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ABSTRACT. In this paper, we introduce the notion of -operation on an
m-space (X, m). By using the i-operation, for every subset A of X,
we define the 1-operation Ay (Z,m) with respect to an ideal Z and an
m-structure m and investigate their properties. Moreover, on the m we

introduce and investigate the notion of ¢-compatibility with an ideal Z.
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1. INTRODUCTION AND PRELIMINARIES
An ideal Z on a space X is a non-empty collection of subsets of X which
satisfies the following properties:

(1) AeZ and B C A implies that B € 7.
(2) A€Z and B € T implies AUB € 7.

An ideal topological space is a topological space (X, 7) with an ideal Z on X
and is denoted by (X, 7,Z) (see [9, 10]).
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Definition 1.1. Let X be a nonempty set and P(X) the power set of X. A
subfamily m of P(X) is called a minimal structure (briefly m-structure) on X
if m satisfies the following conditions:

(1) 0, X € m.

(2) The union of any family of subsets belonging to m belongs to m.

By (X,m), we denote a nonempty set X with a minimal structure m on
X and call it an m-space. Each member of m is said to be m-open and the
complement of an m-open set is said to be m-closed. For a point z € X, the
family {U : € U and U € m} is denoted by m(x).

First we state the following: in [11], a minimal structure m is defined as
follows: m is called a minimal structure if (), X € m. Several characterizations
of minimal stracture were provided in [1, 2, 3, 4, 5, 6]. However, in this paper,
we define as follows:

Definition 1.2. Let (X,m) be an m-space. A function ¢ : m — P(X) is
called a -operation on m if ¥(U) C U for every a proper subset U € m and
P(X) = X. A subset A of X is said to be ¢-open if there exists a proper subset
Uemsuchthat AC9(U)or A=¢(X)=X. Weput ¥ ={AC X :AC
¥ (U) for some a proper subset U € m or A = X}. Then ¥ is the family of all
1-open sets. The complement of a w-open set is said to be 1-closed.

Lemma 1.3. Let (X, m) be an m-space. For ¥ the following properties hold:
(1) 0,X € 0.
(2) If Ay € ¥ for each a € A, then NpeprAq € V.

Proof. (1): ¥(0) =0 and (X) = X are always true.

(2): If A, € U for each o € A, then there exists U, € m such that A, C ¥(Uy).

Since Npeada € Any, Nacada C (U, ). Therefore, NperAq € V. O
C

We set Inty(A) = UW{U : U C A, U € ¥} and Cly(A) = {F : A
F, X —-FeU}.

2. Y-LOCAL FUNCTIONS

Definition 2.1. Let (X, m,Z) be an ideal m-space. For a subset A of X, we
define the following set: Ay(Z,m) ={x € X : ANU ¢ I for every U € ¥(z)},
where ¥(z) = {U € ¥ : z € U}. In case there is no confusion A,(Z,m) is
briefly denoted by Ay, and is called the )-local function of A with respect to 7
and m.
Lemma 2.2. Let (X, m) be an m-space, T and J be ideals on X and let A
and B be subsets of X. Then the following properties hold:

(1) IfA g B, then Aw g Bw.

(2) IfTC J, then Ayp(Z) D Ay(T).

(3) Ay = Cly(Ay) C Cly(A).



A Topology Generated by 1-Operation and Ideal Spaces 3

(4) If AC Ay, then Ay = Cly(Ay) = Cly(A).
(5) If A€ Z, then Ay = 0.
(6) (AﬂB)w gAmew,

Proof. (1) Suppose that ¢ B,. Then there exists some U € ¥(z) such
that UNB € Z. Since UNACUNB,UNA¢€Z Hencex ¢ Ay. Thus
X\Bd, QX\Aw OrAw ng

(2) Suppose that x ¢ Ay (Z). There exists some U € ¥(z) such that UNA € 7.
SinceZ CJ,UNAeJ and x ¢ Ay(J). Therefore, Ay (J) C Ay (T).

(3) We have A, C Cly(Ay) in general. Let z € Cly(Ay). Then Ay NU # 0
for every U € ¥(z). Therefore, there exists some y € Ay NU and U € ¥(y).
Since y € Ay, ANU ¢ 7 and hence z € Ay. Hence we have Cly(Ay) C Ay
and hence Ay, = Cly(Ay). Again, let x € Cly(Ay) = Ay, then UNA ¢ T
for every U € W(z). This implies U N A # @ for every U € ¥(x). Therefore,
x € Cly(A). This shows that Ay (Z) = Cly(Ay) C Cly(A).

