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Abstract. In this paper, we consider the Riemannian curvature of one
of the most important metric in Finsler geometry called general (α, β)-
metrics, where α is a Riemannian metric and β is 1-form. We give a com-
plete classification of the metrics to be R-quadratic and Ricci-quadratic.
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1. Introduction

Finsler spaces are a natural generation of Riemannian spaces. Let (M,F =√
gij(x, y)yiyj) be an n-dimensional Finsler space. A spray G = yi

∂

∂xi
−

2Gi ∂

∂yi
is a vector field induced by F as follows

Gi :=
gim

4

(
[F 2]xjymyj − [F 2]xm

)
,
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where gim = (gim)−1 and Gi = Gi(x, y) are called the spray coefficients of F .
For example, the spray coefficients of a Riemannian metric are given by

Gi =
1

2
Γi
mn(x)y

myn,

where the functions Γi
mn(x) are called the Christoffel symbols. Therefore the

spray coefficients of a Riemannian metric are quadratic in y ∈ TxM at every
point x ∈ M . Finsler metrics with this property form a special category in
Finsler geometry called Berwald metrics. One can easily see this quadratic
property in the Riemann curvature of a Riemannian metric. The Riemann
curvature Ry = Ri

k
∂

∂xi ⊗ dxk of a Finsler metric is defined by

Ri
k = 2

∂Gi

∂xk
− ∂2Gi

∂xj∂yk
yj + 2Gj ∂2Gi

∂yj∂yk
− ∂Gi

∂yj
∂Gj

∂yk
. (1.1)

F is R-quadratic if its Riemann curvature [7, 16]

Ri
k = R i

m kn(x)y
myn. (1.2)

Note that there are R-quadratic non Berwald Finsler metrics. For example the
following Finsler metric

F =
(
√
|y|2 − (|x|2|y|2− < x, y >2)+ < x, y >)2

(1− |x|2)2
√

|y|2 − (|x|2|y|2− < x, y >2)

is R-flat i.e. Ri
k = 0. Then F is R-quadratic metric but it is not a Berwald

metric.
Since all Finsler metrics generally are not R-quadratic, therefore the study

of the property in Finsler spaces has attracted the attention of many Fins-
lerian authors. In [3], Li-Shen obtained equations that characterize Randers
spaces with this property and concluded that the S-curvature must be con-
stant under these conditions. S. Bacso and B. Rezaei proved that any Einstein
Finsler metric with two special conditions, R-quadratic and non Ricci flat, is
a Riemannian metric [1]. Rezaei-Gabrani and Sadeghzadeh studied spherically
symmetric Finsler metrics of quadratic curvatures [6, 4]. Our goal in this paper
is to investigate this important property for a wide range of Finsler metrics.

In Finsler geometry, several classes of metrics have been introduced, such
as: (α, β)-metrics, m-th root Finsler metrics, spherically symmetric Finsler
metrics, etc (see [4, 5, 8]). Most of them contain or have a special relationship
with the previous one. In [11], Yu-Zhu introduced general (α, β)-metrics. By
definition, they are in the following form

F = αϕ(b2,
β

α
),

where α is a Riemannian metric, β is a 1-form, b := ||β||α and ϕ is a positive
smooth function [11]. In [12], Yu and Zhu completely determined classification
of general (α, β)-metrics with constant flag curvature under some conditions.
Yu gave a classification of locally dually flat general (α, β)-metrics in [13]. Zhu
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characterized the metrics with isotropic Berwald curvature [14]. M. Zohrehvand
and H. Maleki studied the unicorn problem for a class of the metrics [15]. In
[10], Q. Xia studied the scalar flag curvature of a general (α, β)-metric, under
certain conditions. M. Gabrani and B. Rezaei gave a characterization of a class
of general (α, β)-metrics with isotropic E-curvature [2].

