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ABSTRACT. The sequences of the form {E,,p9n }m nez, where Ep,p is the
modulation operator, b > 0 and g, is the window function in L2(]R), con-
struct Fourier-like systems. We try to consider some sufficient conditions
on the window functions of Fourier-like systems, to make a frame and
find a dual frame with the same structure. We also extend the given two
Bessel Fourier-like systems to make a pair of dual frames and prove that
the window functions of Fourier-like Bessel sequences share the compactly
supported property with their extensions. But for polynomials windows,

a result of this type does not happen.
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1. INTRODUCTION

In practice, it is so important to be able to find and control the properties
of the associated dual frames and be sure that the structure of the obtained
dual frames is the same as primary one.

Using the modulation operator Ep : L2(R) — L2(R), (Epf)(z) = > f(x),
for b > 0, and g, € L?(R), we can write the system of functions considered
as {Emb9n tmnez. We call such a system a Fourier-like system, with gener-
ators g,. Via the Fourier transform, Fourier-like systems are equivalent to
the well-known shift-invariant systems. We also note that Fourier-like systems
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are closely related to Gabor systems. Denoting the translation operator by
T, : L*(R) — L*(R), (T.f)(z) = f(z — a), the Gabor systems generated by
a function g € L*(R) and two parameters a,b > 0 is {EmpThnag}m.nez. This
corresponds to a Fourier-like system with g, = T,49.

Our main goal is to construct a pair of dual Fourier-like systems with genera-
tors that are easy to use in practice. In other words, we want to make a pair
of dual frames {Empgn tm.nez and {Emphn tm nez with compactly supported
generators for which the support of h, is controlled by the given generators
gn- Our paper is organized as follows. In Section 2 by assuming that the win-
dow functions {g, }nez form a partition of unity, we use a method based on a
family of polynomials which is closely related to the Daubechies polynomials
to construct a pair of dual frames. In Section 3 by extending the given two
Fourier-like Bessel sequences with compactly supported generators, we con-
struct a pair of dual frames with the same property of generators.

In the rest of this introduction we collect some definitions and basic results
that are needed in this paper.

Definition 1.1. A sequence { f}72, of a separable Hilbert space H is said to
be a frame for H if there exist constants A, B > 0 such that

AlFIP < D IF f)l? < BIFIP, f € H. (1.1)
k=1

We say that {fi}72, is a Bessel sequence for H with Bessel bound B, if the
second inequality in (1.1) satisfied.

Definition 1.2. Suppose that {fx}32; and {gx}%2, are two Bessel sequences.
We say that they are dual if

o0
F=> (f fu)gn, feH.
=1

For more information on frame theory we refer to [1, 8, 9, 10, 11]. Given a
collection of functions {g, }nez in L?(R) and a positive number b, we consider
frame properties for the system of functions given by {Eypgn fm,nez. In partic-
ular, we find conditions on that system, having dual of the form {E,,phs } i nez
with the functions h,, given by a clear formula. Via the Fourier transform, the
results have immediate consequences for shift-invariant systems, this means
that by the following formula:

-FEmbf = Tmb]:fv
where

FEne=io)= [ " f@)e " da,

the analysis of the system of functions { Ey,p9n }m, nez corresponds to analyzing
the shift-invariant system {T,,59n }m.nez on the Fourier side. Thus, all of the
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frame properties for the system {E;,pgn}m.nez can easily be derived based
on the results of shift-invariant systems. The well-known results for duals of
shift-invariant systems given by Ron and Shen [11] and Janssen [10].

Lemma 1.3. ([6]) Let g, € L?(R), b > 0 and suppose that
1 k
B= gsupz | Zgn(m)gn(x — 5)| < 0.
*Rpez nez

Then {Empgn; m,n € Z} is a Bessel sequence with upper frame bound B. If
also

1. k
A= glnwaR(Z |gn () ]* — Z | Z gn(@)gn (@ — E)D >0,

nez k#0 nezZ
then {Empgn;m,n € Z} is a frame for L*(R).
Lemma 1.4. ([6]) Two Bessel sequences {EnpGn}tmnez and {Emphn}mnez
form a pair of dual frames for L*(R) if and only if

k
D 9nl@+ Phnlx) =boo, k€L, (1.2)
newZ

Our results in Theorems 2.1 and 2.5 is based on the following theorem.