(4) For any subset A of X, by (3) we have Ay, = Cly(Ay) € Cly(A). Since
A Q Aw, Clw(A) g Olw(Aw) and hence Aw = Clw(Aw) = Clw(A)

(5) Suppose that x € Ay. Then for any U € ¥(x), UNA ¢ Z. But since A € 7,
UNAeZforany U € U(x). This is a contradiction. Hence Ay, = 0.

(6) The proof is obvious by (1). O

Lemma 2.3. Let (X,m,Z) be an ideal m-space and A C B C X. Then,
Aw(IB, \IJ|B) = Aw(I, m) N B.

Proof. First we prove the following implication: Ay (Zg,¥|p) C Ay(Z,m)N B
Let z ¢ Ay (Z, m) N B. We consider the following two cases:

Case 1. x ¢ B: Since Aw(IB, \I/|B) - B, then x ¢ Aw(IB, \IJ|B)

Case 2. = € B. In this case x ¢ Ay(Z,m). There exists a set V € ¥(x)
and VN A € Z. Since x € B, we have a set BNV € ¥|p such that « €
BNV and (BNV)NA € 7 and hence (BNV)NA € Zg. Consequently,
x ¢ Ay(Zp, ¥|p). Both cases show the implication. The converse implication:
Ay(Z,m)NB C Ay(Zp,¥|p). Let x ¢ Ay(Zp, ¥|p). Then, for some 1-open
subset UNB of (B, ¥|p) containing x, we have (UNB)NA € Zp. Since A C B,
then UNA e€ZIp CTie,UNAeZfor some U € ¥(zx). This shows that
x ¢ Ay(Z,m). O

3. A TOPOLOGY ASSOCIATED WITH IDEAL m-SPACES

Theorem 3.1. Let (X, m,T) be an ideal m-space and A, B any subsets of X.
Then the following properties hold:

(1) (0)y =0.
(2) (Ay)y C Ay.
(3) Aw Uqu = (AU B)w
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Proof. (1) The proof is obvious.

(2) Let « € (Ay)y. Then forevery U € U(x), UNAy ¢ Z and hence UNA,, # 0.
Let y e UN Ay. Then U € ¥(y) and y € Ay. Hence we have UN A ¢ 7 and
x € Ay. This shows that (Ay)y € Ay.

(3) It follows from Lemma 2.2 that (AU B)y, 2 Ay U By. To prove the
reverse inclusion, let z € (AU B)y. Then for every U € ¥(z), UN (AU B) =
(UNAUUNB) ¢ Z Therefore, UNA ¢ Zor UNDB ¢ Z. (Because if
UNAeZandUNBeZ, then UNA)UUNB)=UN(AUB) €Z. Thisisa
contradiction). Hence x € Ay, or « € By,. And hence z € Ay, U By,. Therefore,
(AUB)y C Ay UBy. Hence we obtain Ay U By = (AU B)y. O

Theorem 3.2. Let (X,m,Z) be an ideal m-space, Clj(A) = Ay UA and A,
B be subsets of X. Then

(1) CI3,(0) = 0.

(2) ACCL(A).

(3) Cl(AUB) = Cly,(A) U CL(B).

(4) Cl*( )=Cl} (Cl* (4)).
()

5 IfACB thenCl*( ) C CLy(B).

Proof. By Theorem 3.1, we obtain

1) CL,(0) = (0) U0 = 0.

2) AC AU Ay = ClL(A).

3) Cl,(AUB) = (AUB), U(AUB) = (A4, UBy)U(AUB) = Cl;,(A)UCL (B).
4) CI,(CI(A)) = Cl(Ay U A) = (Ay U A)y U (Ag U A) = (Ay)y U Ay) U
Aw U A) = A,l/, UA = CZZL(A)

5) Since A C B, we have Clj(A) = Ay UA C By, UB = Cl;(B). O

N N N N S

By Theorem 3.2, we obtain that Cl(A) = AU Ay is a Kuratowski closure
operator. We will denote by m;, ) = my, the topology generated by Cl% , that
is, my, ={UCX:Cl(X-U)=X-U}.

