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1. INTRODUCTION

Let A stand for the family of functions f of the form:
f(2) :z—i—Zanz". (1.1)
n=2

which are analytic in the open unit disk U = {z € C': |z| < 1}. Let S indicate
the class of all functions in A which are univalent in U.
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A function f € S is said to be starlike of order a(0 < o < 1) in U if and

only if
Re{ZJ{;S)} >a, (z€0U)

and convex of order a(0 < a < 1) in U if and only if

Re {1 + Z;/;S)} >a, (zeU)

As usual, we denote these subclasses of S by S*(«) and K(«), respectively.
The Koebe one-quarter theorem [12] ensures that the image of U under every

function f from S contains a disk of radius i. Thus, every function f € S has

an inverse f~! which satisfies f~1(f(2)) = 2, (z € U) and f(f~}(w)) = w,

(Jw| <7ro(f),r0(f) = %), where

g(w) = fH(w) =w — asw?® + (243 — az) w* — (5a3 — basaz + as) w + - .
(1.2)

A function f € A is said to be bi-univalent in U if both f and f~' are
univalent in U. Let ¥ be the class of bi-univalent functions in U given by (1.1).

For a brief history and interesting examples of functions that are in (or are
not in) the class ¥, together with various other properties of the bi-univalent
functions class 3, one can refer the work of Srivastava et al. [22] and the
references stated therein. Recently, many authors introduced various subclasses
of the bi-univalent function class ¥ and investigated non sharp estimates on
the first two coefficients |az| and |as| in the Taylor-Maclaurin series expansion
(1.1) (see [2, 4, 5, 8, 14, 20, 23, 24]). The problem of finding the coefficient
estimates on |a,| (n = 3,4,---) for functions f € ¥ is still an open problem.

One of the significant tools in the theory of univalent functions is Hankel de-
terminant which are utility, for example, in showing that a function of bounded
characteristic in U, i.e., a function which is a ratio of two bounded analytic
functions, with its Laurent series around the origin having integral coefficients,
is rational [9]. Also the Hankel determinant plays an important role in the study
of singularities. Noonan and Thomas [19] defined the ¢** Hankel determinant
of fe Aforn>0and g>1 as

Qp, Ap+1 e An+4q—1
Anp+41 Ap+2 e An+q
Hqyn) = : : : ; (a1 =1).
n4q—1 Qn4q --- QApy2q—2

The Hankel determinants

Hy(1) =] *

= a3 — Agy

a as
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and
as as

Hy(2) = = Q904 — ag

as a4
are well known as Fekete-Szegoé and second Hankel determinant functionals,
respectively. Fekete and Szegé [13] consider the further generalized functional
az — pa3, where 1 is real number. Recently, several authors established upper
bounds for the Hankel determinant of functions belonging to various subclasses
of univalent functions (see [1, 3, 10, 16, 17, 18]). On the other hand, Zaprawa
[25, 26] extended the study of the Fekete-Szego problem for some classes of bi-
univalent functions. Very recently, the upper bounds of H(2) for some classes
were discussed by Deniz et al. [11] (see also [6]).

Babalola [7] defined the class £3(8) of A-pseudo-starlike functions of order
[ as follows:

Definition 1.1. Let f € A. Suppose that 0 < 8 < 1 and A > 1. Then
f € LA(B) of A-pseudo-starlike functions of order 8 in U if and only if

2 (f'(2) .
Re{ ) }>B, (z€U).

In particular, Babalola [7] showed all A-pseudo-starlike functions are Bazile-
vic of type 1 — % and order 3 % and are univalent in U.

In this work, we introduce a new subclass of A-pseudo-starlike bi-univalent
functions and seek an upper bound to the functional H5(2) for functions in this
subclass.

To derive the desired bounds in our study, we shall require the following
lemmas.

Lemma 1.2. [21] If the function p € P is given by the series p(z) = 1+ p1z +
poz? + p3z3 + -, then the sharp estimate |pp| <2 (k=1,2,3,---) holds.

