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ABSTRACT. In this paper, we consider the Riemannian curvature of one
of the most important metric in Finsler geometry called general (a, 8)-
metrics, where « is a Riemannian metric and g is 1-form. We give a com-

plete classification of the metrics to be R-quadratic and Ricci-quadratic.
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1. INTRODUCTION

Finsler spaces are a natural generation of Riemannian spaces. Let (M, F =

gi;(z,y)y'y?) be an n-dimensional Finsler space. A spray G = y' pys

.0
2G’8—yi is a vector field induced by F' as follows

G = L ((F%aryyy = [F%am ),
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where ¢"™ = (g;,) ! and G = G¥(xz,y) are called the spray coefficients of F.
For example, the spray coefficients of a Riemannian metric are given by

1
Gl = ST ()™,
where the functions I'! (z) are called the Christoffel symbols. Therefore the
spray coefficients of a Riemannian metric are quadratic in y € T, M at every
point « € M. Finsler metrics with this property form a special category in
Finsler geometry called Berwald metrics. One can easily see this quadratic

property in the Riemann curvature of a Riemannian metric. The Riemann
curvature R, = R'; 8 - ® dz® of a Finsler metric is defined by

; oG! 0*°Gt . - O*°GY 9GOGY
i =% T iyoqi O O O 1.1
By Oxk axﬂﬁyky 20 Oyioyk  Oyi Oyk (1.1)
F is R-quadratic if its Riemann curvature [7, 16]
R';, = Ry, 1 (0)y™y" (1.2)

Note that there are R-quadratic non Berwald Finsler metrics. For example the
following Finsler metric

(VY2 = (zPlyP— < 2,y >2)+ <2,y >)?

(1 =22/ [yl? = (2PlyP~ < 2,y >?)
is R-flat i.e. R', = 0. Then F is R-quadratic metric but it is not a Berwald
metric.

F=

Since all Finsler metrics generally are not R-quadratic, therefore the study
of the property in Finsler spaces has attracted the attention of many Fins-
lerian authors. In [3], Li-Shen obtained equations that characterize Randers
spaces with this property and concluded that the S-curvature must be con-
stant under these conditions. S. Bacso and B. Rezaei proved that any Einstein
Finsler metric with two special conditions, R-quadratic and non Ricci flat, is
a Riemannian metric [1]. Rezaei-Gabrani and Sadeghzadeh studied spherically
symmetric Finsler metrics of quadratic curvatures [6, 4]. Our goal in this paper
is to investigate this important property for a wide range of Finsler metrics.

In Finsler geometry, several classes of metrics have been introduced, such
as: (a, f)-metrics, m-th root Finsler metrics, spherically symmetric Finsler
metrics, etc (see [4, 5, 8]). Most of them contain or have a special relationship
with the previous one. In [11], Yu-Zhu introduced general («, 8)-metrics. By
definition, they are in the following form

70@2’)(1)2 ﬂ)

where « is a Riemannian metric, § is a 1-form, b := ||8||o and ¢ is a positive
smooth function [11]. In [12], Yu and Zhu completely determined classification
of general (o, §)-metrics with constant flag curvature under some conditions.
Yu gave a classification of locally dually flat general («, 8)-metrics in [13]. Zhu
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characterized the metrics with isotropic Berwald curvature [14]. M. Zohrehvand
and H. Maleki studied the unicorn problem for a class of the metrics [15]. In
[10], Q. Xia studied the scalar flag curvature of a general (o, §)-metric, under
certain conditions. M. Gabrani and B. Rezaei gave a characterization of a class
of general («, 8)-metrics with isotropic E-curvature [2].

We are going to study general («, 8)-metrics that have two conditions below

C“Rij = u(a26ij — yiyj), bij = c(w)agj, (1.3)

where p = constant, ¢ := c(z) with ¢ = k — ub? for some constant x and by
is the covariant derivation of 8 with respect to a. Throughout this paper, we
denote the derivation with respect to b? and s by 1 and 2, respectively.

Our main results are given below:

Theorem 1.1. Let F = a¢(b?, g) be a general (o, B)-metric on an n-dimensional
manifold M, where o and f satisfy (1.3). Then F' is R-quadratic if and only if

[Rl}s - S[Rl]ss = 0; [RQ]S = 07 RS - S[RB]S = 0; [R4]s = 07
where Ry, R3 and Ry are defined in (2.6), (2.8) and (2.9), respectively.