Theorem 1.5. ([3]) Let K € Ny and let b €]0, ;7255]. Let g be a real-valued
bounded function with suppg C [—(2K +1),2K + 1], for which

|Zg(x+€)| > A, we [0’1]7
LEL

for a constant A > 0. Define G by

Gx) = glz+20), ze[-1,1],

LET
Take H € L*(R) to satisfy

Gz —1)H(z — 1)+ G(z)H(z) = 1, a.e. x € [0,1].

Define h by
K ~
h(z)=b Y H(x+20).
t=—K

Then {EwpTng}tmnez and {EnpTyh}mnez form a pair of dual frames for
L?(R), and h is supported in [—(2K +1),2K + 1].
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2. DUALS OF THE SYSTEM {E,,59n }m nez

In the following theorem, we consider some verifiable conditions on func-
tions g,. Then we try to find functions h, such that {Enpgn}mnez and
{Epphn }mnez form a pair of dual frames for L?(R) with compactly supported
generators.

Theorem 2.1. Let {z,}nez C R be a sequence such that lim,, 4 x,, = £00,
Tpo1 < 2 and Tpin — T < M, where M > 0 and N € N. Let g, € L*(R)
be real-valued and uniformly bounded functions with suppg, C [Tn, Tnin], and
there exists constant A > 0 such that |g,(x)| > A, x € [Ty, Tnin]. Then there
exist functions hy, such that for 0 < b < ﬁ, {Embgntmonez and {Emphy }monez
form a pair of dual frames for L*(R).

Proof. Take hy,(x) = ﬁ(m) on [Zn, Tnt+n| and hy(z) = 0, outside [Ty, Tntn].
By assumption, the functions h,, are real-valued and uniformly bounded. By
Lemma 1.3, {E b 9n }m,nez and {Epphy }m nez are Bessel sequences. Now, it is
enough to show that (1.2) holds. Since the functions g,, and h, have compact
support in [, @y n] and 0 < b < 4 for k# 0, 3, o7 gn (@ + £)hy(2) = 0.
Given z € R, choose n € Z such that = € [z, 2,4 n]. By the definition of h,,
the following N equations are satisfied in each intervals:

In-N+1(@)hn-N11(2) + ... + g (@) hn (2) =b, T € [Tn,Tpt1l;
In-N+2(T)hn-N12(2) + oo+ Gny1(T)hny1(z) =0, @ € [Tni1, Togal;
gn(x)hn(x) + ...+ gn7N+1($)hn+N71(x) = b7 T e [xn+N717xn+N]'
Therefore,
Zgn(x)hn(x) =0b, aezeR, keZ
neL
So we get the proof. |

EXAMPLE 2.2. Let N € Nand 0 < b < +. Suppose that g, (z) = 2 + sin(25%)
on [n,n + N] and g,(x) = 0 outside [n,n + N|. Clearly, g, € L?(R) for each
n € Z. First we need to show that {E,,49, }m nez is a Bessel sequence for
L?(R). Since suppg, C [n,n + N| and % > N,

Z | Zgn(x)gn(w - %)l =0.

k#0 n€Z
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Given x € R, choose n € Z such that = € [n,n + 1]. Then

N—-1
SIS nlgale — D) =1 Y (gn-e(a))?] < ON.
£=0

k€EZ n€Z

—fsupZIZgn gn( %)|<007

b zer kEZ nez
and by Lemma 1.3, {E,p9n }m.nez is a Bessel sequence for L2(R). Now, we
have to show that the lower frame condition is satisfied. Similar to the above

ST gn(@)gn(z - %)| —0.

k#0 nez
Given z € R, choose n € Z such that z € [n,n + 1]. Then

(Z |9n($)|2_2|zgn(m)gn(x_ Z |gn e |2 > N.

neZ k#0 nezZ

k
— 5 inf Z 90 () = 21D ga)gae = 5 > 0.

k#0 n€Z

So,

discussion

So,

Hence, by Lemma 1.3, {Embgn}m,nez is a frame for L2(R). Now if we take

hn(x) = Wnnﬂ) on [n,n + NJ] and h,(z) = 0 outside [n,n + N], then we
3

can see that {Enpgn tmnez and {Emphn }m.nez form a pair of dual frames for

L2(R).

Motivated by Theorem 1.5, in the following theorems, we consider functions
gn such that suppgn g [xn; xn—&-N} and for z € [xnv xn+1]a | Znez gn(x)| Z A for
some constant A > 0. Then we try to find structure of the functions h,, such
that {Embgn tm.nez and {Epmphn bmnen be a pair of dual frames for L2(R).