We are going to study general (α, β)-metrics that have two conditions below
αRi

j = µ(α2δij − yiyj), bi|j = c(x)aij , (1.3)

where µ = constant, c := c(x) with c2 = κ− µb2 for some constant κ and bi|j
is the covariant derivation of β with respect to α. Throughout this paper, we
denote the derivation with respect to b2 and s by 1 and 2, respectively.

Our main results are given below:

Theorem 1.1. Let F = αϕ(b2, βα ) be a general (α, β)-metric on an n-dimensional
manifold M , where α and β satisfy (1.3). Then F is R-quadratic if and only if

[R1]s − s[R1]ss = 0, [R2]s = 0, R3 − s[R3]s = 0, [R4]s = 0,

where R1, R3 and R4 are defined in (2.6), (2.8) and (2.9), respectively.

Since general (α, β)-metrics include spherically symmetric metrics, thus the
following corollary can be easily deduced by Theorem 1.1

Corollary 1.2. [4] Let F = |y|ϕ(|x|2, < x, y >

|y|
) be a spherically symmetric

metric on Bn(ν). Then F is R-quadratic if and only if

[R1]s − s[R1]ss = 0, [R2]s = 0, R4 − s[R4]s = 0, [R5]s = 0,

where R1, R2, R4 and R5 are not the same terms as in Theorem 1.1. They are
given in [4].

From the Riemann curvature, we have the Ricci curvature Ric as follow

Ric := Rm
m.

By definition, it is a positively homogeneous function of degree two in y ∈ TM .
But it is not quadratic in y, in general. Finsler metrics with this property are
called Ricci-quadratic metrics. We shall discuss this property for general (α, β)-
metrics.

Theorem 1.3. Let F = αϕ(b2, βα ) be a general (α, β)-metric on an n-dimensional
manifold M , where α and β satisfy (1.3) . Then F is Ricci-quadratic if and
only if the following holds

Rs − sRss = 0, (1.4)

where R is defined in (3.15).
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2. Preliminaries

A non-negative function F on TM is a Finsler metric on a manifold M if it
has the following conditions

(a) F is C∞ on TM0 := TM \ {0};
(b) F (λy) = λF (y), ∀λ > 0, y ∈ TM ;
(c) for each y ∈ TxM , the following quadratic form gy on TxM is positive

definite,

gy(u, v) :=
1

2

[
F 2(y + su+ tv)

]∣∣∣
s,t=0

, u, v ∈ TxM.

Every Finsler metric F induces a spray G = yi ∂
∂xi − 2Gi(x, y) ∂

∂yi which is
defined by

Gi(x, y) :=
1

4
gil(x, y)

{
2
∂gjl
∂xk

(x, y)− ∂gjk
∂xl

(x, y)

}
yjyk,

where (gij) is the inverse of (gij). Let F = αϕ(b2, βα ) be a general (α, β)-metric.
Assume that β satisfies the second equation of (1.3). Then the spray coefficients
of F are given by [11]

Gi = αGi +Qi, (2.1)

where

Qi := c ψ α yi + c χα2 bi, (2.2)

χ :=
1

2

ϕ22 − 2(ϕ1 − sϕ12)

ϕ− sϕ2 + (b2 − s2)ϕ22
, (2.3)

ψ :=
1

2

ϕ2 + 2sϕ1
ϕ

− χ

ϕ
[sϕ+ (b2 − s2)ϕ2]. (2.4)

When α and β satisfy (1.3), the Riemann curvature of F is computed by Q.
Xia [9]:

Lemma 2.1. The Riemann curvature of a general (α, β)-metric, where α and
β satisfy (1.3), is given by

Ri
j = R1α

2δij +R2yjy
i +R3αbjy

i − sR4αyjb
i +R4α

2bjb
i, (2.5)
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where

R1 := µ(1 + sψ) + c2[ψ2 − 2sψ1 − ψ2 + 2χ(1+sψ

+uψ2)], (2.6)
R2 := −µ[1− s(ψ − sψ2)] + c2[ψ2 + sψ22 − ψ(ψ − sψ2)− 2s(ψ1 − sψ12)

