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ABSTRACT. The second Zagreb coindex is a well-known graph invariant
defined as the total degree product of all non-adjacent vertex pairs in
a graph. The second Zagreb eccentricity coindex is defined analogously
to the second Zagreb coindex by replacing the vertex degrees with the
vertex eccentricities. In this paper, we present exact expressions or sharp
lower bounds for the second Zagreb eccentricity coindex of some graph
products such as lexicographic product, generalized hierarchical product,
and strong product. Results are applied to compute the values of this
eccentricity-based invariant for some chemical graphs and nanostructures
such as hexagonal chain, linear phenylene chain, and zig-zag polyhex

nanotube.

Keywords: Eccentricity of a vertex, Graph invariants, Graph products, Chem-
ical graphs.
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1. INTRODUCTION

All graphs considered in this paper are finite, simple and connected. Let G
be a graph on n vertices and m edges. We denote the vertex set and edge set of
G by V(G) and E(G), respectively. The degree dg(u) of a vertex u € V(G) is
the number of edges incident to u. The distance dg(u,v) between the vertices
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u,v € V(G) is defined as the length of any shortest path in G connecting u
and v. The eccentricity eg(u) of a vertex u € V(G) is the largest distance
between u and any other vertex v of G, i.e., eg(u) = max,cy () dg(u,v). The
diameter d(G) (radius r(G), resp.) of G is the maximum (minimum, resp.)
eccentricity over all vertices of G. A graph G is called a self-centered graph
if all of its vertices have a same eccentricity. A vertex u € V(G) is called a
universal vertex if u is adjacent to every other vertex of G, i.e., dg(u) =n—1.
We denote the number of universal vertices of G by n,_1(G).

In graph theory, an invariant is a property of graphs that depends only on
its abstract structure, not on graph representations such as particular labeling
or drawing of the graph. Such quantities are also called topological indices. In
organic chemistry, topological indices have been found to be useful in chemi-
cal documentation, isomer discrimination, quantitative structure-property and
structure-activity relationships (QSPR and QSAR), and pharmaceutical drug
design [11]. Topological indices have gained considerable popularity and many
new topological indices have been suggested and investigated in the mathemat-
ical chemistry literature in recent years.

The Zagreb indices were introduced by Gutman and Trinajstié¢ [17] and Gut-
man et al. [16] more than forty years ago. These indices have since been used to
study molecular complexity, chirality, ZE-isomerism, and hetero-systems. The
first Zagreb index M;(G) and second Zagreb index Ma(G) of G are respectively
defined as

= > de(w’= Y (da(w)+da(v)),

ueV(G) wveE(G)

- Y detw

weEE(G)

For more information on Zagreb indices, see the recent surveys [1, 9] and the
references quoted therein.

The Zagreb coindices were introduced by Doslié¢ [12] in 2008. The first Zagreb
coindex M (G) and second Zagreb coindex Mo (G) of G are respectively defined
as

M(G)= > (dg(u)+de(v)), Ma(G)= > da(wda(v).
wgE(G) wgE(G)

One may be referred to [4, 15, 19, 21, 23] for more details on Zagreb coindices.
The eccentric connectivity indexr was introduced by Sharma et al. [24] in
1997 as

Z dG Z (EG(U) —‘rE(;(U)).

ueV(G) wweE(G)
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The eccentric connectivity index was successfully used for mathematical models
of biological activities of diverse nature. Details on its mathematical theory and
applications can be found in [3, 13, 14, 20].

The total eccentricity 7(G) of G is the sum of eccentricities of all vertices of
G.

The Zagreb eccentricity indices were introduced by Vukicevi¢ and Graovac
[26] analogously to Zagreb indices by replacing the vertex degrees with the
vertex eccentricities. The first Zagreb eccentricity index FE4(G) and second
Zagreb eccentricity index F5(G) of G are respectively defined as

EiG)= Y ecw)? E(G) = > ealu)ea(v).
ueV(Q) weE(G)
Some mathematical properties of these indices were investigated in [7, 10, 22].
Motivated by definition of Zagreb coindices, Hua and Miao [18] considered
the total eccentricity sum of all non-adjacent vertex pairs of a graph and called
this invariant the eccentric connectivity coindex. More formally, the eccentric
connectivity coindex € (G) of @ is defined as