Since general (v, 8)-metrics include spherically symmetric metrics, thus the
following corollary can be easily deduced by Theorem 1.1

Corollary 1.2. [4] Let F = |y|q§(\x|2,%

metric on B"(v). Then F is R-quadratic if and only if

) be a spherically symmetric

[Ri]s — s[Ri]ss =0, [Ra]s =0, Ry —s[Ryls =0, [Rs]s =0,

where Ry, Ry, Ry and Rs are not the same terms as in Theorem 1.1. They are
given in [4].

From the Riemann curvature, we have the Ricci curvature Ric as follow
. om
Ric:=R"},.

By definition, it is a positively homogeneous function of degree two in y € T M.
But it is not quadratic in y, in general. Finsler metrics with this property are
called Ricci-quadratic metrics. We shall discuss this property for general («, 5)-
metrics.

Theorem 1.3. Let F = a¢(b?, g) be a general (o, B)-metric on an n-dimensional
manifold M, where o and B satisfy (1.3) . Then F is Ricci-quadratic if and
only if the following holds

R, — sRss =0, (1.4)
where R is defined in (3.15).
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2. PRELIMINARIES

A non-negative function F' on T'M is a Finsler metric on a manifold M if it
has the following conditions

(a) Fis C*° on TMy:=TM\ {0};

(b) F(Ay) = AF(y), VA >0, y € TM;

(c) for each y € T, M, the following quadratic form g, on T, M is positive
definite,

, u,v € T M.

1
g (u,v) = S [Py +sut )|

Every Finsler metric F induces a spray G = 3 8% - 2GY(z,y) 82,- which is
defined by

. 1. 90 o _
G'(z,y) = ZQ”(J%Q) {28?’@[(”3’3’) - ag;lk (x,y)}yjy’“,

where (g%) is the inverse of (g;;). Let F' = ag(b?, g) be a general (a, §)-metric.
Assume that f3 satisfies the second equation of (1.3). Then the spray coefficients
of F are given by [11]

G'=°G' + Q' (2.1)

where
Q  =cvay +cexa’d, (2.2)
R A Gt (24

When « and f satisfy (1.3), the Riemann curvature of F is computed by Q.
Xia [9]:

Lemma 2.1. The Riemann curvature of a general (o, 8)-metric, where o and
B satisfy (1.3), is given by

R'; = R10®6'; + Roy;y' + Rsab;y’ — sRyay;b’ + Rya’bsb’, (2.5)



where

Ry =

Rs =

R4 =

here c

and Ry
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(1 + sv) + P[Y° — 2591 — by + 2x (1457

+uha)], (2.6)
—p[l = s(th — s1b)] + g + sthay — V(P — s12) — 25(¢hy — st12)
=2X(1 + s + uha) + sx2(1 + 59 + urhe) — 25X (¢ — 52 + uthaa)[2.7)
—11(2¢ — sv2) + P2(201 — s12) — Pt — Pag + 2X(¥ — 512 + wihao)

—x2(1+ s¢ + up)], (2.8)
—u(2x — sx2) + *[2(2x1 — sx12) — X22 + 2X(2X — 5X2)
+u(2xx22 — X3)]; (2.9)
=K — pub? and u = b> — s2. Observe that
Ry = —Ry1 — sRs, (2.10)
1s defined by
Rs = %([Rl]s + 2R3). (2.11)

We can also rewrite (2.5) as

Ri

= Rl(a25ij —y;y") + Ra(ab; — sy;)y’ + aRy(abj — sy;)b". (2.12)

3. R-QUADRATIC AND RICCI-QUADRATIC

Now we want to find necessary and sufficient conditions for a general (o, 5)-
metric to be R-quadratic/Ricci-quadratic.