Theorem 2.3. Let {z,}nez € R be the sequence as mentioned in Theorem
2.1. Suppose that g, are real-valued and uniformly bounded functions with
suppgn C [Tn, Tniyn|. Assume that for some constant A >0

n+N-—1

| Z ge(z)| > A, x € [TniN-1,ZniN], N E L. (2.1)

l=n

Then there exist bounded functions hy, with supphy, C [T, TneN], such that for
0<b< 37 {BmbIntmmnez and {Epphn}mnen are a pair of dual frames for
L?(R).

Proof. Take h,(z) = 0 outside [x,,, z,+n]. Since the functions g,, and h,, have

compact support in [, z,4n] and 0 < b < 4, for k # 0
S gne+ () = 0.

nez
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Now, it is enough to show that
Zgn(x)hn(x) =0b, ae xzeR (2.2)
ne”Z
Given = € R, choose n € Z such that © € [x,,z,tn]. Therefore, we have to
show that these equations are satisfied on each intervals:

In-N+1 () hn_nt1(2) + . + gn(@)hn(x) = b, = € [Tp, Tny1].

In-N+2(0)hn-Ny2(z) + oo+ Gny1 (@) hngi(z) = b, @ € [Tpy1, Tnyal.

Gn (@) () + oo + gy N—1(T)hngN_1(2) = b, T € [TnyN_1,TniN]
By (2.1) for each n € Z, there exists at least one k € {n,...,n+ N — 1}, such
that

A

Suppose that ki, ks, ...,k € {n,...,n+ N — 1}, are such that
A
9K, ()] = N 1<p<L

Then take hy, (z) = 1 <p < L and take hy(z) =0 for ¢t € {n,..,n+

_b
Lgk, (x)’

N—-1}—{ky,...kr}. Therefore (2.2) holds and so { Eppgn m,nez and { Emphn }monez

are a pair of dual frames for L?(R). O

Suppose that g, are real-valued and uniformly bounded functions such that
suppgn C [Zn, Tnion], where N € N. We define the functions

Gn(z) = gn-20(x), T € [Tn,Tnyal, (2.3)
LEL

which due to the compact support of g,, can also be written as
N—-1
Gn(z) = gn-2(x), o€ [Tn,Tnia]. (2.4)
£=0

Lemma 2.4. Let G,, be real-valued and uniformly bounded functions. Assume
that for some constant A > 0

|(:¥n_1(a:)| + \én(a:)| > A, x€[Tn, Tni] (2.5)

Then there exist real-valued bounded functions ﬁn with suppHn C supp(??n N
[T, Tnya] such that

Gr-1(x)Hp—1(z) + Gn(m)ﬁn(ac) =1, z€ [xn, Tni1]
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Proof. Let & € [z, Zni1]. If [Gpe 1( )| > 2, we put H,_i(z) = = _11(96) and
Hy(x) = 0. On the other hand if |Gy (x ) , then |Gy (2)| = 4. In this
case, we put H, _i(x) = 0 and H,(z) = We can take H, = 0 outside

[, Tnya] for each n € Z. O

[ —

Theorem 2.5. Let {z,}nez C R be a sequence such that

lim z, =%£00, zn_1 < Zp, Tpion —Tn <M, n€Z,
n—+oo

where M > 0 and N € N. Let g, € L*(R) be real-valued and uniformly bounded
functions with suppg, C [Ty, Tnian] such that
2N-1

| Z gn—e(z)| > A, z € [xn,Tni1], (2.6)

for a constant A > 0. Then the following hold:

(i) The functions Gy, in (2.3) satisfy the conditions in Lemma 2.4.
(ii) Take H, as Lemma 2.4 and let
N-1

hn(2) =0 Hyyo(). (2.7)
£=0
Then for 0 < b < ﬁ, {Emb9ntmmnez and {Epphntmnez form a pair
of dual frames for L?(R) and h,, is supported in [T,, Ty ion].