Lemma 3.3. Let (X,m,Z) be an ideal m-space and A, B be subsets of X.
Then A‘li — Bw = (A — B)w - Bﬂ«"

Proof. We have by Theorem 3.1 Ay = [(A—B)U(ANB)|y = (A—B)y,U(AN
B)y € (A—B)y UBy. Thus Ay — By C (A — B)y — By. By Lemma 2.2,
(A — B)w g Aw and hence (A B)w — Bw Q Adi — Bw. Hence Aw — Bw =
(A— B)y — By. O

Corollary 3.4. Let (X, m,T) be an ideal m-space and A, B be subsets of X
with B € . Then (AU B)w = Aw = (A — B)¢

Proof. Since B € Z, by Lemma 2.2 By, = (). By Lemma 3.3, Ay, = (A — B)y
and by Theorem 3.1 (A U B)w = Aw U Bw = Aw. O
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Lemma 3.5. Let (X,m,Z) be an ideal m-space. If U € ¥, then UN Ay =
UNWUNA)y, C(UNA)y for any subset A of X.

Proof. Suppose that U € ¥ and z € UN Ay. Then € U and = € Ay.
Let V€ ¥(z). Then VNU € ¥(z) and VNUNA) =(VNU)NA¢TI.
This shows that « € (U N A), and hence we obtain U N Ay C (U N A)y.
Moreover, UN Ay € UN (U N A)y and by Lemma 2.2 (UNA)y, C Ay and
UNn(UNA)y, CUNAy. Therefore, UN Ay, =UN(UNA)y. O

Lemma 3.6. Let (X, m,Z) be an ideal m-space and A, B be subsets of X.
Then

(1) If A C B, then Cl;,(A) C CI3(B).
(2) CL;,(AN B) C CLy(A) N CL,(B).
(3) If U € ¥, then U N CL;,(A) C CL,(U N A).

Proof. (1) Since A C B, by Lemma 2.2 we have Cl;(A) = AUA;, C BUBy, =
CI(B).

(2) This is obvious by (1).

(3) Since U € ¥, by Lemma 3.5 we have U N Clj(A) = U N (AU Ay)
(UNA)UUNAy) CUNAUUNA)y=CL(UNA). O

Corollary 3.7. Let (X, m,Z) be an ideal m-space and A C X. If A C Ay,
then

(1) Clyp(A) = ClL(A).

(2) Inty(X — A) = Int) (X — A).

Proof. The proof follows from Lemma 2.2. |

Theorem 3.8. Let (X, m,Z) be an ideal m-space. Then S(U,I) ={V —1:
V€W, €1} is a basis for my,.

Proof. Let (X, m,Z) be an ideal m-space. It is obvious that A is m.,-closed if
and only if Ay, C A. Now we have U € mfb ifand only if (X —-U)y CX -U
if and only if U C X — (X — U),. At first, we shall show that every member
of B(¥,7) is an open set in my,. Let V-1 € B(V,T), where V € ¥ and
I'eZ ForeachzeV-I,zeVandVnN(X-—-(V-1I)CIecZ Hence,
x¢ (X —(V—-1I))y,and hence V-1 C X — (X —(V —1I))y. Therefore, by the
fact above, V. — I € my,. Now, let U € mj,. By the fact above x € U implies
that © ¢ (X — U),. This implies that there exists some V' € ¥(x) such that
VN(X-U)eZ Nowlet I =VN(X—-U) and we have x €¢ V — T C U,
I € 7. Now we need only show that 3(¥,7) is closed under finite intersection.
Let A,B € 5(V,Z), then A= H — I and B = K — J, where H /K € ¥ and
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I,J € ZT. Now, we have

(H-DNK-J)=HNX-D)NENX-J))
=HNK)N(X-I)Nn(X-=1J))
=HNK)N(X - UlJ))

=(HNK)-({TUlJ).

Since IUJeZand HNK € ¥, AN B € $(¥,7). Therefore 5(¥,7) is closed
under finite intersection. Thus B(V,Z) ={V —I1:V € U, € I} is a basis for
my,. g

Remark 3.9. Let (X,m,Z) be an ideal m-space. Since ) € Z, we have m ¢
¥ C B(¥,Z) C my, and hence every ¢-open set is m;,-open.

