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ABSTRACT. The purpose of the present paper is to introduce a class
Dg;aCo(oc) of bi-concave functions defined by Al-Oboudi differential op-
erator. We find estimates on the Taylor-Maclaurin coefficients |az| and
laz| for functions in this class. Several consequences of these results are

also pointed out in the form of corollaries.
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1. INTRODUCTION

Let A indicate an analytic function family, which is normalized under the
condition of f(0) = f/(0)—1 = 0in the open unit disk A = {z: z € C and |z| < 1}
and given by the following Taylor-Maclaurin series:

fz)=z+ Zanz". (1.1)

Further, by S we shall denote the class of all functions in A which are univalent
in A.
It is well known that every function f € S has an inverse f~!, satisfying

F7Hf () = 2, (€ ) and f(f7H (W) = w, (Jw|<ro(f); ro(f) >3),
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where
W) =w —aw? + (2a3 — az) w® — (543 — Sasas + aq) w* + -

(for details, see Duren [13]). A function f € A is said to be bi-univalent in A
if both f and f~! are univalent in A. Let ¥ stand for the class of bi-univalent
functions defined in the unit disk A. For a brief history of functions in the class
%, see [25] (see also [10, 11, 14, 17, 20, 26, 27]). More recently, Srivastava et al.
[25], Altinkaya and Yalcin [3] made an effort to introduce various subclasses of
the bi-univalent function class 3 and found non-sharp coefficient estimates on
the initial coefficients |az| and |ag| (see also [21, 15]). But determination of the
bounds for the coefficients

lan|, neN\{1,2}; N={1,2,3,...}

is still an open problem. In the literature, there are only a few works determin-
ing the general coefficient bounds |a,| for the analytic bi-univalent functions
(see, for example [4, 16, 28]).

The study of operators plays an important role in Geometric Function The-
ory in Complex Analysis and its related fields (see, for example [2, 18, 19]).
Recently, the interest in this area has been increasing because it permits de-
tailed investigations of problems with physical applications. For f € A, we
consider the following differential operator introduced by Al-Oboudi [1],

Dif(z) = f(2),

D; f(2) (1=0)f(2) +f'(2) (6=0),

Dif(z) = Ds(Dj7'f(2)) (keN).

Additionally, in view of (1.1), we deduce that

Dif(z) =2+ [+ (n—1)"anz" (k€Ny=NU{0})
n=2
with D¥ f(0) = 0.
It is of interest to note that DY is the Salagean’s differential operator [23].

2. PRELIMINARIES

Conformal maps of the unit disk onto convex domains are a classical topic.
Recently, Avkhadiev and Wirths [6] discovered that conformal maps onto con-
cave domains (the complements of convex closed sets) have some novel prop-
erties.

A function f: A — C is said to belong to the family Cy(«) if f satisfies the
following conditions:
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e fisanalytic in A with the standard normalization f(0) = f/(0)—1 = 0.
In addition it satisfies f(1) = co.

e f maps A conformally onto a set whose complement with respect to C
is convex.

e The opening angle of f(A) at oo is less than or equal to 7o, a € (1,2].

The class Cy(«) is referred to as the class of concave univalent functions and
for a detailed discussion about concave functions, we refer to Avkhadiev et al.
[7], Cruz and Pommerenke [12] and references there in.

In particular, the inequality

%(1+Zf”(z)><o (z € A)
f'(2)
is used - sometimes also as a definition - for concave functions f € Cy (see e.g.

[22] and others).
Bhowmik et al. [9] showed that an analytic function f maps A onto a

concave domain of angle e, if and only if R(Py(z)) > 0, where

2 11 "
P(z) = atll+ez ,_  FG)
a—1 2 1-=z f'(2)
There has been a number of investigations on basic subclasses of concave uni-
valent functions (see, for example [5], [8] and [24]).

Let us recall now the following definition required in sequel.

Definition 2.1. Let the functions h,p: A — C be so constrained that
min (R (5 ()), R (p(2))} > 0
and

h(0)=p(0)=1.