−2χ(1 + sψ + uψ2) + sχ2(1 + sψ + uψ2)− 2sχ(ψ − sψ2 + uψ22)],(2.7)
R3 := −µ(2ψ − sψ2) + c2[2(2ψ1 − sψ12)− ψψ2 − ψ22 + 2χ(ψ − sψ2 + uψ22)

−χ2(1 + sψ + uψ2)], (2.8)
R4 := −µ(2χ− sχ2) + c2[2(2χ1 − sχ12)− χ22 + 2χ(2χ− sχ2)

+u(2χχ22 − χ2
2)], (2.9)

here c2 = κ− µb2 and u = b2 − s2. Observe that

R2 = −R1 − sR3, (2.10)

and R5 is defined by
R5 :=

1

3
([R1]s + 2R3). (2.11)

We can also rewrite (2.5) as

Ri
j = R1(α

2δij − yjy
i) +R3(αbj − syj)y

i + αR4(αbj − syj)b
i. (2.12)

3. R-quadratic and Ricci-quadratic

Now we want to find necessary and sufficient conditions for a general (α, β)-
metric to be R-quadratic/Ricci-quadratic.

Proof of Theorem 1.1. Let F = αϕ(b2, βα ) be a general (α, β)-metric. One
can easily get

αyi =
yi
α
, syi =

αbi − syi
α2

, (3.1)

α2
yi = 2yi, α2

yiyj = 2aij , α2
yiyjyk = 0, (3.2)

αyiyj =
1

α
(aij −

yi
α

yj
α
), (3.3)

αyiyjyk =
1

α5

[
3yiyjyk − α2aijyk(i→ j → k → i)

]
, (3.4)

syiyj = − 1

α2
[saij +

1

α
(biyj + bjyi)−

3s

α2
yiyj ], (3.5)

syiyjyk =
1

α5
{[α(3syi − αbi)ajk + 3biyjyk](i→ j → k → i)

−15s

α
yiyjyk}, (3.6)

Then, by (2.12), we have
∂

∂yk
Ri

j = R1

(
[α2]ykδij − ajky

i − yjδ
i
k

)
+ [R1]ssyk

(
α2δij − yjy

i
)
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+
[
R3δ

i
k + [R3]ssykyi +

(
αykR4 + α[R4]ssyk

)
bi
](
αbj − syj

)
+
(
αR4b

i +R3y
i
)(
αykbj − sykyj − sajk

)
. (3.7)

By (3.7), we obtain
∂

∂yl

( ∂

∂yk
Ri

j

)
= R1

(
[α2]ykylδij − ajkδ

i
l − ajlδ

i
k

)
+
(
[R1]ssykyl + [R1]sssyksyl

)(
α2δij − yjy

i
)

+[R1]s

[
syk

(
[α2]ylδij − ajly

i − yjδ
i
l

)
+ syl

(
[α2]ykδij

−ajkyi − yjδ
i
k

)]
+

{
[R3]s

(
sylδik + sykylyi + sykδil

)
+[R3]sssyksylyi +

[
R4αykyl + [R4]s

(
αyksyl + αylsyk

+αsykyl

)
+ α[R4]sssyksyl

]
bi
}(
αbj − syj

)
+

[
R3δ

i
k

+[R3]ssykyi + (αykR4 + α[R4]ssyk

)
bi
]
(αylbj − sylyj

−sajl
)
+
[
R3δ

i
l + [R3]ssylyi +R4αylbi

+α[R4]ssylbi
]
(αykbj − sykyj − sajk

)
+

(
αR4b

i

+R3y
i
)(
αykylbj − sykylyj − sykajl − sylajk

)
. (3.8)