The following examples show that 8(¥,Z) is not a topology in general.

EXAMPLE 3.10. Let X = {a,b,c,d} and m = {0, X, {a, b}, {a,c,d}} with T =
{0,{a}}. And a function 9 : m — P(X) is defined as ¥(X) = X, ¥({a,b}) =
{a},v({a,c,d}) = {a} and (@) = 0. Then ¥ = {0, X,{a}} and S(V,Z) =
{0, X, {a},{b,c,d}} and my, = {0, X, {a}, {b,c,d}}.

ExaMPLE 3.11. Let X = {a,b,¢,d} and m = {0, X, {a, b}, {a,c,d}} with T =
{0,{a}}. And a function ¢ : m — P(X) is defined as ¥(X) = X, ¥({a,b}) =
{¢,d}, ¥({a,c,d}) = {a} and (@) = 0. Then ¥ = {0, X, {a}, {c}, {d},{c,d}}
and B(¥,7) = {0, X, {a}, {c}, {d}, {c,d},{b,c,d}} and m}, = {0, X, {a}, {c}, {d},
{¢,d}, {a,c},{a,d},{a,c,d},{b,c,d}}.

Note that if Z and J are ideals on X, then ZV J = {IUJ : I € T and
J € J} is also an ideal.

Theorem 3.12. Let (X, m,Z) and (X, m,J) be two ideal m-spaces and A C X .
Then Ap(ZV T, m) = Ay(Z,my(T)) N Ay(T,my(I)).

Proof. Assume that z ¢ Ay,(Z vV J,m). Then there exists a ¢-open set U
containing x such that UNA € TV J. Let I € Z and J € J such that
UNA = TUJ. Because of the heredity of Z, we may assume I N J = ¢.
Thus we have (U N A) — I = J and (U N A) — J = I which implies that
(U-I)nA=JeJand (U-J)NA=1¢€I Therefore x ¢ Ay(Z,m}(J))
and z ¢ Ay(J,my,(T)). Hence Ay (Z,my(J))NAy(T,my () C Ay(ZVT,m).

Conversely, if ¢ Ay (Z,my,(J)). This implies there exist an m-open set U
containing « and J € J such that (U — J)N A € J. We may assume, because
of the heredity of J, that J C A. Now define I = (U — J) N A, and we have
(U-J)NA=1UJ € IV T, hence x ¢ Ay(ZVJT,m). Therefore Ay(ZV T, m) C
Au(Z,my(T)). Similarly, we have that Ay (ZV J,m) C Ay(J,my(Z)). Hence
Ap(ZIVT,m) = Ay(Z,m;(T))NAyp(T,m;,(Z)) and the proof is complete. [
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Theorem 3.13. Let (X, m) be an m-space with T, J ideals on X, then my, (Zn
J) = m;‘;(I) N m;“b(j).

Proof. Since the intersection of two ideals is an ideal, mj,(ZNJ) is meaningful.
AsINJ CTandINJ C J we have my(ZNJ) C my(Z) and my,(ZNJ)
my,(J). Therefore, my(Z NJ) € my(Z) Nmy(J).

Conversely, let us assume that V' € my,(Z) N m;,(J) and let A = X — V.
Then A is mj-closed in m;(Z) and A is m;-closed in m; (7). This implies
that Ay(Z) C A and Ay(J) C A. We aim to prove that A is m;,-closed in
my,(ZNJ). It is enough to show that Ay (I NJ) C A. Assume that z ¢ A.
This implies that ¢ A, (Z) and « ¢ Ay (J). Then there exist ¢-open sets U
and V in ¥(z) such that UNA€Zand VNA€ J. Let us take G=UNV.
Clearly z € G and G € ¥. Also

GNA=UNnNV)NA=UnNAN(VNA)eInJ.

Thus there exists a 1-open set G € ¥(x) such that GN A € TN J. Therefore
x ¢ Ay(Z N J) and hence Ay(Z N J) C A. This implies that A is mjz)-
closed in my,(Z N J). Thus my,(Z) Nmy(J) € my(ZNJ). Hence we have
my,(ZNJT) =my(Z) Nmy(J).

