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ABSTRACT. In this paper, we introduce (p, ¢)g—Bessel multipliers in Ba-
nach spaces and we show that under some conditions a (p, q)g—Bessel
multiplier is invertible. Also, we show the continuous dependency of

(p, ) g—Bessel multipliers on their parameters.
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1. INTRODUCTION

Frames have been introduced by J. Duffin and A.C. Schaeffer in [9], in con-
nection with non-harmonic Fourier series. A frame for a Hilbert space is a
possibly redundant set of vectors which yields, in a stable way, a representa-
tion for each vector in the space. Frames have many nice properties which make
them very useful in the characterization of function space, signal processing and
many other fields, see the book [7]. The concept of frames was extended to
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Banach spaces by K. Grochenig in [11] to develop atomic decompositions from
the paper [10]. See also [3], [8].

Definition 1.1. Let X be a Banach space. A countable family {g;}ier C X*
is a p-frame for X (1 < p < 00), 1 < p < o0, if there exist constants A, B > 0
such that
Allflx <O lgHIP)? < Bliflx, feX,
iel
G-frame as a natural generalization of frame in Hilbert spaces, introduced
by Sun [18] in 2006. G-frame covers many previous extensions of a frame.

Definition 1.2. Let H be a Hilbert space and {#; };cs be a sequence of Hilbert
spaces. We call a sequence {A; € B(H,H;) : i € I} a g-frame for H with respect
to {H;}ier if there exist two positive constants A and B such that

AlIFIP <D IAf 1> < BIFIP,  f e H.
i€l
We call A and B the lower and upper g—frame bounds, respectively. We call
{A;}ies a tight g-frame if A = B and Parseval g-frame if A= B = 1.

If {A; € B(H,H;) :i € I} is a g-frame then ||A;|| < /B for all i € 1.
Bessel multipliers for Hilbert spaces are investigated by Peter Balazs [4, 5]. We
use the following notations for sequence spaces.

(1) co = {{an}s2, CC: limyo0a, = 0};
(2) " ={{an}pzy CC:lall, = (X, enlanlP)? < o0},0 < p < oo
(3) 1 ={{an}pZ1 CC:lalloc = sup,en|an| < 0o}

Definition 1.3. Let H; and Ha be Hilbert spaces. Let {f;}52, C H; and
{9:}52, C Ha be Bessel sequences. Fix m = {m;}32; € [*°. The operator

00
Mm;{fi},{gi} :Hy — Ha, Mm,{fi},{gi}(f) = Zmb<fa fz>gL
=1

is called the Bessel multiplier of the Bessel sequences {f;}52; and {g:}52 .

For more results about multipliers in Hilbert spaces we can cite the papers
[6, 15, 16, 17].

Multipliers for p-Bessel sequences in Banach spaces were introduced in [13].
Rahimi investigated g-Bessel multipliers in [12]. In this note, by mixing the
concepts of multipliers for p-Bessel sequences and g-Bessel multipliers, we will
define multipliers for the pg-Bessel sequences (pg—{rames) and we will investi-
gate some of their properties.

In our opinion, it is possible that the results of this paper can be applied in
Quantum Information Theory. A beautiful presentation of the connections
between frames and POVM is the paper [14].
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2. Review of pg-Frames and qg-Riesz Bases

In [1], pg-frames and gg-Riesz bases for Banach spaces have been introduced.
In this section, we recall some properties of pg-frames and qg—Riesz bases from
[1]. Throughout this section, I is a subset of N, X is a Banach space with dual
X* and also {Y;}ier is a sequence of Banach spaces.

Definition 2.1. We call a sequence A = {A; € B(X,Y;) : i € I} a pg—{frame
for X with respect to {Y; : i € I} (1 < p < 00), if there exist A, B > 0 such
that

1

Allz|lx < (Z |Aix||p> < B|z||x, VzeX. (2.1)
i€l

A, B is called the pg-frame bounds of {A;};cr.