F@= > (aw) +ec).
wvgE(G)

Motivated by definition of Zagreb coindices and eccentric connectivity coin-
dex, the present author considered the total eccentricity product of all non-
adjacent vertex pairs of a graph and called this eccentricity-based invariant
the second Zagreb eccentricity coindex [6]. More formally, the second Zagreb
eccentricity coindex E2(G) of G is defined as

Ex(G)= Y ec(weq(v).

wgE(G)

The present author investigated some basic mathematical properties of Fs
and gave a comparison between E5 and EC [6]. The extremal values of Eo over
some special classes of graphs such as trees, unicyclic graphs, connected graphs,
and connected bipartite graphs were also determined in [6]. In [5], several lower
and upper bounds on E5 in terms of some graph parameters were obtained and
the values of E5 for double graphs and extended double graphs were computed.
In this paper, we study E5 under some graph products namely lexicographic
product, generalized hierarchical product, and strong product and apply our
results to compute the values of this invariant for some graphs of chemical
interest by specializing components in graph products.

2. MAIN RESULTS

In this section, we present exact expressions or sharp lower bounds for the
second Zagreb eccentricity coindex of some graph products in terms of the
respective indices of their components, the number of their vertices, the number
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of their edges, and in some cases also the number of their universal vertices. Let
(G1 and G5 denote the components of each graph product which are considered
to be finite simple connected graphs. For a given component graph G;, the
number of vertices and edges are denoted by n; and m;, respectively, where
i = 1,2. The notation m; is used for the number of edges of G;, which is
equal to (5) —m;, i = 1,2. Further studies on topological invariants of graph
products can be found in [2, 14, 25].

2.1. Lexicographic product. The lexicographic product G1[Gs] of graphs G
and G5 is a graph with vertex set V(G1) x V(G3) and two vertices (uq,uz)
and (vi,v2) are adjacent whenever u;v; € E(Gp) or [ug = v1 € V(G1) and
ugvy € E(G2)]. The lexicographic product of two graphs is also known as their
composition. The eccentricity of a vertex (u1,us) in G1[G2] is given by

1 if eq,(u1) = eq, (u2) =1,
EG1[G2]((U’17U2)) = 2 if €G4 (ul) = 17 €G, (u2) > 2’
Srel) (Ul) if £G4 (ul) > 2.
Theorem 2.1. The second Zagreb eccentricity coindex of G1[G2] is given by
EQ(Gl [GQ]) = TL22E2(G1) + ma (37Ln1,1(G1) + E4 (Gl)) (21)

Proof. By definition of the second Zagreb eccentricity coindex, we obtain

Ey(G1[Ga)) = Z £G, (G, (U1, u2))Eq, [y ((V1,v2))
(u1,u2)(v1,v2)¢E(G1[G2])

= ) doex)+ Y Y eq (wm)?

u1EV(G1),’UQ’UQ¢E(G2) U1EV(G1),U2’UQ¢E(G2)
Scl (ul)zl EGI (u1)22

+ Z Z el (u1)€G1 (Ul)

us€V(G2) u1v1 ¢E(G1)
+2 Y Y eq(wm)eg, (v)
u1v1 €E(G1) {u2,v2}CV(G2)
777 (471, 1 (G1) + E1(G1) — 1y —1(G1)) + (na + 2(”22))]52(6'1),
from which we straightforwardly arrive at Eq. (2.1). |

Corollary 2.2. Let G1 contain no universal vertices. Then
EQ(Gl[GQ]) = 77/22E2(G1) +m2E1(G1).

2.2. Generalized hierarchical product. Let ¢ # U C V(G1). The gener-
alized hierarchical product G1(U) M Gy of graphs G and G is a graph with
vertex set V(G1) x V(G2) and vertices (ug,us) and (vq,v2) are adjacent when-
ever [u; = v; € U and ugvy € E(G2)] or [ug = v2 € V(Gs) and uyv; € E(Gy)].