O

4. 1)-COMPATIBLE IN IDEAL m-SPACES

Definition 4.1. Let (X, m,Z) be an ideal m-space. The m-structure m is said
to be 1-compatible with the ideal Z, denoted 7 ~, Z, if the following holds for
every A C X: if for every z € A, there exists U € ¥(x) such that UN A € Z,
then A € 7.

Theorem 4.2. Let (X,m,ZT) be an ideal m-space. Then the following prop-
erties are equivalent:
(1) T ~q) I,’
(2) If a subset A of X has a cover of 1-open sets each of whose intersection
with A is in T, then A € T;
(3) For every AC X, AN Ay =0 implies that A € Z;
(4) For every ACX, A— Ay €1;
(5) For every A C X, if A contains no nonempty subset B with B C By,
then A € T.

Proof. (1) = (2): The proof is obvious.

(2) = (3): Let A C X and z € A. Then = ¢ Ay and there exists some
V. € ¥(z) such that V, N A € Z. Therefore, we have A C U{V, : © € A} and
by (2) AeZ.

(3) = (4): Forany A C X, A— Ay C Aand (A—Ay)N(A—Ay)y C
(A—Aw)ﬂAw = (. By (3), A—Ay el
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(4) = (5): By (4), forevery AC X, A— Ay, €. Let A— Ay =J €Z, then
A = JU(ANAy) and by Theorem 3.1(3) and Lemma 2.2, Ay, = JyU(ANAy)y =
(AN Ay)y. Therefore, we have AN Ay, = AN(ANAy)y € (AN Ay)y and
ANAy C A By the assumption AN Ay =0 and hence A=A - A, € 1.

(5) = (1): Let A C X and assume that for every x € A, there exists some
U € ¥(z) such that UNA € Z. Then ANAy = 0. Since (A—Ay)N(A—Ay)y C
(A—Ay)NAy =0, A— Ay contains no nonempty subset B with B C By,. By
(5), A—Ay €T and hence A=AN(X -Ay)=A—- A, €T O

Theorem 4.3. Let (X,m,Z) be an ideal m-space. Then the following prop-
erties are equivalent:

(1) 7~y Z;

(2) For every my -closed subset A, A— Ay €.

Proof. (1) = (2): It is clear by Theorem 4.2.

(2) = (1): Let A C X and assume that for every x € A, there exists some
U € ¥(z) such that UN A € Z. Then AN Ay = 0. Since Clj(A) = AU Ay is
m;,-closed, we have (AUAy)—(AUAy )y € Z. Moreover, (AUAy)—(AUAy )y =
(A U Aw) — (Aw U (Aw),p) = (A U Aw) — Aw = A. Therefore A € 7. (Il

Theorem 4.4. Let (X, 7,T) be an ideal topological space. If m is y-compatible
with Z, then the following equivalent properties hold:

(1) For every AC X, AN Ay =0 implies that Ay = 0;

(2) For every AC X, (A— Ay)y = 0;

(3) For every AC X, (ANAy)y = Ay.

Proof. First, we show that (1) holds if m is ¢-compatible with Z. Let A be
any subset of X and AN A, = 0. By Theorem 4.2, A € 7 and by Lemma 2.2
(5) Ay = 0.
(1) = (2): Assume that for every A C X, AN Ay = (0 implies that Ay = 0.
Let B=A— Ay, then
BN By = (A—Ay) N (A= Ay)y
=(AN(X = Ay))N(AN(X = Ay))y
C(AN(X = Ay)) N (Ap N (X = Ay)y) = 0.
By (1), we have By, = (). Hence (A — Ay)y = 0.
(2) = (3): Assume for every A C X, (A— Ay)y = 0.
A= (A—Aw)U(AﬂAw)
Ay = ((A=Ayp) U (AN Ay)),
= (A= Ay)yp U(ANAy)y
= (AN Ay)y.
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(3) = (1): Let A C X such that AN Ay, = 0. Then by the assumption,
(AN Ay)y = Ayp. This implies that § = 0y, = (AN Ay)yp = Ay. O
Corollary 4.5. Let (X,m,Z) be an ideal m-space. If m is v-compatible with
Z, then ()y is an idempotent operator i.e. Ay = (Ay)y for any subset A of X.