Then, by (3.8) and using (3.1)-(3.6), we obtain

Ri
ljm.k =

1

α6

{
α5[R1]sssbkblbmδ

i
j + α5[R4]sssbjbkblbmb

i

+α4[R3]sssbjbkblbmy
i − α3

(
s[R3]sss + [R1]sss + 3[R3]ss

)
bkblbmyjy

i

+α2s
(
3[R1]s − 3s[R1]ss − s2[R1]sss

)
ykylymδ

i
j + α2s

(
3[R4]s

−3s[R4]ss − s2[R4]sss
)
bjykylymb

i + αs2
(
15[R4]s + 9s[R4]ss

+s2[R4]sss
)
yjykylymb

i + α
(
3R3 − 3s[R3]s − 6s2[R3]ss

−s3[R3]sss
)
bjykylymy

i + s
(
15[R1]s + 9s[R1]ss + s2[R1]sss

+15R3 + 33s[R3]s + 12s2[R3]ss + s3[R3]sss
)
yjykylymy

i

−α4
(
3[R4]ss + s[R4]sss

)
bkblbmyjb

i

+
[
− α3

(
[R4]s − s[R4]ss − s2[R4]sss

)
bjbkylymb

i + α3
(
2[R4]s

+4s[R4]ss + s2[R4]sss
)
bkblyjymb

i − α3
(
[R3]ss

+s[R3]sss
)
bjbkblymy

i − α2s
(
6[R4]s + 6s[R4]ss

+s2[R4]sss
)
bkyjylymb

i − α4s[R4]sssbjbkblymb
i

+α2
(
4[R3]s + 5s[R3]ss + s2[R3]sss + 2[R1]ss + s[R1]sss

)
bkblyjymy

i

−α
(
3R3 + 13s[R3]s + 8s2[R3]ss + s3[R3]sss + 3[R1]s + 5s[R1]ss

+s2[R1]sss
)
bkyjylymy

i + α5
(
[R4]s − s[R4]ss

)
aklbjbmb

i
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−α4s
(
[R4]s − s[R4]ss

)
aklbjymb

i − α5
(
2[R4]s + s[R4]ss

)
ajkblbmb

i

+α4s
(
2[R4]s + s[R4]ss

)(
ajlym + ajmyl + almyj

)
bkb

i

−α3s2
(
3[R4]s + s[R4]ss

)(
almyj + ajmyl

)
ykb

i + α5s2[R4]sajkalmb
i

+α5
(
[R1]s − s[R1]ss

)
aklbmδ

i
j − α5

(
R3 + s[R3]s

+[R1]s
)(
ajlδ

i
m + ajmδ

i
l

)
bk + α5

(
R3 − s[R3]s

)
aklbjδ

i
m

+α5[R3]ssbjbkblδ
i
m − α4s

(
[R1]s − s[R1]ss

)
aklymδ

i
j

+α4s
(
R3 + s[R3]s + [R1]s

)(
ajkalmy

i + ajkylδ
i
m + ajkymδ

i
l

+aklyjδ
i
m

)
− α4s[R1]sssbkblymδ

i
j − α4

(
2[R3]s + s[R3]ss

+[R1]ss
)
ajkblbmy

i − α4s[R3]ss
(
almy

i + ylδ
i
m + ymδ

i
l

)
bjbk

−α4
(
2[R3]s + s[R3]ss + [R1]ss

)
bkblyjδ

i
m − α3

(
[R1]s − s[R1]ss

−s2[R1]sss
)
bkylymδ

i
j + α3

(
R3 + 3s[R3]s + s2[R3]ss + [R1]s

+s[R1]ss
)(
ajkblymy

i + ajkbmyly
i + aklbmyjy

i + bkyjylδ
i
m

+bkyjymδ
i
l

)
− α3

(
R3 − s[R3]s − s2[R3]ss

)(
aklymy

i

+ykylδ
i
m

)
bj − α2s

(
3R3 + 5s[R3]s + s2[R3]ss + 3[R1]s

+s[R1]ss
)(
ajkylymy

i + aklyjymy
i + yjykylδ

i
m

)
+α2s

(
3[R3]ss + s[R3]sss

)
bjbkylymy

i
]
(k → l → m→ k)

}
, (3.9)

where

Ri
ljm.k :=

∂

∂ym
∂

∂yl

( ∂

∂yk
Ri

j

)
.