For ¢ # U C V(G), a path between vertices u,v € V(G) through U is a
uv-path in G containing some vertex z € U (vertex z could be the vertex u or
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vertex v). The distance between v and v through U, denoted by dg (1) (u,v), is
the length of any shortest path between v and v through U. Note that if one of
the vertices u and v belongs to U, then dg ) (u,v) = dg(u,v). For u € V(G),
we define eg(y)(u) = max,cy(a) dgw)(u,v). For notational convenience, we
define some invariants related to U as follows:

TU) =) ecw)(u) = ealu);

uelU uelU
Ey(U) =) ecu(w)? =) ec(u);
uelU uelU
FC) = 3 e (u)

ueV(QG)

E(GU) = Y ecw)(w)?
uweV(QG)

&G) = Z (eaw) (W) +ecw) (v));
weE(G)

E(GU) = > ecw)(wecw) ).
w¢ E(G)

The eccentricity of a vertex (u1,ue) in G1(U) M G2 was given in (8],

eay()nas (U1, u2)) = g, (v)(u1) + ea, (uz2).

Theorem 2.3. The second Zagreb eccentricity coindex of G1(U) MGy is given
by

EQ(Gl(U) 1 Gz) :nQEQ(Gl(U)) + |U|E2(G2) - ngl(U)
)y

n2

1
- 5(7’11 - |U‘ + 2m1)E1(G2) + (2

%(nf —|UN7(G2)* + E(GL(U)T(Ga) + € (G2)T(U)

+
+ (ng — 1)(n17(G1(U)) - T(U))T(GQ).
(2.2)

Proof. By definition of the second Zagreb eccentricity coindex, we obtain

E3(G1(U)NGs) = Z ey (NG, (U1, u2))eq, (yna, ((v1,v2))-
(u1,u2)(v1,v2)EE(G1(U)NG2)

We partition the above sum into four sums Si, S, S3, Sy as follows.
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The first sum 57 is taken over all vertices u; € U and non-adjacent vertex
pairs ugve ¢ E(G2),

1= Y (eqin(w) + e, (u2) (66, ) (ur) + 6, (v2))

w1 €U uzva @ BE(G2)

=Y Y [raewywm) + (6, (u2) + 6, (v2))eq, ) (ua)
u1 €U uava ¢ E(G2)
+ ea, (u2)eq, (v2)]

=M E1(U) 4 € (G2)7(U) + |U|E2(G2).

The second sum Sy is taken over all vertices us € V(G2) and non-adjacent
vertex pairs ujv, ¢ E(Gh),

Sa= ) > (e () +ea,(u2)) (6, ) (v1) + €6, (u2))

u2 €V (G2) u1v1 € E(G1)

= > Yo (e (u2)® + (e, ) (w) + e, @) (1)) e, (us2)

u2 €V (G2) uiv1 ¢ E(G1)
+ea, ) (u1)ea, () (01)]

=1 E1(Gy) + € (GL(U))T(G2) + naEo (G4 (U)).

The third sum Ss is taken over all vertices u; € V(G1) \ U and unordered
vertex pairs {us,v2} C V(Ga),

Sy = > (ea @) (wr) + 6, (u2)) (g6, vy (ur) + €6, (v2))
u1€V(G1)\U {ug,vz}gV(Gg)

= > > e, ) (1) + (26, (u2) + 26, (v2))eq, vy (u1)

w1 €V (G1)\U {uz2,02}CV(G2)

+Eea, U‘?)EGZ (1)2)]

:<Tl22> [El(G1(U)) _ El(U)] + [T(Gl(U) — T(U)] (ne — 1)7(G2)

+ %(nl LU [FG) — Ei(Ga)).
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The fourth sum Sy is taken over all unordered vertex pairs {uy,v1} C V(G1)
and {ug,v2} C V(Gq),

Sy = > > [(ec, () (u1) + €ay (u2)) (e () (V1) + €6, (v2))
{u1,v1}§V(G1) {UQ,UQ}QV(GQ)

+ (eay () (1) + €6, (12)) (g, vy (V1) + €6, (u2)) ]
= > > 26, () (W1)eq, () (1) + 2ea, (u2)eq, (v2)

{U1,v1}§V(G1) {uz,vz}gV(Gg)

+ (ecy () (1) + ey () (1)) (ea, (u2) + €6, (v2)) ]

n n
( 22) [7(G1(V))? = E1(G1(U))] + < 21) [7(G2)? = E1(G2)]
+ (n1 = 1)(n2 = D7(G1(U))7(G2).
Eq. (2.2) now follows by adding the quantities Sy, S2, S3, S4 and simpli-
fying the resulting expression. (|

The Cartesian product G10G5 of graphs G; and Gs is a graph with vertex
set V(G1) x V(G2) and two vertices (u1, us) and (v, v2) are adjacent whenever
[Ul =111 € V(Gl) and usvy € E(Gg)] or [Ug = Vg € V(GQ) and ujv; € E(Gl)]
Note that if U = V(G1), then G10G2 = G1(U) M G5 and by Theorem 2.3, we
get the following corollary.