Lemma 1.3. [15] If the function p € P, then
2py = pi+ (4—pf) 2
dps=pi+2(4—p})a—p (4—pi)a® +2(4-pi) (1 - IxIQ) z,
fore some x,z with |x| <1 and |z| < 1.
2. MAIN RESULTS
We begin this section by defining the function class N (4, \, ) as follows:

Definition 2.1. A function f € X is said to be in the class Ng(d, A7)
(6 € C\{0}, A>1, 0<+<1)if it satisfies the conditions:

Lz(f(2)
Re{1+5 f(z)—ll}>7 (z€U)
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and

1w (f (w)*

where g = f~1 is given by (1.2).
Theorem 2.2. Let f of the form (1.1) be in the class Nx(d,\,v). Then

452 (1—~)? 2 2 2
Ty (422 + 1) (1= 9)° +3(2A - 1)%),
3(2>\—1)((4>\—1)+\/(4>\—1)2—%>\(2>\+1)[(4>\—1)(2>\—1)—2(3)\—1)2}>

v€ 10,1—

8SA(2X+1)(3A—1)
2

204 = 3] < 02(1-9)% it

(AX=1)(2A=1) Ps+ips’

(2)\—1)(3(4)\—1)+\/9(4>\—1)2+96)\(2>\+1)(3A—1)2>

e - 1632 T D) (3A—1) L)

where

Y1 = 024N —1) (1 =) [I6A2A + 1)(2A — 1) — 3(4x — 1)],

Yo =3(2A— 1) [4(4X —1)(2A — 1) — 9 (3A — 1)?
—186(4X — 1)(BA = 1)(2A — 1)(1 — ),
Y3 = 402A2A+1) BA = 1) (1 —7)® = 30(4A — 1)(BA = 1)(2A — 1)(1 — 7),

and

Yy =3(4A—1)(2A = 1)’ =6 (3A —1)° (2A — 1)%.

Proof. Let f € Ng(d,A,7). Then there exists p,q € P such that

(4 A
141 W—l — 7+ (1= )p(2) (2.1)
and N _
141 W—l =+ (1= 7)), (2.2)

where g = f~! and p, g have the following series representations:
p(z) =1+ p1z+po2® +ps2® + -
and
qw) =1+ qw + g’ + gsw® + - - .
By equating the coefficients in (2.1) and (2.2), we have

2\ —1
502 = (1 —=7)p1, (2.3)

[(BX— L)ag + (2A(A — 2) + 1) a3] = (1 — 7)po, (2.4)

SN
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% (4X — 1)ag + (6% — 11X + 2)asas + <§)\(>\ —2)(2A —5) — 1> ag]
= (1 =7)ps, (2.5)
22 —1
5 e=0-7au, (2.6)
1
3 [(BA = 1) (205 — a3) + (2A(A = 2) + 1) a3] = (1 = 7)gz (2.7)
and
1
~3 [(4X — 1)(5a3 — basas + a4) + (6A% — 11X + 2)(2a3 — az)as
2
+(3r0-2r-9-1) ] =1- e (238)
In view of (2.3) and (2.6), it easy to see that
P1=—q1 (2.9)
and
5(1—
ay = Q(A _Z)pl. (2.10)
By subtracting (2.4) from (2.7) and using (2.10), we get
0 (1=7)° 5 6(1-7)
= —q2). 2.11
as 1) p1+2(3/\_1)(p2 q2) (2.11)

Also, subtracting (2.5) from (2.8), further computations using (2.10) and (2.11)
lead to

(3N +Br-2)8(1-7)° , 50% (1 — )

“= 204X — 1) (2A — 1)° gl 4(3A_1)(2)\_1)p1(p2—q2)
;((41/\_71))(193 —q3)- (2.12)

Thus, using (2.10), (2.11) and (2.12), we deduce that

| evnsta-yt o sfa-yt o,
2t = 5] = 3A 1)@ —1° T aea— 1) (2A—1)2p1(7’2 q2)
21 _ N2 21 2
+2(4j _(11)(;/\)_ 1)p1(p3 —q3) — m (p2 — (;{2)2 . (2.13)

According to Lemma 1.3 and (2.9), we write

(4—pf) (z—vy)

; (2.14)

P2 —q2 =
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and

3 4—p?) (z+ 4 p?) (22 4 42
pgfqu%erl( p;)(a: Y) p1( pl)(:ﬁ y?)

+(4fﬁ)K“*mﬂzf(r4mﬂw}

: , (2.15)

fore some x,y,z and w with || <1, Jy| <1, |2|] <1 and |w| < 1.

Substituting the calculated values from (2.14) and (2.15) in the right hand
side of (2.13), it follows that

2| A+ DS =)' pt | P =) Pt (- (z—y)
|a2a4 - a3| = 3 T D)
34N —1) (2X — 1) 8(3A—1) (2 — 1)
L POt PO et (- ph) @4y
A —1)(2r—1) A —1)(2r—1)
P =)'R (A=) @+
8(4x—1)(21 — 1)
02 (1= p (4=p2) (1= 1o ) 2= (1= 1y*) w
(AN — 12X —1)
(1= (4-p}) @—y’
16 (31 — 1)
AR+ DE A —y)'pt 82 (1)
34x—1)(2x—1)° 44N —1)(21 — 1)
32 (1=7)"p1 (4= p})
204X — 1)(21 — 1)