By definition, F is R-quadratic if and only if Ri
ljm.k = 0. Then if F be

R-quadratic, (3.9) yields

[R1]s − s[R1]ss = 0, R3 − s[R3]s = 0, R3 + s[R3]s + [R1]s = 0, [R4]s = 0.(3.10)

By (2.10), the third equation of (3.10) can be rewritten as follows

R2s = 0.

Thus (3.10) can be rewritten as follows

[R1]s − s[R1]ss = 0, R3 − s[R3]s = 0, R2s = 0, [R4]s = 0.

On the other hand by solving (3.10), we have

R1 = f2(r)s
2 + f1(r), R3 = f3(r)s, R4 = f4(r), (3.11)

and

f3(r) + f2(r) = 0. (3.12)
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Plug (3.11) and (3.12) into (2.12), we have

Ri
j = [f2(r)s

2 + f1(r)](α
2δij − yjy

i) + f3(r)s(αbj − syj)y
i

+αf4(r)(αbj − syj)b
i

= f2(r)β
2δij − f2(r)s

2yjy
i + f1(r)(α

2δij − yjy
i) + f3(r)βbjy

i

−f3(r)s2yiyj + α2f4(r)bjb
i − f4(r)βyjb

i

= f2(r)β
2δij + f1(r)(α

2δij − yjy
i) + f3(r)βbjy

i + α2f4(r)bjb
i

−f4(r)βyjbi

= ymyn
{
[f2(r)bmbn + f1(r)amn]δ

i
j + [f3(r)bmbj − f1(r)amj ]δ

i
n

+f4(r)[amnbj − bmanj ]b
i
}
. (3.13)

□
Proof of Theorem 1.3. Let F be a general (α, β)-metric. By (2.5) and (2.10),
one can easily obtain a formula for the Ricci curvature Ric = Ri

i.

Ric = nR1α
2 +R2α

2 + sR3α
2 + (b2 − s2)R4α

2

= α2R, (3.14)

where
R := (n− 1)R1 + (b2 − s2)R4. (3.15)

From (3.14), we have
∂

∂yj
Ric = [α2]yjR+ α2Rssyj . (3.16)

By (3.16), we obtain
∂

∂yk

( ∂

∂yj
Ric

)
= [α2]yjykR+ [α2]yjRssyk + [α2]ykRssyj + α2Rsssyksyj

+α2Rssyjyk . (3.17)

Differentiating (3.17), we have
∂

∂yl
∂

∂yk

( ∂

∂yj
Ric

)
=

1

α

(
Rs − sRss

)
ajkbl(j → k → l → j)

− s

α2

[
(Rs − sRss)ajkyl +Rsssbjbkyl

]
(j → k → l → j)

− 1

α3

(
Rs − sRss − s2Rsss

)
bjykyl(j → k → l → j)

+
s

α4

(
3Rs − 3sRss − s2Rsss

)
yjykyl +

1

α
Rsssbjbkbl.

By definition, if a Finsler metric F is Ricci-quadratic metric then
∂

∂yl
∂

∂yk

( ∂

∂yj
Ric

)
= 0.
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From above formula, a general (α, β)-metric F = αϕ(b2, βα ) is a Ricci-quadratic
metric if and only if R satisfy

Rs − sRss = 0. (3.18)

Then one gets that

R = g2(r)s
2 + g1(r). (3.19)

Plug (3.19) into (3.14), we have

Ric = α2[g2(r)s
2 + g1(r)]

= g2(r)β
2 + g1(r)α

2

= ymyn
{
g2(r)bmbn + g1(r)amn

}
. (3.20)

This completes the proof. □
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