Corollary 2.4. The second Zagreb eccentricity coindex of G1OGs2 is given by
Eg(GlmGg) :nQEQ(Gl) =+ nlﬁg(Gg) — m2E1 (Gl) — m1E1 (Gg)

+ (”22) 7(G1)? + (”21>T(G2)2 +E(G1)T(Ga)
+E(Ga)T(G1) + (n1 — 1) (n2 — 1)7(G1)7(G2).

2.3. Strong product. The strong product G; X G5 of graphs G and Gs is a
graph with vertex set V(G1) x V(G2) and two vertices (u1,us) and (v1,vs) are
adjacent whenever [u; = v € V(G1) and ugvy € E(G2)] or [ug = ve € V(G2)
and uyv; € E(G1)] or [uyv; € E(G1) and usve € E(G3)]. The eccentricity of a
vertex (ui,us) of Gy W G2 was given in [25],

6,86, (w1, u2)) = max{eg, (u1), e, (u2)}-

In the following theorem, we give a lower bound on the second Zagreb ec-
centricity coindex of Gy X Gs.

Theorem 2.5. The second Zagreb eccentricity coindex of G1 K Gy is given by
By (G X Gy) zi [(n2 + 2m2)E2(G1) + (n1 + 2m1)E2(Ga) +mar(G1)?
+ T T(G2)? + (7(Ga) + €9(Go))E(Gh) (2.3)
+ (7(G1) + £°(G1))E(G2) + €(G1)E (Ga)].
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The equality holds in (2.83) if and only if G1 and G2 are self-centered graphs

Proof. 1t is a well-known fact that for each pair of real numbers a, b, we have
maz{a,b} > %, with equality if and only if a = b. Now by definition of the
second Zagreb eccentricity coindex, we obtain

By (G1 K Gy) = > £6,m6, (U1, u2))eq,ma, ((v1,v2))
(u1,u2)(v1,v2)¢ E(G1NGs)

_ Z max{eq, (u1),eq, (u2)}
(u1,u2)(v1,v2) ¢ E(G1KG?)
x max{eq, (v1),eq,(v2)}

e (ul) téa, (U’Q) « Gy (Ul) téa, (U2>

> ,
- 2 2
(u1,u2)(v1,v2)¢E(G1XG2)
from which we arrive at
— 1
EQ(Gl&GQ) > 1 Z (5G1 (u1)+602(u2))(601 (1}1)+€G2(U2)).

(u1,u2)(v1,v2) ¢ E(G1RG2)
(2.4)

The right hand side expression in (2.4) can be partitioned into four sums
S1, Sz, S3, S4 as follows.
The first sum S is taken over all vertices u; € V(G;1) and non-adjacent
vertex pairs ugvs ¢ F(G3),
Si=7 Y > (eai(m) +ec, (u2)) (ea, (ur) + €6, (v2))
u1 €V (G1) uv2 ¢ E(G2)

:i > Yo e ()’ + (ee.(u2) + ey (v2))ec, (u)

u1 €V (G1) u2v2¢ E(G2)

+ea, (u2)eg, (va)]

= [ () + 7(GUE (G2) + mBa(G).