If only the second inequality in (2.1) is satisfied, {A;};es is called a pg-Bessel
sequence for X with respect to {Y; : ¢ € I'} with bound B.

Definition 2.2. Let {Y;};cr be a sequence of Banach spaces. We define

(z@m) _ {{}| e Y P < +oo}.
lp

el i€l

Therefore (3,., B K-)l is a Banach space with the norm
P

H{zitierllp = (Z ||1'i|p> :

iel
Let 1 < p,q < oo be conjugate exponents, i.e., % + % =1 Ifo* = {af}icr €
(> ic1 B Y"1, then one can show that the formula
(@, %) =Y (wi,x]), == {wi}ier € O_EPYi),
iel iel
defines a continuous functional on (3, ; @ Yi)i,, whose norm is equal to ||z*||,.

Lemma 2.3. [2] Let 1 < p,q < oo such that % + % =1, then

5o) -(£en),

icJ icJ
where the equality holds under the duality
(@) = (wi,27).
icJ
Definition 2.4. Let A = {A; € B(X,Y;) : i € I'} be a pg-Bessel sequence for
X with respect to {Y;}. We define the operators

Up: X — (Z@E) , Ua(z) = {Aiz}ier (2.2)
lp

iel
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and

T : (z;@n*) — X" Ta{gi}ier = Z;A:gl (2.3)
1€ lq i€

Uy and T are called the analysis and synthesis operators of A = {A;}er,
respectively.

The following proposition, characterizes the pg-Bessel sequence by the op-
erator T defined in (2.3).

Proposition 2.5. [1] A = {A; € B(X,Y;) : i € I} is a pg-Bessel sequence
for X with respect to {Y;}ier, if and only if the operator Ty defined in (2.3)
is a well defined and bounded operator. In this case,
unconditionally for any {g:}ier € (3 ;e DY:)

ser Ajg9i converges
Iy
Lemma 2.6. [1] If A = {A; € B(X,Y;) :i € I} is a pg-Bessel sequence for X
with respect to {Y;}icr, then
(i) Uy =T,
(ii) If A ={A; € B(X,Y;) : i € I} is a pg-frame for reflexive Banach space
X andY; is reflexive, for alli € I then T = U,.

Theorem 2.7. [1] A = {A; € B(X,Y;) : i € I} is a pg-frame for X with
respect to {Y;}ier if and only if Ta defined in (2.3) is a bounded and onto
operator.

Definition 2.8. Let 1 < ¢ < oco. A family A = {A; € B(X,Y;) : i € I} is
called a gqg—Riesz basis for X* with respect to {Y; }icr, if

() {f: Auf = 0,i € I} = {0} (., {A}es s g-complete);
(ii) There are positive constants A, B such that for any finite subset I; C I

A (Z ”gin) <> Ajgill <B <Z Igill"> . G EY].

i€l i€l i€l

The assumptions of the Definition 2.8 imply that
conditionally for all {g;}icr € O_,c; D Yi*)i,, and

A (Z ||gi||q)é <Y Atgl < B (Z mnq)é .

i€l el icl

sey \fgi converges un-

In [1], it is proved that if A = {A; € B(X,Y;) : i € I} is a gg-Riesz basis for
X* with respect to {Y; }icr, then A is a pg-frame for X with respect to {Y; }icr.
Therefore A = {A; € B(X,Y;) : i € I} is a gg-Riesz basis for X* if and only if
the operator T) defined in (2.3) is an invertible operator from (3., @ Y;)
onto X*.

lq
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Theorem 2.9. [1] Let {Y;}icr be a sequence of reflexive Banach spaces. Let
A ={A;, € B(X,Y;) :i € I} be a pg-frame for X with respect to {Y;}icr. Then
the following statements are equivalent:
(i) {A:i}ier is a qg-Riesz basis for X*;
(i) If {gi}icr € (Zia@Yi*)zq and Y, Nigi = 0 then g; = 0, for all
i €1
(iii) Ry = (Zie[ @Yi)lp~

3. Multipliers for pg-Bessel Sequences

In this section, we assume that X; and X, are reflexive Banach spaces and
{Y;}%2, is a family of reflexive Banach spaces. Also, we consider p,q > 1 are
real numbers such that % + % =1.