Proof of Theorem 1.1. Let F = a¢p(b?, g) be a general (a, §)-metric. One
can easily get

Qyi = %, Syi = w, (3.1)
a?ﬂ = 2y, o‘zz/"'yj 2055, iysye =0, (3:2)
apy = (- LY, (33)
Qyigiyk = % [3yiyjyk — a2aijyk(i —ji=k— z)], (3.4)
Syiyi = *%[8% + é(biyj + bjyi) — %yz‘yﬂ, (3.5)
Syiyiyk = %{[a(?»syi — aby)ajk + 3byjyr) (i — § — k — 1)
—%Syiyjykh (3.6)
Then, by (2.12), we have
R = Ru(f0d, — gy — %) + [Ralesys (075, — i)

ay*
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+ |:R3(5ik + [Rg]ssykyi + (OéykR4 + Oé[R4]SSyk)bi:| (abj — syj)
+(aR4bi + ngi) (ayk bj — syry; — sajk). (3.7)
By (3.7), we obtain

3%/[ (%R;) = Ri([a®)yry0"; — ajpd’; — a;d'y)
+([Ra]ssyryt + [Ri]sssyrsy) (0?8 — y;9°)
SR sys (028, — ay’ = 1587) + 0([0%] e,
—ajpy’ — yﬁ’k)} + {[R?»}S(Syléik + Syrygy’ + syed’))
+H[Ralsssyrsyy’ + [R4O‘ykyl + [Ra]s (aryesy + ayisy
+048ykyl) + Q[R4]858yk8yli| bi} (abj — syj) + [R35ik
+[Rslsyey’ + (g Ra + alRalosye )b | (b — 5,00
—saj) + {Rg(Sil + [Rg,}ssyzyi + R4ayzbi
—|—a[R4]Ssyz,bi} (ayrb; — syry; — saji) + (aRyb’
+R3yi) (oryryibj = syeyryy = syraji = sy1a k). (3.8)
Then, by (3.8) and using (3.1)-(3.6), we obtain

i 1 1 i
Rijmy = E{&[Rl]sssbkblbmé ; + @°[Ralsssbibibibmb

+a*[R3]ss550jbibibmy’ — o (s[R3sss + [Rilsss + 3[Rslss ) bubibmy;y’
+a?s(3[Ruls — 3s[Ri]ss — 8% [Rilsss) yetiymd’; + os(3[Ra)s
—35[Ralss — 8°[Ralsss) bjyitiymb’ + ovs® (15[Rals + 98[Rulss
+5°[Ra)sss ) Y5 Ukyiymb’ + o (3R3 — 3s[Rs]s — 65 [Rs].s

—5°[Ra]sss) bjurtiymy’ + s(15[Rals + 95[Rass + 57 [Ralsss

+15Rs + 33s[Rs)s + 125%[Rs)ss + [ Rasss) Y5 Ynyiymy’

—a (3[Rass + S[Rasss ) brbibmy;b’

[ = 0 ([Ra)s = sRalss = 5 [Riluss) bibrtuymd’ + 0 (2[Rul
+45[Rylss + 5°[Ra]sss) bubryjymb’ — o ([Rs)ss

+5[Rs)sss) bbrbiymy’ — s (6[Rals + 65[Ral s
+5°[Ra]sss ) 0t yiymb’ — a* s[Ra]sssbsbibiymb’

+0? (4[R3]s + 5s[R3]ss + *[Rasss + 2[Ri]ss + 5[Risss) 0ubiyjymy’
—a(3R3 + 13s[R3]s + 85 [R3]ss + s°[Rs]sss + 3[Ri]s + 5s[Ri]ss
+5[Ri)sss) betyiymy’ + @ ([Rals — s[Rass) aribjbmb’
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—0445

([Ra]s — s[Ralss) aribjymb’ — ® (2[Rals + s[Ra]ss) ajibibmd’
+Oz48( s + S[Ralss) (ajiym + ajmyr + almyj)bkbi
—a352( [R4] + s[Rulss) (aimy; + ajmyl)ykbi + a®s*[Ry)sajpapmb’
as([Rl]s - S[Rl]ss)aklbméij -’ (Rs + s[Rs]s
+[R1]5) (ajléim + ajm(Sil)bk +ab (Rg - S[Rg]s)aklbj(Sim
+0°[Ra]ssbibebid’,,, — os([Ruls — s[Ri]ss) ariym’,
+a’s(Rs + s[Rs)s + [Rils) (ajkamy’ + ajsynd’ s, + ajnymd’y
Fany;6 ) — ot s[Ri]sssbebiymd’; — ot (2[Rs]s + s[Ra]ss
[R1]55)ajkbzb y' — a*s[Rslss (aimy’ + yi6, + ymd';) bjby,