A~ =

The second sum Sy is taken over all vertices us € V(G2) and non-adjacent
vertex pairs uiv; ¢ E(G1),

S2 = i Z Z <€G1 (u1) +ec, (UQ)) (EGl (v1) + 6, (u2))

u2 €V (G2) uiv1 € E(G1)

By symmetry, we obtain

Sy = i[mlEl(GQ) +7(G2)E (Gh) + n2Ea(Gh)].
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The third sum S5 is taken over all edges u;v; € E(G1) and non-adjacent
vertex pairs ugvz ¢ E(G2),

Ss=7 2 > (eei(w) +ea,(u2) (e, (v1) + 6, (v2))

ul’UlEE(Gl)uzv2¢E(G2)
+ (ea, (u1) + 26, (v2)) (e, (V1) + €6, (u2))]

Z Z [2561 (ul)EGl (’01) + 2€G2 <u2>€G2 (UQ)
w101 EE(G1) usva ¢ E(G2)
+ (EGI (ul) +ea, (Ul)) <5G2 (’U,g) +ea, (U2)>]
1

:Z [2m2E2(G1) + 2m1E2(G2) + gc(Gl)EC(GQ)] :

o=

The fourth sum Sy is taken over all non-adjacent vertex pairs ujv1 ¢ E(G)
and unordered vertex pairs {us,v2} C V(Gs),

S, :i Z Z [(ecy (W) + €6, (u2)) (ecy (v1) + £, (v2))

uU1v1 ¢E(G1) {ug,vg}QV(Gg)
+ (EGI <U1> +ea, (UQ)) (EGI (Ul) +eaq, (U’Q))]
3 3 [2e, (u1)ec, (v1) + 266, (uz)eq, (v2)
u1v1¢ E(G1) {u2,v2}CV(G2)
+ (5G1 (ul) +ea, (Ul)) (EGz (UQ) +Eag, (’02)]

(75 ) BalG) + 2 (Ba(Go) + FaGa)) + €' (G)(€(G) + €°G))-

> =

The inequality in (2.3) now follows from Eq. (2.4) by adding the quantities
S1, S2, S3, Sy and simplifying the resulting expression.

The equality holds in (2.3) if and only if for each (u1,us)(v1,v2) ¢ E(G1 X
G2), ec, (u1) = eg, (u2) and eg, (v1) = g, (v2). If G; and G5 are self-centered
graphs and d(G;) = d(Gz), then the equality in (2.3) holds trivially. Now
let the equality hold in (2.3). Then for each u; € V(G1), ugvy ¢ FE(G3),
€a,(u1) = eg,(u2) = eg,(v2), and for each uy € V(Ga), wivy ¢ E(Gy),
ec,(u2) = €g, (u1) = eg, (v1). This implies that G; and Gy are self-centered
graphs and d(G;) = d(Gs). O

If the radios of one of the component in strong product is greater than or
equal to the diameter of the other component, we can obtain an exact formula
fOI‘ Eg(Gl X Gg)

Theorem 2.6. Let r(G1) > d(Gz). The second Zagreb eccentricity coindex of
G1 X Gy is given by

EQ(Gl X GQ) = (TLQ + 2m2)E2(G1) + mgT(Gl)Q. (25)



174 M. Azari

Proof. Under the condition r(G1) > d(G2), for every vertex u; € V(Gy), ug €

V(G2), eq, (u1) > eg,(u2), so eq,ma, ((u1,u2)) = €¢, (u1). Now by definition
of the second Zagreb eccentricity coindex, we have

Ey(G1 K Gy) = > £6,m6, (U1, u2))eq, e, ((v1,v2))
(ul,uz)(v17v2)¢E(G1|Z|G2)

= Z Z €Gy (u1)2

u1 €V (G1) ugv2 € E(G2)

+ Z Z €G, (ul)aGl (Ul)

UQEV(GQ) U1V QE(Gl)

+2 > > ea (w)eg, (v1)

ULV EE(Gl) ’U.Q’UQQE(GQ)

+2 Z Z g, (u1)eg, (v1)

u1v1 €E(G1) {u2,v2}CV(G2)
— n —
B (Gh) + 1o Fa(Gh) + 22 Ba(Ga) + 2( 22>E2(G1)
=n2?Es(G1) + M2 (E1(G1) + 2E>(Gy)).

Eq. (2.5) now follows by plugging the expression E;(G1)+2F2(Gy) = 7(G1)?—
2E5(G1) from [6] into the above formula and simplifying the resulting expres-
sion. (]

3. EXAMPLES AND APPLICATIONS

In this section, we apply the results obtained in Section 2 to compute the
second Zagreb eccentricity coindex of some classes of chemically interesting
graphs by specializing components in graph products.

The following results for path and cycle on n vertices follow easily by direct
calculations and the proofs are therefore omitted.