Proof. (i) By the definition of G,, and (2.6) for x € [z, xn_H] n € Z, we have

‘én—l(x” + |én(x)| - | Z In—1— 2/ | + ‘ Z gn— 2@

| Z Gn—(1+20) () + Z Gn—20(
2N-1

Izgnf |>A

Thus G, satisfies the condition (2.5). Therefore, we can choose H,, as in Lemma
2.4 such that

Grn1(x)Hy 1 (2) + Gp(2)Hy(z) =1, x € [Zn, Tpy1). (2.8)

(ii) Since g, are real-valued and uniformly bounded functions with compact

A%

support, by the construction of h,, h, share these properties and supph, C
[, Znton]. By Lemma 1.3 {Enp9n tmnez and {Emphy b nez are Bessel se-
quences. In order to verify that these sequences form a pair of dual frames, we
must show that

Zgn(x + %)hn(x) = bdk0, a.e x€R. (2.9)
nez
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Since g, and h,, have compact supports in [z,,Z,+2on], an interval of length
at most M, and + > M, (2.9) is satisfied for k # 0. For the case of k = 0, we
have to show that

Zgn(x)hn(x) =b, ae x€R.

nez
Given z € R, choose n € Z such that x € [x,, Z,+1]. Then

2N -1 N—1
Zgn(m)hn(x) = Z In—e(®)hp_e(x) = Z In— (2001 (@) (204 1) (@)
nez =0 —0
N-—1
+ In—20(T)hp_oe(x). (2.10)
£=0

For each ¢ € {0,1,...,N — 1}, if € [2,,Zp41], then by the definitions of H,
and h,,
hi—20(z) = bHy (), hye(or1)(2) = bHy—1(2). (2.11)
Therefore by (2.8), (2.10) and (2.11) we have
Y gn(@hn(@) = b(G (@) Hy () + G (2) Hyma () = b.
nez

Therefore, {EpGntmnez and {Epph, bmnez form a pair of dual frames for
L%(R). O

3 ~
[n,n = 2]. Suppose that 0 < b < 1. By the definition of G,, in (2.4), G, (z) =

gn(x) on [n,n + 2]. So for x € [n,n + 1]

EXAMPLE 2.6. Let g,(x) = 2 + sin 2% on [n,n + 2] and g,(x) = 0 outside

|Gn(@)] + |Gnr(2)] > 2,
and for z € [n+ 1,n + 2]
|G(@)] + |Gryr (2)] = 2.

We define H, () = = 1(30) on [n41,n+42] and H,(z) = 0 outside [n+1,n+2].
Therefore, { Erpgn }mnez and {Emphn }m nez, where hy, is as (2.7), form a dual

pairs for L?(R).

The following lemma is a generalization of Lemma 2.2 in [7] to find other
explicit structure of functions hy,, such that {Enpgn tmnez and {Emphn }monez
be a pair of dual frames for L?(R). In order to reach our goal, we use Daubechies
polynomials.

For any N € N the Daubechies polynomial of degree N — 1 is given by
N-1
Py a(x) =Y N b1 -2V 2 eR.
k=0
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Daubechies, in her fundamental paper [8] showed that for each N € N
1—2)¥Py_1(z) +2¥Py_1(1—2)=1, z€R.

Lemma 2.7. Let {z,}nez C R be a sequence mentioned in Theorem 2.5.
Suppose that g, are real-valued and uniformly bounded functions with suppg, C
[©n, Tnyan], where N € N and

> gnlx) =1. (2.12)
nez
Define Gy, by (2.3). Then
Gn(z) +CGni(x) =1, x € [Tn, Tny1l,
and we can find functions H, such that
Gn(2)Hy,(2) + Gno1(2)Hp1(2) = 1, @ € 20, 20 41]-

Proof. Since suppgn C [Tn,Zni2n], by (2.12) we have

2N—-1

> gniel@) =1, 2 € [Tn, 0],

£=0

So, for x € [Xy, Tpy1], We have

N-1 N-1
Gn(7) + Gpoa(z) = Z Gn—20() + Z gn—(2é+1)($)
£=0 =0

2N—-1

= 3 guile) =1, (2.13)
=0

For any M € N, we define

M—-1

p2M72($) _ Z (i]\/ffl)(l _ .’L‘)2(M_1)_k{17k.
k=0

By (2.13) for z € [z, Tnt1], we have

1= (Gno1(2) + Gu(@)™M1 = N M1 = Go(2)F (G(a))?M 1 F

+ > G = Ga@)H(Ga(@)PM R,
k=M

by changing of the index m = 2M — 1 — k in the second sum and note that

2M—1

GV = GhZie)

k
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we have
M-—1 B B
L= ) GM Y= Ga(@) (Gala)M 1

k=0
M-—1

+ G = Go())PM ™ (Gl ()™
" M-1

— Gn Z 2M 1 n(l‘))k(én(l‘))Z(M71)7k

e M-1
+ QJVI 1 n( ))Q(M 1)— (é ( ))

m O
= Gn(x)pQM 2(Groi( ))‘*‘énfl(x)pszz(én(ff))-

Now if for & € [z, Zny1], we define H,(z) = parsr—o(Gn_1(z)) and for z €

[€n+1, Tnta), we define ﬁn(x) = panr—2(Gry1(x)) and f{n(x) = 0, outside
[, Tnya], the proof is complete. ]