Proof. By Theorems 4.4 and 3.1, we obtain Ay = (AN Ay)y C Ay N(Ay)y =
(Ay)y and by Theorem 3.1, we have Ay = (Ay)y for any subset A of X. O

Theorem 4.6. Let (X,m,Z) be an ideal m-space. Then the following prop-
erties are equivalent:

(1) vNZ={0};

(2) If I €I, then Inty(I) = {0};

(3) For every Ge U, GC Gy;

(4) X =X,.

Proof. (1) = (2): Let ¥ NZ = {0} and I € Z. Suppose that = € Inty ().
Then there exists some U € ¥(x) such that x € U C I. Since I € Z and hence
0 # {z} CU € ¥NZ. This contradicts with that ¥ NZ = {P}. Therefore,
Intw(f) = {@}

(2)= (3): Let z € G € ¥. Assume x ¢ Gy then there exists some U, € ¥(x)
such that GNU, € Z. By (2), z € GNU, = Inty,(GNU,) = {0}. Hence
z € Gy and G C Gy.

(3)= (4): Since X € U, then X = X,.

D= (1) X =Xy, ={xeX:UNX=U¢Tfor each U € ¥U(x)}. Hence
vNZ={0}. O
Definition 4.7. Let (X,m,Z) be an ideal m-space and A C X. Then, A is
said to be ¢,-open in X if A C inty(Ay). Let 7y denote the collection of all
Ym-open sets in (X, m,7).

Lemma 4.8. Any element of Z\ {0} can not be a member of Ty.

Proof. Let U be any element of Z \ {0}. Then Uy = () which further implies
U ¢ inty,(Uy). Hence U ¢ 7. O
Lemma 4.9. Let (X, m,T) be an ideal m-space, if X = X,;, then every y-open

set is Yy, -open.

Proof. Let (X, m,Z) be an ideal m-space such that X = X,,. If U is any ¢-
open set, then by Theorem 4.6 (3) U C Uy. This shows that U C inty(Uy).
Hence U is ¢,,-open. ([

Theorem 4.10. Let (X, m,Z) be an ideal m-space, m be -compatible with T
and VNI = {Q}. Let G be a mjj-open set such that G =U — A, where U € ¥
and A €. Then Clw(G¢) = Clw(G) = Gw = Uw = Olw(U) = CZw(Uw).

Proof. (1) Let G =U — A, where U € ¥ and A € Z. Since ¥ NZ = {0}, by
Theorem 4.6 we have U C Uy,. Hence by Lemma 2.2, Uy, = Cly,(Uy) = Cly(U).
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(2) Since G is my-open, X — G = Cl; (X — G) and hence (X —G)y C X —G.
By Lemma 3.3, X, — Gy C (X — G)y. But ¥NZ = 0 and by Theorem 4.6,
Xy =X and hence X — Gy C (X —G)y € X —G. Therefore, G C Gy. Hence,
Cly(G) C Cly(Gy). Hence by Lemma 2.2, Gy, = Cly(G) = Cly(Gy).

(3) Again, G C U implies that Gy C Uy. By Lemma 3.3, Gy, = (U — A)y D
Uy — Ay =Uy since A € Z. Thus Uy, = Gy.

By (1), (2) and (3), we obtain the result. O

Theorem 4.11. Let (X, m,ZT) be an ideal m-space and m be 1¥-compatible with
Z. Then for any G € ¥ and any subset A of X, (GNA)y = (GNAy)y =
Cly(GNAy).

Proof. (1) Let G € ¥. Then by Lemma 3.5, GNAy, = GN(GNA), C
(GNA)y and hence (GNAy)y € ((GNA)y)y = (GNA)y by Theorem 3.1 and
Corollary 4.5.

(2) Now by using Lemma 2.2 and Theorem 4.4, we obtain (G N (A — Ay))y C
Gw n (A — A’lﬁ)d) = Gib N @ = @. Moreover, (G N A)w — (G N A¢)¢ - ((G n A) —
(GNAy))y = (GN(A—Ay))y = 0, which implies that (GNA)y C (GNAy)y.
By (1) and (2), we obtain (GNA)y = (GNAy)y.

By Lemma 2.2, (GNA)y = (GNAy)y C Cly(GN Ay). Also, in view of
Lemma 3.5, we have GN Ay C (GN A)y and hence Cly(GNAy) C Cly((GN
A)y) = (GN A)y by Lemma 2.2(3). Consequently, we obtain (G N Ay)y =
(GNA)y =Cly(GNAy). O
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