

For more details on W(G), see [1, 3, 5, 6, 8, 9, 10, 11, 12, 13, 14] and the
references cited therein.

Since calculation of W(G) of a graph G can be computationally expensive,
in this paper we provide the formulae to find W(G) of some class of graphs,
which are obtained by deleting the edges of a complete graph K,,.

Two subgraphs G and G5 of a graph G are said to be independent, if V1 (| Va
is an empty set. where V(G) is the vertex set of G.

Let G be a graph and H be a subgraph of G. The edge complement of H in
G is the subgraph of G obtained by deleting all the edges of H from G.

For terminology not given here, we follow [7].

2. EXISTING RESULTS

Here we present some existing results, which are the motivation for the main
reults of this paper.

Theorem 2.1. [2] Let G be a connected graph with n vertices having a clique
K, of order r. Let G(n,r) be the graph obtained from G by removing the edges
of K., 0<r<n-—1. Then

W(G(n,r)) > =[n(n —1) +r(r — 1)] (2.1)

DO =
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The equality holds if and only if G = K,,, a complete graph on n vertices.

Theorem 2.2. [2] Let (K,);,i = 1,2,--- ,k be the independent complete sub-
graphs on r vertices of K,,. Let G(n,r, k) be the graph obtained from complete
graph K, by removing the edges of (K,)i,i = 1,2,---,k,1 < k <[] and
0<r<n-—1, then

W(G(n,r,k) = 5ln(n — 1) + kr(r — 1) (2.2)

Theorem 2.3. [2] Let e;,i = 1,2,--- ,k,0 < k < n — 2 be the edges of a
complete graph K, incident to a vertex v of K,. Let K,(k) be the graph
obtained from complete graph K, by removing the edges e;,i = 1,2,--- |k, then

W (K (k) = (Z) +k (2.3)

In the sequel of this paper, we generalize the above results and in continua-
tion, we extend the result for the edge complements of cycles in K,.

3. MAIN RESULTS

Theorem 3.1. Let (K1 ,,-1)i,t = 1,2,...,k be the k independent star sub-
graphs of order m of a complete graph K, . G(n,m,k) be the graph obtained
by deleting the edges of these k independent star subgraphs (Kim—1)i,i =
1,2,...,k from K,. Then for mk <mn,

W (G, m, k) = %n(n 1)+ k(m— 1) (3.1)

Proof. Let K, be the complete graph on n vertices and let K ,,,—1 be the star
subgraph on m vertices of K,,. Let vy,vs,...,v, be the vertices of first copy
of Kim—1, Um + 1,0, +2,..., v, be the vertices of second copy of Ki 1,
and so on. Let v(ymr—1) + 1, V(mr—1) +2; ..., Umk are the vertices of k" copy of
K1 m—1. And the remaining vertices of K, are vpp + 1, Ui +2,...,vp.

If the edges of any star subgraph K ,,_; are deleted from K, then in the
resulting subgraph,
there is 1 vertex, which is at a distance 2 with m — 1 vertices and at a distance
1 with n — m vertices.

There are m — 1 vertices, which are at a distance 2 with 1 vertex and at a
distance 1 with n — 2 vertices.

And each of the remaining n — m vertices are at a distance 1 with n — 1 ver-
tices.

Since in G(n,m,k), the edges of k copies of independent star subgraphs
(K1,m-1)i,4=1,2,...,k are removed from K,, hence in G(n, m, k), there are,
k vertices, vy, + 1,1 =0,1,2,...,k — 1 are at a distance 2 with m — 1 vertices
and at a distance 1 with n — m vertices.
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Each of the vertices vy, + 2 to vy, +m,i =0,1,2,...,k — 1, are at a distance
2 with 1 vertex and at a distance 1 with n — 2 vertices.

And each of the remaining n — mk vertices are at a distance 1 with each of the
n — 1 vertices.

Therefore, using the formula (1.1), we have,

%[k((m = 1)(2) + (n = m)(1) + (m = 1)(2) + (m — 1)(n — 2))

+ (n —mk)(n —1)]

W(G(n,m,k))

1
= §[n2 —n+ 2mk — 2k

= %n(nf D+ k(m—1)

Remark 3.2. For k =1 eqn.(3.1) reduces to eqn.(2.3).

Theorem 3.3. Let Ky py—1,K1my—1,---,K1,m,—1 be the k independent star
subgraphs of order my,mo, ..., my respectively, of a complete graph K, .
G(n,my, ma,...,my) be the graph obtained from K, by deleting the edges of at-
most one copy of each of the independent stars K1 m, -1, Ki ms—1,- s K1 mp—1-
Then for Zle m; < n,

k

1
W(G(n,mi,ms,...,my)) = in(nfl)+2mi7k‘ (3.2)
i=1
Proof. Let v1,va,...,0m,, be the vertices of Ky pyy—1, Uy +1,0m, +2,...,0pm,
be the vertices of K1 ,,-1, and 80 on vy, )+ 1,9(m,_,) +2,...,Um, be the
vertices of K1, ,. The remaining vertices of K,, are vy,, +1,vm, +2,...,0p.