Proposition 3.1. Let X be a Banach space and let A = {A; € B(X,Y;)}52,
be a pg-Bessel sequence for X with respect to {Y;}52, with the bound B.
(1) If ® = {©; € B(X,Y;)}2, is a sequence of bounded operators such

1

that (3=, |Ai — ©;]|P)? < K < oo, then © is a pg-Bessel sequence for
X with bound B + K.

(2) Let @™ = {@En) € B(X,Y;)}2, be a sequence of bounded operators
such that for all € > 0 there exists N > 0 with

(Zumeﬁ”)n”) el
=1

then ®™) s q pg-Bessel sequence and for all n > N,
U —Urll <&, |Tom —Tal <e.

Proof. (1) If {g;}32, € (3o, @Yi*)lq we have

ITa{g:}721 — Tolgi} =l =I1 (A7 — ©7)gil

=1
=supy <1l > gi(Aif — 0, f)|
=1
SSup| f<1 Z NgillllAif — ©:fl
=1

P

< (Z:l ||9iq> sup||¢|<1 (Z [Aif — @z'f”p)
i= =1

<K|{gi}Zillg,

and so - - - -
1Te{gi}i2all <NTe{gitizs — Tatgi}iZall + [ Ta{gi}21|]

<(B+ K)[H{gi}21llq-



6 M. R. Abdollahpour, A. Najati and P. Gavruta

Consequently, Proposition 2.5 implies that {©;}$2, is a pg-Bessel sequence with
the bound B + K.

(2) It follows from (1) that {@En)};ﬁl is a pg-Bessel sequence and || Tgm —Tx || <
¢ for all n > N. But for f € X and n > N we have

IIUAf—Ue<n>f||p=<ZIIAf 9”)f||”> (ZA @5”’?) 1711

i=1

hence [|[Ugm) — Up|| < e. O

We say that @) = {@E € B(X,Y;)}2, convergesto A = {A; € B(X,Y;)}2
in l,-sense, if the condition of Proposition 3.1 (2) is fullfilled.

Proposition 3.2. Let A = {A; € B(X»2,Y;)}2, be a pg-Bessel sequence for
Xo with bound By and © = {©; € B(X7,Y;*)}2, be a qg-Bessel sequence for
X7 with bound Bg. If m € [, then the operator

Mpae: X7 = X3, Mnaely ZmzA Oig

is well defined, the sum converges unconditionally for all g € X} and
M .0l < BaBellml|oo-

Proof. Let g € X{, then {m;0,9}2, € (3°2, @Y*) , and Proposition 2.5
implies that Z —, m;A7©;g converges unconditionally and M, a0 is well de-
fined. Also we have

IIZmZA Oig =supjj,<il(z Zmz/\* i9)|

i=1

=Sup|\x||g1| Z mi(0ig)(Aiz)]
i=1

<supj <1 Y Imil|(©:g) (Aiz))|

i=1

o0
<|Imlcosup)4 <1 Z [1©:gll[|Asz|]

i=1

1 1
<[mllo (Z |@i9q> SUD| || <1 (ZMM”)
i=1

i=1
<lmlleo - Bellgll - supyz<1 (Ballzll)
<|lmlo - Be - Ballgl-

Therefore M, A o is bounded and |M, 6|l < BaBeo|m| - O
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Definition 3.3. Let A = {A; € B(X2,Y;)}$2; be a pg-Bessel sequence for X
with bound Bp and ® = {©; € B(X7,Y;*)}2; be a gg-Bessel sequence for X7
with bound Be. Let m = {m;}2, € {®°. The operator

Mpyae: Xi = X3, Mpaelg) =Y miAiO;g (3.1)
i=1
is called the (p, ¢)g—Bessel multiplier of A, ® and m. The sequence m is called

the symbol of M.