Lemma 3.1. The following hold:
1

) T(Pn)_{ Ln—1)(3n+1) 2¢n,

n(3n—2) 2| n;
() &5(Fn) = { %Egn; i)26n +4) ;TZ
(iii) Ey(P,) = { ﬁz 7(17;”_1)1()7(7;;_ 227)1 -3) 22 f| r;
RP] L
0 EE={ 1 o o
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L(n—1)(93 - 31n? +35n —5) 21{n,

(Ui) EQ(Pn) = { gn(n _ 2)(9n2 —29n 4+ 28) 2 | n.

Lemma 3.2. The following hold:
(i) T(Cn) = nl}];
(ii) €(Cy) = 2n5];
(iii) Er(Cy) = Ea(Ch) = n[ 3%
(iv) € (Cn) = n(n—3)[3];

(v) Ba2(Cp) = §n(n - 3)| )%

We start with some examples for lexicographic product. An open fence is
lexicographic product of P, and P, and a closed fence is lexicographic product
of Cy, and P,. Using Theorem 2.1 and Lemmas 3.1 and 3.2, we arrive at:

Corollary 3.3.

1 3 2
— ) qg(n—=1)(9n° = 31In*+35n —5)  2{n,
EQ(P"[PQD{ I (n — 2)(9n? — 22n + 28) 2| n;

n2
2l

Now, we consider some applications of generalized hierarchical product. The

E5(Cu[P2]) =n(n - 3)|

hezxagonal chain L, including n hexagons is the generalized hierarchical product
Py 1(U)NPy, where U = {vag41 : 0 < k < n}. Using Theorem 2.3 and Lemma
3.1, the second Zagreb eccentricity coindex of this graph is given by

Corollary 3.4.

— L(54n* + 9503 +45m% +n —3)  21n,
Ey(Ln) =19 & 3 2
%(54n” 4- 950 + 450 + 4) 2| n.
The zig-zag polyhex nanotube TU HCg[2n,2] is the generalized hierarchical

product Ca, (U) M Py, where U = {vg : 1 < k < n}. Application of Theorem
2.3 and Lemmas 3.1 and 3.2 yields:

Corollary 3.5.
Eo(TUHCs[2n,2]) = n(8n® + 9n? — 6n — 7).

The linear phenylene chain PH, including n benzene rings is the generalized
hierarchical product Ps, (U) M Py, where U = {vgi11 : 0 < k <n—1} U {vsg :
1 <k <n}. Using Theorem 2.3 and Lemma 3.1, we obtain:
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Corollary 3.6.

1 4 3 2
—= (729n* — 138n° — 72n® — 2n — 5) 2fn
By(PH,) = | 5 )
2(PH) { 1(729n* — 13803 — 18n? + 4n — 16) 2| n.

Now, we present some examples for strong product. Application of Theorem
2.6 yields:

Corollary 3.7. For any graph G,

By setting G = P, and G = C), in Corollary 3.7 and using Lemmas 3.1 and
3.2, we arrive at:

Corollary 3.8.

— { z5m?(n — 1)(9n® — 31n? + 35n — 5) 21 n,

Ey P, XK, =
2 ) Lm2n(n — 2)(9n2 — 22n + 28) 2| n;

n2
2

Using Theorem 2.6, we also get the following corollary.

Bo(C B K,,) :%an(n _3)|

Corollary 3.9. Let G be a graph of order m without universal vertices. Then

— = 1
Ey(G R Knyny,.n,) = (0" = 0@ +0)Es(G) + 5 () = n)7(G)?,

where n =n1 + no + ... + n,, n® =n2 4 n% + ... +n,2.

By setting G = P, and G = C,,, in Corollary 3.9 and using Lemmas 3.1 and
3.2, we obtain:

Corollary 3.10. For m > 3,
+(m—1)[4(n® —n)(Tm? —10m+1)  2{m,

32
To(Po KKy ) =d T70(Om® = 31m? + 35m — 5)]
e 55 [4(n® —n)(Tm? — 17m + 14) 2| ms
+n2(9m? — 40m? + 72m — 56)]
~m m 2

EQ(Cm D Knl,na,.--,m) J [3(71(2) —n)+ nQ(m - 3)]7

T2t2
where n =n1 + no + ... + n,, n® =n2 4+ n% + ... +n,2.
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