o (2[R3]s + s[Rs]ss + [R1]ss) bebiy;6°,, — o® ([Rals — s[Ri]ss
—5°[R1]sss) bryiymd’; + o (Rs + 3s[Rs]s + s*[Rsss + [Rils
+5[Rilss) (ajebiymy’ + ajebmyiy’ + aribmy;y’ + beyyuid’,
by ymd’) — o® (R3 — s[Rs)s — s*[Rslss) (ariymy’
+ypyid’ ) bj — a?s(3R3 + 5s[Rs]s + s*[Rs]ss + 3[R1ls
+5[R1lss) (ajeyiymy’ + aryjymy’ + yjyend’y,)

+025(3[Rlas + S[Rs]sss)bjbkylymyi] (k=1 —m— k)}, (3.9)
where
, o 0,0
R ljm.k * 5ym ay (aykRj)'

By definition, F' is R-quadratic if and only if Riljm.k = 0. Then if F' be
R-quadratic, (3.9) yields

[Ri]s — $[R1]ss =0, R3 — s[R3]s =0, Rs + s[Rs]s + [R1]s =0, [R4]s = (3.10)
By (2.10), the third equation of (3.10) can be rewritten as follows
Ros = 0.
Thus (3.10) can be rewritten as follows
[Ri]s — s[Ri]ss = 0, R3 — s[R3]s =0, Ros =0, [Ry]s =
On the other hand by solving (3.10), we have
= fo(r)s> + f1(r), Rz = f3(r)s, Ry = fa(r), (3.11)

and

fs(r) + f2(r) = 0. (3.12)
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Plug (3.11) and (3.12) into (2.12), we have
R, = [f2(r)s® + fi(")](0?8"; = y;y") + f3(r)s(ab; — sy;)y’
+ofa(r)(abj — syj)bi
= f2(r)B?8"; — fa(r)s*y;y" + f1(r) (a0 — y;u°) + fa(r)Bbsy’

—fs(r )s y' Y+ o fa(r)bib’ — fa(r)By;b’
= f2(r)B36"; + fr(r) (0?8 — yy') + f3(r)Bby’ + o fa(r)b;b’
h(r)ﬁyﬂf
= YY" 2(1)bmbn + f1(r)amn]0’; + [f3(r)bmb; — f1(r)am;]8",
+fa(r)[amnb; man]]bl}~ (3.13)

O
Proof of Theorem 1.3. Let F be a general (o, 8)-metric. By (2.5) and (2.10),
one can easily obtain a formula for the Ricci curvature Ric = RY,.

Ric = nRia®+ Rea® 4 sRza? + (b* — %) Ry
= o’R, (3.14)
where
R:=(n—1)R; + (b* — s*)Ry. (3.15)
From (3.14), we have
0
a—y]Rlc = [@®] s R+ o’ Rys,;. (3.16)
By (3.16), we obtain
9 (0 .. 2 2 2 2
a—yk(a—ijlc) = [y R+ [0y Resyr 4[] x Rgsyi + @ Rk sy
+0° Ry Syiyn. (3.17)
Differentiating (3.17), we have
0 0 /0 _. 1 . )
aiylaiyk (TyJRIC) = a (Rs — SRSS>ajkb[(j —k—=1l— j)
s ) .
_5 |:(Rs - SRss)ajk:yl + Rsssbjbk:yl:| (.7 — k=1 .7)
1

— (Rs - SRSS - SQRsss)bjykyl(j k=1 .7)

a3
1
+i4 <3Rs - 35Rss - S2Rsss)yjykyl + *Rsssbjbkbb
« «

By definition, if a Finsler metric F' is Ricci-quadratic metric then

%%(%Ric) =0.
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From above formula, a general («, 3)-metric F' = ag(b?, g) is a Ricci-quadratic

metric if and only if R satisfy

Ry — sRss = 0. (3.18)
Then one gets that
R = g2(r)s* + g1(r). (3.19)
Plug (3.19) into (3.14), we have
Ric = o[ga(r)s® + g1(r)]
= 02(r)B% + g1(r)e®
= y’"y"{gz(r)bmbn + gl(r)amn}. (3.20)
This completes the proof. O
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