Motivated by each of the above definitions, we now define a new subclass of
bi-concave analytic functions involving Al-Oboudi differential operator D¥.

Definition 2.2. A function f € ¥ given by (1.1) is said to be in the class
D%sCo()  (ke€Ng, >0, € (1,2], z,w e A)

if the following conditions are satisfied:

"
2 a+114+z2 1 [Dg;éf(z)]

-

a—1 2 1—=z [D’zc;;éf(z)}/

€ h(A) (2.1)

and .
2 la+ll—w D s9(w)]

S T Wl A

-1 2 1 !
(0% +w {Dg,gg(w)}

€ p(A), (2.2)

where g = f~1.
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Remark 2.3. There are several choices of k and ¢ which would provide inter-
esting subclasses of the class Dg; 5Co(a). For example,

(i) For k = 0, it can be directly verified that the functions h and p satisfy
the hypotheses of Definition 2.1. Now if f € Cx,o(«) then

2 [a+1ll+z 1"(z)
fex 04—1{ 51— Zf’(z)}Eh(A) (z € A)
and
2 Ja+l1ll4w 9" (w)
a—l[ 5 l—w_l_wg’(w)]EP(A) (weA),
where g = f1.

(ii) For 6 = 1, it can be directly verified that the functions h and p satisfy
the hypotheses of Definition 2.1. Now if f € DECp(a) then

Dk "
fex, 2 0‘“1”—1—2% € h(A) (keNgy, z€A)
a—1 2 1-=z [Dgf(z)]
and
_ Dk 1
2_|atll w—l—w[L(U})], e p(A) (k€ No,w € A),
a—1 2 1+w [Dkg(w)]
where g = f~ 1.

3. MAIN RESULTS AND THEIR CONSEQUENCES

We begin by finding the estimates on the coefficients |az| and |as| for func-
tions in the class D$,;Co(cv).

Theorem 3.1. Let f given by (1.1) be in the class Dg;éCo(a), Then

a—1)2 ’ 2 ’ 2 a2 , ,
al < min{\/ @iy, D (ROP Y OF) | (o) (r o+ o)

A(119)2F 32(1+0)%F 8(1+0)%F ’

(a=1) (| (O)]+]p" (0)]) (at1)
\/162(1+6)2"’—3(1+25)’“| + 2[2(1+0)2F —3(1423)F] (3.1)
and

las| < min

80t )’ +a=1 ([ O+ ) (2= 1)(|W©)]+]p'@]) | (a=1)(|n"©)|+]p"©)])
32(1+0)7F + 8(1F9)°F + A8(1120)F )

(3.2)

|3(a—1)(1426)* — (a—1)(1+8)>* || 1" (0) | +(a—1) (1+8)>*|[p (0)] N atl }
24(110)2F[2(150)2F —3(1120)F] 2[2(146)2F —3(1426)%] (
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Proof. Let f € DE.5Co() and g be the analytic extension of f~! to A. It

follows from (2.1) and (2.2) that

I/

Dk f(z
[ v
and [ }”_
2 11— Dg 59(w)
a—1 a;L 1+Z_1_w[DE§:g(w)}/_ =p(w),

(3.4)

where h and p satisfy the conditions of Definition 2.1. Furthermore, the func-

tions h (z) and p (w) have the following Taylor-Maclaurin series expansions:

h(z) =14 hiz+ho2® +---

and
p(w) =1+pw+pw’+---,

respectively. Now, equating the coefficients in (3.3) and (3.4), we get

2[(a+1)—2(1+6)ka

L,

= N2,

a—1
2 [(a+1) 4+ 41+ 0)*a3 — 6(1 + 26)*as]
a—1

2[(a+1) =21+ 6)*ay

a—1
2 [(a+1)+4(1+0)*a3 —

=D

)

6(1 +20)%(2a3 — ag)}

a—1
From (3.5) and (3.7), we find that

= P2-

hi = —p1.
Also, from (3.5), we can write
a+1 hi(a—1)
o — _
2T 2140 4(1+0)

Next, by using (3.5), (3.7), (3.

9) and (3.10), we get
(a2 - 1) (hl —pl).