Let G(n,my, ma,...,my) be the graph obtained by deleting the edges of inde-
pendent star subgraphs Ky m,,—1,7 =1,2,...,k from K,.
In G(n,my, ma,...,mg),

Corresponding to the vertices of K, from which the edges of the star K ,,,, 1
are deleted:

Vertex v is at a distance 2 with mj —1 vertices and at a distance 1 with n—m;
vertices. ve to v,,, are at a distance 2 with 1 vertex and at a distance 1 with
n — 2 vertices.

Corresponding to the vertices of K,, from which the edges of the star Ky ,,,—1
are deleted:

Vertex vy, +1 is at a distance 2 with mgy — 1 vertices and at a distance 1 with
n — my vertices. v, + 2 to v, are at a distance 2 with 1 vertex and at a
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distance 1 with n — 2 vertices. And so on.

Corresponding to the vertices of K,, from which the edges of the star K ,,, 1
are deleted:

Vertex v, _,+1 is at a distance 2 with my — 1 vertices and at a distance 1 with
n — my vertices. Upm, ,+2 t0 v, are at a distance 2 with 1 vertex and at a
distance 1 with n — 2 vertices.

And each of the remaining vertices n — Zle m; to v, are at a distance 1
with n — 1 vertices.

Therefore, using the formula (1.1), we have,

W[G(n,mi,ma,...my)| = %[(ml —1)(2)+ (n—m1)(1)

)
+ (m1 = D[(1)(2) + (n - 2)(1)]
+ (m2 —1)(2) + (n —m2)(1)
+ (m2 = D[(1)(2) + (n - 2)(1)]
+ o+ (m — 1)(2) + (n—myg) (1)
+ (mi — D[(1)(2) + (n = 2)(1)]
k
+(n= mi)(n—1)
i=1

= %[(mln—&—ml —2) + (man + my — 2)
k
_|_..._|_(mkn—|—mk—2)—|—(n—1)(n_zmi)]

1 k
5[2277% — 2k +n(n—1)]

i=1

k
1
zin(n—l)—&-;mi—k
]

Remark 3.4. For my = mg = --- = my, = m, eqn.(3.2) reduces to eqn.(3.1).

Corollary 3.5. Let G(n,(my,l1), (ma,l2),...,(mg, 1)) be the graph obtained
from K, by deleting the edges of independent stars Ky pm,—1 (1 copies) K1 m,—1
(2 copies), ..., K1 m,—1 (Ix copies). Then for Zle m;l; <n,

k k
WG, (ma, 1), (ma, 1), ..., (m, )] = %n(n DI SURCE)
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Proof. If the edges of l; copies of the star K ,,,—1, l2 copies of the star
Kimy—1,.-., U copies of the star K ,,,—1, are deleted from K, then in
G(’I’L, (ml, ll), (77127 ZQ), ey (’ITL]C7 Zk)),

for each of the I; copies of the edge deleted stars K ,,,—1, there is 1 vertex
which is, at a distance 2 with mq — 1 vertices and at a distance 1 with n — m;y
vertices. And there are mq — 1 vertices which are, at a distance 2 with 1 vertex
and at a distance 1 with n — 2 vertices.

For each of the Iy copies of the edge deleted stars K ,,,—1, there is 1 vertex
(say vm,+1), is at a distance 2 with mo — 1 vertices and at a distance 1 with
n — mg vertices. And there are my — 1 vertices (say vUm, 42 t0 vn,,) are at a
distance 2 with 1 vertex and at a distance 1 with n — 2 vertices.
and so on.

For each of the [}, copies of the edge deleted stars K ,,,, —1, there is 1 vertex
(say vm,_,+1) is at a distance 2 with my — 1 vertices and at a distance 1 with
n —my vertices, and there are v,,, —1 vertices are at a distance 2 with 1 vertex
and at a distance 1 with n — 2 vertices.

And each of the remaining vertices n — Zle m; to v, are at a distance 1
with n — 1 vertices.

Therefore, using the formula (1.1), we have,

W[G(n,mi,ma,...my)] = %{ll[(ml —1)(2) + (n—m1)(1)
+m = 1) (D) + (- 2)(1)]
D [(ms —1)(2) + (1~ ma)(1)
( ma — D[(1)(2) + (n — 2)(1)]]
o b [(mu = 1)(2) 4 (n — my)(1)
+ (mk = DI1)(2) + (n = 2)(1)]]

k
+(n =Y m)(n—1)}
i=1

[11(m1n+m1 — 2) +lz(m2’n+m2 — 2) +...