+

PF-'p(a-p}) 20— (4-1})

l 8(3A— 1) (2A — 1)° o= | )

PA-2p2(a—-p?) A- p(A-12)], 0 . e
l 8(4)\—1)(12)\—1)1 a 4(4)\—1)(2)\—1)1 (=" + ly[")

32(1—)° (4—p)? 2
LA el

Since the function p is in the class P, so |p1| < 2. Choosing p; = p, we can

assume without loss of generality that p € [0,2]. Then, for 1 = || < 1 and
n2 = |y| < 1, we have

|azay — a3| < Ly + La(m +n2) + La(nf +n3) + Ly (n1 +12)° = M (1, 12),
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where
P T D) 32A— 1) ]
0% (1—7)*p* (4—p?) 5(1—7) 2
Ly =1L = >
2= La(p) 8(2h— 1) ((3/\—1)(2)\—1)+4/\—1> 20,
PA-)'p(A-1) -2
Lo = La(p) — <0
3= La(p) S(AN—1)(2A— 1) =5
(1 - (4-p*)°
Ly=1L = > 0.
We next maximize the function M(n;,7n2) on the closed square [0, 1] x [0, 1].
We must investigate the maximum of M (n;,72) according to p € (0,2), p=0
2

and p = 2 taking into account the sign of M, ,, - My,n, — (Mg, n,)"-

Since Ls < 0 and Lz + 2L, > 0 for p € (0,2), we conclude that

2
Mmm 'annz - (anz) <0.

Therefore the function M cannot have a local maximum in the interior of the

closed square [0, 1] x [0, 1].

Now, we investigate the maximum M on the boundary of the closed square

[0,1] x [0,1].

When 71 =0 and 0 < 7y < 1 (similarly 75 = 0 and 0 <1, < 1), we have
M(0,m2) = E(12) = L1 + Lana + (L3 + La)n3.
(1) The case L3 + L4 > 0:

In this case for 0 < 72 < 1 and any fixed p with 0 < p < 2, it is
easily observed that E’(n2) = La 4+ 2(Ls + L4)n2 > 0. Therefore E (1)

is increasing function and hence, for fixed p € [0,2), the maximum of
E(n2) occurs at 7o = 1 and

max E(n2) = E(1) = Ly + Lo+ Ls + Ly.
(2) The case L + Ly < 0:
Since Lo+2(L3+Ly) > 0for 0 < ny < 1 and any fixed p with 0 < p <2,
it is easily observed that Lo + 2(Lg 4+ L4) < Lo 4+ 2(L3 + Lg)na < Lo.
Therefore E’(n2) > 0 and hence, for fixed p € [0,2), the maximum of
E(n2) occurs at 7y = 1.
Also, for p = 2, we find

462 (1-7)° (4@ +1)6% (1 —9)*
(AX—1)(2x—1) 3(2A — 1)

M(n1,m2) = + 1) : (2.16)

Taking into account the value (2.16) and the cases 1 and 2, for 0 < 7 <1 and
any fixed p with 0 < p < 2,

maXE(ng) = E(].) = L1 + L2 + L3 + L4.
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When 71 =1 and 0 < 7y <1 (similarly 75 =1 and 0 < 1, < 1), we have
M(1,1m2) = K(n2) = L1 + Lo + Ly + Ly + (L + 2L4) 12 + (L3 + La)n5.
Similarly to the above cases of Ls + L4, we find that
max K(ny) = K(1) = Ly + 2Ly + 2L3 4+ 4Ly4.

Since E(1) < K(1) for p € [0,2], max M (n1,m2) = M(1,1) on the boundary of
the closed square [0,1] x [0,1]. Hence, the maximum of M occurs at n; = 1
and 72 = 1 in the closed square [0,1] x [0, 1].
Assume that T': [0,2] — R be defined by

T(p) = maXM(n;th) = M(l, 1) = L1 + 2L2 + 2L3 + 4L4 (217)
Now, substituting the values of Ly, Lo, L3 and Ly in (2.17), we conclude that

5 (1 - 7)2 { [4 2 2 2
T(p) = A D BA—1)2(1 -
®) 44X =1 B =1 (2r—1)* L3 ( ) ;A=
— A —DBA=D2A=1)(1 —7) —2(BA—1)*(2A — 1)

SN 1) (21 — 1)3} P AN — 1) [5(4N — D(3A — 1)(1 — 7)
+3(BA—1)2(2A —1) —2(4X — 1) (2A — 1)2} P2+ 16(4) — 1) (21 — 1)3} .