)
o (at1)? (a1 (hf +p})
)

2T 41+ o) 32(1+0)2%  8(1+0)%F
By adding (3.6) to (3.8), we get
2 _ (a—1) (h2 +p2) a+1
a2 -

8[2(14 d)%k — 3(1 + 20)%]

C2[2(1+6)%F — 3(1 + 26)F]

Therefore, we find from the equations (3.11) and (3.12) that

(at1)®

(a—1)2 (|0’ (0)*+]p' (0)|?
(|0 ©*+[p |)+

(1) (|W (] +[p"©)])

jas|* < I(1+0)2F 32(1+9)%F

8(1+0)2F

(3.10)

(3.11)

(3.12)
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and
< (a = 1) (A" ()| + " (O)) (a+1)

T 16]2(1+ )2k — 3(1 4+ 25)F]  2|2(1 + )2k — 3(1 + 20)k|
Similarly, subtracting (3.8) from (3.6), we have

_ 2 (a—1) (ha — p2)
TR T T+ 20)k

lag

(3.13)

Then, upon substituting the value of in view of a3 from (3.11) and (3.12) into
(3.13), it follows that

Qs = (o +1)° i (@ — 1) (h? + 1) (@@= (-p) (a=1)(ha—p2)
5T 4(1+6) 32(1 + 6)2k 8(1 + )2+ 24(1 + 20)*

and

. (a—1) (ha + p2) B a+1 7(&—1)(h2—p2)
PT8[2(140)2F —3(1+25)F] 2[2(1 +0)2F —3(1+28)F]  24(1 + 26)*

Consequently, we have

8(a+1)%+(a—D2 (|0 O +[p'(0)]")  (a2=1) (|1 (0)|+]p’ ©)]) |, (a=1)(|n"©)|+]p" (©)])
laz| < 33(140)7F + 8(139)2F + A8(1126)F

and

[38(a=1)(1420)" —(a=1) (148)** | [1" ()| +(a—1) (1+8)** |[p" (0) atl
<
las| < 24(146)2F[2(146)2F —3(1+28)%| +2\2(1+5)2k—3(1+25)k\'

This completes the proof of the theorem. O

It is easily seen that, by specializing the functions h and p involved in the
Theorem, several coefficient estimates can be obtained as special cases.

Corollary 3.2. If we set

1 Y
h(z)<1tj) =14+2v2+29%2+... (0<~<1),
(2) = 1=z 7—1—2z+22z2+ 0<vy<1)
P — s = Y Y AR s

then inequalities (3.1) and (3.2) become

. (a+1)2+(a—1)*y*+2(a®—1)y (at+1)+(a—1)2
|az| < min {\/ 1(140)7F A\ T T3

and

. (a+1)2+(a—1)2'y2+2(a2—1)'y (a—1)72
jag| < mm{ (1407 + 5T

|3(—1)(1420)% — (a—1)(146)>* |7+ (a—1) (1+6)** 4 il
6(1+6)2%2(1+6)2k —3(1+20)*| +2\2(1+5)2k—3(1+25)k\ :
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Corollary 3.3. If we let
1+(1-26)=

h(z) = — =1+2(1-B)z+21-B)22+--- (0<B<1),
p(z):1_(11+7_Z26)z:1—2(1—6)2+2(1—6)z2+--- (0<p<1),

then inequalities (3.1) and (5.2) become

: (a+1)*+(a=1)*(1-8)>+2(a®~1)(1-8) a+1)+(a—1)(1-4)
|az| < min {\/ 2(1+0)%F \/2\2(1+5)2k 3(1+25) |}
and

. (a+1)2+(a—1)2(1—[3)2+2(a2—1)(1—5) (a—1)(1—B)
jas| < mm{ I(1+9)2F + %(1+25)k ;

|3(a—1)(14+26)* — (a—1)(148)>* |(1—B)+ (a—1)(1+8)** (1-B8) ol
6(140)2F[2(140)2F —3(1+23)F] Jr2|2(1+5)2k73(1+25)k| :