Proposition 3.4. Let A = {A; € B(X2,Y;)}2, be a qg-Riesz basis for X5 and
© = {0; € B(X{,Y,*)}2, be a qg-Bessel sequence for X with all members
non-zero. Then the mapping

m — Mm,A,@
is injective from [*° into B(X7,X3).

Proof. If My, a0 = 0, then Y22, m;A7©;9 = 0 for all g € X;. Then Theorem
2.9 implies that m;0;g = 0 for all i € N and for all g € X}. Since ©; # 0 for
each i € N, we get m; = 0. O

Theorem 3.5. Let A = {A; € B(X2,Y;)}2, be a qg-Riesz basis for X5 with
respect to {Y;}52,, then there exist a sequence {A; € B(X3,Y)}2, which is a
pg-Riesz basis for Xo with respect to {Y;*}2, such that

o0
* * Ak * *
ng ANz, " e X,
i=1

and /~\;€A’ik = 0p,il.

Proof. Since A = {A; € B(X3,Y;)}52, is a pg-frame for X5, Theorem 2.7
implies that for every z* € X3 there exists a unique {g;}52, € (Yoo, D Y;*)
such that z* = Zil A7 g;. Let us define the operator

lq

By Theorem 2.9, 1~\i is well defined. Let Ay, By be the gg-Riesz basis bounds
for A = {A; € B(X5,Y;)}32,. Then for any {g;}:2, € (> oy @Yi*)lq we have

€ A
) q oo oo q
Ap (Z ||91:||q> < ZA;giH < Ba (Z ||9z'q> :
=1 =1 1=1

Therefore

= Ajgill < 7] <o A gill,
BA”; 19||_<;||9||> _AAH; i il
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for all {g;}2, € (>, DY), - Hence we get

L

T e
II:v ||<<ZA ||q> <7||96 [, z*eX;.

This implies that {A; e B(XQ,Y*) &, is a gg-frame for X3 with respect to
{Y;"}72, with bounds - and 5- and

oo
zt = ZA?Aiw*, z* e X5

and /~\kA;-* = 0p,1. At the other hand the synthesis operator is invertible and
Ui =Ty 1 therffore Uz is invertible. So by Lemma 2.6, U/fx = Ty is invertible
and therefore {A;};en is a pg-Riesz basis for Xs. O

By a duality argument it can be shown for a reflexive space that AJ\Z =0, 1l
on XQ.

Corollary 3.6. Let © = {0; € B(X7,Y;*)}32, be a pg-Riesz basis for X1 with
respect to {Y;*}52, with bounds Ag, Be, then there exists a sequence {@ €
B(Xl,Y)} = which is a qg-Riesz basis for X7 with respect to {Y;}2, with

bounds 5 ) A and

x:i@féiw, r € Xy,

and ©,0% = ;1.

Proposition 3.7. Let A = {A; € B(X2,Y;)}2, be a qg-Riesz basis for X3
with respect to {Y;}52, with bound Ax, Bx and @ ={0,; € B(X7,Y;*)}2, be a

pg-Riesz basis for X1 with respect to {Y;*}52, with bounds Ae, Be. If m € 1™,
then

ApAe|mlloe < [[Mim,a0ll < BaBe|m|oo-

Proof. By Proposition 3.2, it is enough to show that we have the lower bound.
Corollary 3.6 implies that there exists a sequence

{6, € B(X1,Y)}2,

which is a gg-Riesz basis for X7 (therefore a pg-frame for X;) with respect to

{Yi}32 with bounds -, - and

e’ A

oo
sz@féix, r € X,
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and (:jk(%;* = 0,:1. Let us fix 0 # yi € Y for each k € N, then we have