Suppose that T'(p) has a maximum value in an interior of p € [0, 2], then

/ _ 62(1_7)2 éQ _1)2 _ 2
T(p)—(4)\_1)(3)\_1)2(2)\_1)3{{36/\(2)\4-1)(3)\ 1)*(1-7)

AN -DBA=D2A=1)(1—7) =23 =1)*(2r - 1)?
(

TN 1) (21 — 1)3} P° 2020 — 1) [6(4X — 1)(3A — 1)(1 — )
F3(3A—1)2(2) — 1) — 2(4\ — 1) (2) — 1)2} p} .

After some calculations, we consider the following cases:
Casel: Assume that

gwm 1) BA=1)2(1=7)=64r—1)BA=1)(2A = 1)(1 =)
+ (21 —1)? {(4)\ —1)(2A—1) —2(3A — 1)2} > 0.

Thus

320 — 1) ((4)\ —1)+ \/(4)\ —1)? = BA@2A+ 1) [(4A —1)(2A—1) —2(3\ — 1)2]>
ve |0,1—

8ONZA+ )(3BA— 1)

and so T"(p) > 0 for p € (0,2). Since T is an increasing function in the interval
(0,2), hence the maximum point of 7' must be on the boundary of p € [0,2].
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Then, we have
46% (1 - )°
AXN—1) (2 \—1)

Jmax T(p) =T(2) = - . (452/\(2/\ F1)(1—)2+3(2n— 1)2) .

Case2: Assume that
gmm +1)BA=12(1—7) =0(4A—1)(BA—=1)(2A — 1)(1 — )
+(2n— 1) [(4>\ S1)@A-1)—2(3A — 1)2} <0,

that is,

320 — 1) ((4)\ 1)+ \/(4)\ — 12— La@2)+1) [(4>\ S1)(2A—1) —2(31 — 1)2D

8GA(2A + 1)(3A — 1) 1

ye|1l—-

Therefore T"(p) = 0 implies the real critical point pg, = 0 or

—6(21 — 1) [6(4)\ —1DEA—1)(1 =) +3BA - 122N —1) — 2(4\ — 1) (2\ — 1)2}
bo, = AACA+ 1) (BA—=1)> (1 =4)? =30(4A = 1)(BA —1)(2A = 1)(1 =) — 6 B — 1)* (2A — 1)*

+3(4X—1) (2A —1)*

When
3(2) — 1) ((4)\ 1)+ \/(4>\ —1)? = BA@2A+1) [(4)\ 12N —1) - 2(3A — 1)2D
LA 8SACA + 1)(3A — 1) :
(2x—1) (3(4/\ —1)+ \/9 (4X— 1>+ 96A(2A + 1) (31 — 1)2)
1—

160A(2A + 1)(3A — 1) ’

we observe that pg, > 2, that is, po, is out of the interval (0,2). Hence the
maximum value of T'(p) occurs at pg, = 0 or pp, which contradicts our assump-
tion of having the maximum value at the interior point of p € [0,2]. Since T is
an increasing function in the interval (0,2), so the maximum point of 7" must
be on the boundary of p € [0, 2], that is, p = 2. Therefore, we obtain

max T(p) = T(2) = 2020 =) (40020 + 1) (1 =) + 32— 1)?)
0<p<2 3(4r—1)(2x —1)° '
When

(2A—1) (3(4/\ — 1)+ \/9 (4N — 1) + 96A(2X + 1) (31 — 1)2)

ye|l—- 1

160A(2X + 1)(3A — 1) )
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we observe that that pg, < 2, that is, pp, is an interior of the interval [0, 2].
Since T (po,) < 0, so the maximum value of T'(p) occurs at p = pg,. Therefore,
we obtain
A=) it
T(p)=T = .
0?32(2 (p) (p02) (4)\ _ 1)(2)\ _ 1) ¢3 +¢4

This completes the proof of our Theorem. O

Remark 2.3. Taking 6 = A = 1 in Theorem 2.2, we obtain the second Hankel
determinant for the well-known class S%(7y) as in [11].

Corollary 2.4. [11] Let f given by (1.1) be in the class Sx(v), 0 < v < 1.
Then

3(1—7) (49 =8y +5), e [0, 24T
2 (13421447 29—/137
(1—=9) (77 1 ) ve( Y137 1

IN

2
’ag a4 — ag |
1672 —26~v+5

Remark 2.5. For v =0 and § = A = 1, Theorem 2.2 readily yields the following
coefficient estimates for bi-starlike functions.

Corollary 2.6. [11] Let f given by (1.1) be in the class Sx. Then

|a2a4 — aQ‘ < @
31="3
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