Theorem 3.4. Let f given by (1.1) be in the class Cxo(cv). Then

/ 2 ! 2 ’ ’
laz] < min \/(“21)2+(a1)2<h(§;| +‘p(on)+(C“Q‘lmh(80)|+|’”(0)|),

\/(a—l)(|h” E%)Hlp” (0)]) n (agl)} (3.14)

and

las] < min

8(a+D?+(@=D? ([N O +[p' ") | (a2=1)(|W O]+’ ©@]) , (@=D(|n"©]+[p"©)])
32 + 8 + 48 ’

(3.15)

|3(a—1)(1426)" —(a—1)(1+5)>"
24

R (0)|+(a—1)(146)"

" (0)] i a+1}
50

Corollary 3.5. If we set

1
h(Z):< +Z) =142z + 29222 + ... (0<y<1),

1—=2
(2) = 1=z V*l—? 2+ 29222 + 0<~vy<1)
p “\1+2 = Y gl T>1),

then inequalities (3.14) and (3.15) become

|a2| < min {\/(Oé+1)2+(04—1)42’y2+2(o¢2—1)fy’ (O¢+1)+§a—1)72 }
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and

2 V2.2 a?— o
lag] < min{(aﬂ) e 1)47 2?1y + ¢ 61)’Y2,
7’ (a=1)+(a+1) }
5 .

Corollary 3.6. If we let
14+ (1-28)z

h(z) — =1+2(1-B)z+21-B)22+--- (0<B<1),
()=t s paraa-p 2 (0s8<),

then inequalities (3.14) and (3.15) become

2 V2132 a?_ . S o— _
] < mm{\/(a+1> +Ho=1’(-pP +2(e?-101-4) , /et ,8)}

and

2 _1\2(1_73)\2 a2 _ - _
as] < min{(““) +(a-1)%(1 f) +2(a’-1)1-5) | (a na-8)

(1=B)(a=D+(at+1) }
5 .

Theorem 3.7. Letf given by (1.1) be in the class DECo(cv). Then

a=1)2(|r' )% +|p ()| a2 / /
o] < min \/(aﬂ)z L o) (|n @) +[»' 0)) L @) (O o))

22k+2 22k+5 22k+3 I’

(a—=1) (JR" (0)] + |p” (0)]) (a+1)
\/ 16(3k+1 _ 22k+1) + 2(3k+1 _ 22k+1) (3'16)
and
. 8(a+1)%+(a—1)2 (|1 (0)|*+|p’ (0)|? a?2-1)(|n'(0 (0 a—1)(|n" (0 (0
0] < mm{ 2(I+ [+ @F) WO O) | @D ol o),

(3.17)

(ail)(3k+1722k) |h”(0) ‘+(a71)22k |p"(0)| N atl
3.22k 3 (3F+1 _22FF1) 2(3FF1_22kFT) ( -

Corollary 3.8. If we set

1 ¥
h(z):(1+j) =142vz+ 29222 + ... (0<y<1),

1—2\"
= =1-2 27222 4 ... <1
p(2) (1+z> vz 42972 + (0<y <),
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then inequalities (3.16) and (3.17) become
. a+1)24+(a—1)2y242(a?—1 a2
joal < min {22 fiesnsieny

2 _1\2.2 a?— o
S

and

22k+2 2'3k+1 bl

(a_l)(3k+1_22k)72+(a_1)22k,‘{2 atl
3'22k+1(3k+1_22k+1) 2(3k+1_22k+1) .

Corollary 3.9. If we let

@)=y ga20-g) 2 0<B <),
()= a2 (0s8<),

then inequalities (3.16) and (3.17) become

2 C1\2(1_3)\2 o _ o — _
las)| <mm{\/<a+1> +Ham1)20pP (e 1) 5)7\/< +D+a-1( ,8)}

2(3k+1_22k+1)

and

2 2 2 2
las| < min{(aﬂ) +(a=1)’(1-B)*+2(e*-1)(1-8) " (a;1)(175)

22k +2 3EFT >

(a=) (-2 (1-p) (@D (1-p) atl }
3.22FF1(3FFT_22F+1) 2(3FFT_22kFT) ( *
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