M o0 A*O.
Mypol = sup IMmaosl g, [2um mdiOu]
ozgex; gl 0£gEX? gl

> sup 13252, mili©:(Or) vi

keN 1(©x)yill
v

ke [[(Ok)* i |

A* *

:sup|mk\ ||~ klik|>|k

keN O [[(Ok)*yill
> ApAe|m|[oo

O

Theorem 3.8. Let A = {A; € B(X2,Y;)}°, be a qg-Riesz basis for X3
with respect to {Y;}2, and ©® = {©; € B(X{,Y;*)}2, be a pg-Riesz basis
for X1 with respect to {Y;*}52,. If m = {m;}2, satisfies 0 < inf;en|m;| <
sup;en|mi| < +oo, then My, Ao is invertible with inverse M#,(:),T\'
Proof. Let us consider {A; € B(X3,Y;)}2, and {©; € B(X;,Y;)}22, which
appear in Proposition 3.5 and Corollary 3.6, respectively. We prove that

(Mpp0)"" =My g5

m’

Let g € X7, then

# ™ i=1
o0 1 - . o0
=Y —(0p)"Ax( > miA;O;g)
1 ) _
=Y —(0r)" () miAA;O;g)
=3 L @) (miro)
my,
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Let us consider f € X5, then

=1k

=S mAiei(Y (60 Res)
=1 k=1

=> mihi (> miel(@k) Axf)
=1 k=1

=3 mAi (L)
1=1 g

=f.

O

In the next results, we show that the (p, ¢)g-Bessel multiplier M = M, A o
depends continuously on its parameters, m = {m;}5°,, A = {A;}°, and © =
{©:}32,-

Theorem 3.9. Let A = {A; € B(X1,Y;)}2, be a pg-Bessel sequence for Xo
with bound By and ©® = {©; € B(X7,Y*)}2, be a qg-Bessel sequence for
X{ with bound Be. Let p1,q1 > 1 such that p% + q% =1 and m € [*°. Let
A — {Az(-") € B(X5,Y:)}52, be a pg-Bessel sequence for Xo with bound By )
and @) = {@z(.") € B(X{,Y*)}22, be a qg-Bessel sequence for X7 with bound
Bgy for alln € N. Then

(1) If [m™ —m||p, = 0, then |M, o0 .0 — M0l — 0, as n — .

(2) If m eIt and {@Z(-n) o0, converges to {©;}52, in l% -sense, then
IM,, Ao —Mmael =0, n—oo.

(3) If m € P* and {AE’”};?; converges to {A;}5°, in |7 -sense, then
IM,, A0 = Mmael =0, n—oc.

(4) Let

By =sup By < 400, Bg =supBgx < +00.
neN neN

If |m™ —m||pr — 0 and {®§”)}gﬁl and {Agn)}g’il converge to {0;}32,
and {A;}32, in 19 -sense, respectively, then

||Mm(n)7A(n)7@(n) —Mparell =0, n— oo
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Proof. (1) Using proof of the Proposition 3.2 we have
||Mm<n>,A,@ - Mm,A,®|| :HMmW)fm,A,@H
<BaBo|lm!™ —mo

<BaBs|m™ —ml,, — 0.

(2) For g € X7, we have

M, A 009 — Munegl =Y mir; (0" —6,)g]|
=1

<3 fmal|A7]1(0F — ©)g]
=1

8

Z Balmil[|(6{™ —©:)g]|

<B||ml|p, (Z el - e»gn‘h) .
=1

So

1

o a1
M, p 000 = Mu,aoll < Ballmlly, (Z leF - emm) -0,

i=1
(3) It is similar to the proof of (2).
(4) We have

M0 A @0 = My a0 || < BiBallm™ —ml,,,

1

%) a1
ML, A @) — My, 4 o || < Ballml|p, (Z A(n) |q1> )

1

0o a1
M, 4 000 — M ael < Ballml, (Z (e — @»nql) .

i=1
Since

M, 00 A 0 — M aell <My, am) e — My, am) em ||

+IM, a0 — My, A o
+IM,, 4,00 — Mol

(3.2), (3.3), (3.4) imply that

||MA(n)7(._)(n)’m(n) — MA,@,mH — 0, n— oo.

11

(3.2)

(3.3)

(3.4)
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