DO =

k
+ le(myn +my, —2) + (n — 1) (n — Zmiz»]

1 k k
= 571(”— 1) —I—Zmlll — le
1=1 =1
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Theorem 3.6. Let K, ,K,,,..., K, be the complete subgraphs of order
T1,T2,...,7, respectively, of a complete graph K,,. G(n,ri,ra,...,7x) be the
graph obtained from K, by deleting the edges of atmost one copy of each of the
independent complete subgraphs K, , Ky,,..., K., . Then for Zle ri <n,

k
1
W(G(n,ri,re,...,1%)) = 3 [n(n—1)+ er - ZTJ (3.4)
i=1 i=1
Proof. Let vy,ve,...,vy, be the vertices of K, , vy, + L,vm, + 2,...,0m,
be the vertices of K.,, and so on. v, )+ L,vm,_,) +2,...,0m, be the
vertices of K,,. The remaining vertices of K, are vy,, +1,vm, +2,...,v,. Let

G(n,r1,r2,...,7) be the graph obtained by deleting the edges of independent
complete subgraphs K, , K,,,..., K, from K,.

In G(n,r1,7r9,...,7k),

There are r; vertices each of which are at a distance 2 with each of the r; — 1
vertices and at a distance 1 with n — r{ vertices.

There are r vertices each of which are at a distance 2 with each of the ro — 1
vertices and at a distance 1 with n — ry vertices, and so on.

There are r;, vertices each of which are at a distance 2 with each of the r; — 1
vertices and at a distance 1 with n — r, vertices.

And the remaining n — Zle r; vertices are at a distance 1 with each of the
n — 1 vertices.

Therefore, using the formula (1.1), we have,
1
W(G(n,r1,re,...1%)) = B [r1(r1 — 1)(2) + (n — r1)(1)]

+72((r2 = 1)(2) + (n —r2)(1)]
o[ = 1D(©2) + (n— 1) (1)]

k
+ (n— Zri)(n —1)(1)]

i=1
1 k
= 5[n(n -1+ ZT? — Zri]
i=1 i=1
]
Remark 3.7. For ry =1y = ..., = r, eqn.(3.4) reduces to eqn. (2.2).

Corollary 3.8. Let G(n, (r1,11), (r2,12), ..., (&, lx)) be the graph obtained from
K, by deleting the edges of independent complete subgraphs K, (I1 copies), K,
(ly copies), ..., Ky, (I copies). Then for Zle m;l; < n,
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K k
W[G(n, (r1, 1), (ra,l2), ..., (ri, )] = %[n(n -1+ Zlﬂ"f - Zlm] (3.5)
i=1 i=1

Proof. If the edges of independent complete subgraphs K, (I; copies),K,, (I
copies), ..., K, (I copies) are deleted from K.

Then in G(n, (7"1,[1), (7“2, l2),..., (7";9, lk)>7

for each of the I; copies of the edge deleted complete subgraphs K,,, there
are r; vertices each of which are at a distance 2 with each of the r; — 1 vertices
and at a distance 1 with n — r{ vertices.

For each of the ls copies of the edge deleted complete subgraphs K,,, there
are r9 vertices each of which are at a distance 2 with each of the ro — 1 vertices
and at a distance 1 with n — ry vertices, and so on.

For each of the [;, copies of the edge deleted complete subgraphs K, , there
are 1y, vertices each of which are at a distance 2 with each of the r, — 1 vertices
and at a distance 1 with n — rj vertices.

And the remaining n — Zle r; vertices are at a distance 1 with each of the
n — 1 vertices.

Therefore, using the formula (1.1), we have,

WI[G(n, (r1, 1), (r2, 1), ..., (1, k)] = %{ll(m[(ﬁ —1)(2) + (n—r1)(1)])
+ la{ra2[(r2 = 1)(2) + (n — r2)(1)]}

B T +

+ frl(r = 1) + (= ro) (1))}
k

(=3 ) =10}

[llrl(n + T — 2) + ZQTQ(’H + r9 — 2)

N

+-o 4 lrg(n+rg —2)

k
+(n—1)(n— sz)}

k k

. %{n(n )+ - ; Liri}

i=1
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Theorem 3.9. Let K,, be a complete graph of order n. Let C}, be a cycle sub-
graph on p vertices of K,,. G(n,p) be the graph obtained from K, by deleting
the edges of C,. Then for p < n,

W(G(n,p)) = %n(n 1) 4p (3.6)

Proof. In G(n,p), each of the vertex of C}, in G(n,p) is at a distance 2 with
2 vertices and at a distance 1 with n — 3 vertices. And each of the remaining
n — p vertex is at a distance 1 with n — 1 vertices.

Therefore, using the formula 1.1, we have,

W(G(n,p)) = %[p((2)(2) +(n=3)(1))) + (n—p)(n—1)]

1
:§n(n71)+p

4. DISCUSSION

By means of above results, we have generalized some of the results obtained
in [2], for the Wiener indices.The results obtained in [2] can be obtained by our
results as special cases.
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