Qe i

Theorem 2.8. Let {x,}ncz C R be a sequence mentioned in Theorem 2.5.
Suppose that g, are real-valued and uniformly bounded functions with suppg, C
[T, Tnian], where N € N and

Z gn(w) =1

ne”Z

Define
IN-1

= Z Hy o)
£=0

where we can choose H,, as Lemma 2.7. Then {Embgn tmnez and {Emphy }monez
form a pair of dual frames for L*(R).

Proof. The proof is clear by Lemma 2.7 and Theorem 2.5. (]

3. EXTENSION OF FOURIER-LIKE BESSEL SEQUENCES TO DUAL PAIRS

For any Bessel sequences {f;}icr and {g;}ics in a Hilbert space H, it was
shown by Christensen, et al. [2] that there exists Bessel sequences {p;};c.; and
{aj}jes in H such that {fi}ier U{p;}jes and {g;}icr U{g;}jes form a pair of
dual frames for H. Also they showed that any pair of Gabor Bessel sequences
can be extended to a pair of dual frames with Gabor structure.

Proposition 3.1. (2]) Let {fi}ier and {gi}icr be Bessel sequences in a Hilbert
space H. Then there exist Bessel sequences {p;}jcs and {q;};cs in H such that

{fitier U{p;}tjes and {g:}icr U{q;}jes form a pair of dual frames for H.
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In this section, motivated by Theorem 3.1 in [2] we follow our main goal.
This means that we want to show that we can add the generators h,, and h~n
with compactly supported for the given compactly supported generators g, and
In-

Theorem 3.2. Let {Enmpgn}tmnez and {Empdntm.nez be Bessel sequences in
L?(R). Then the following statements hold:

(i) There exist Fourier-like systems { Emphn b nez and {Emb}{n}m,nez n
LQ(R):s’uch that { Emp9n }m.nez U {Embhn tmnez and {Empgn }monez U
{Emphn}mnez form a pair of dual frames for L*(R).

(ii) Let {xn}tnez C R be a sequence such that lim,_, oo T, = 00, Tpo1 <
Ty and TpyoN-1 — Tn—N+1 < M, where M > 0 and N € N. If the
functions g, and g, are real-valued and uniformly bounded with compact
support such that suppgn C [Tn, Tnin] and suppgn C [Tn, Tnin], then

the functions h,, and hy can be chosen to be compactly supported as
well.

Proof. Let T and U denote the synthesis operators for {E,,p9n}m nez and
{EmbGn tm.nez, respectively. Then

UT*f= > (f, Embgn) Embgn-
m,ne”

Consider the operator ¢ = I — UT*. Let {Epnpfn}mnez and {Embfn}m,nez
denote any pair of dual frames for L?(R) (see Appendix A in [2]). By the proof
of Prqposition 3.1, {Embgn}m,neZ ) {(b*E'rnbfn}m,neZ and {Embgtn}m,nEZ U
{Empfntmmnez form a pair of dual frames for L*(R). Since ¢* = I — TU*,
we have

O f=F—= > {fs EmbGn)Embgn. (3.1)

m,n€”

Now it is enough to show that ¢* commutes with all the modulation operators
Emp. By (3.1) for each m,n € Z we have

¢*Embfn() = Embfn()_ Z <Embfn7Em/bg:’b’>Em’bgn/(')
m’,n'€Z

= Embfn()_ Z <fnaE(m’—m)bg;’>Em’bgn’(~)
m’,n'€Z

_ Embfn() _ e—2m’(m/—m)b(.) <fn7 g;,>62ﬂim'b(.)gn,(.)

= Embfn(~) - e2ﬂimb(.)<fnag:1’>gn’(-)

= Emb(b*fn()
Thus we conclude that {E,p9n bm.nez U{Emb®* frn}m.nez and { Enpdn bmonez U
{Ewb fn}tmnez form a pair of dual frames for L(R).

We now prove (ii). By Theorem 2.2 in [5] we can choose functions f, and f,
to be compactly supported with suppfn, C [Zn—N+1,Znian—1] and suppf, C
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[, Ty n] such that for 0 < b < ﬁ, {Empfn}tmnez and {Embfn},,wez form
a pair of dual frames for L?(R). By part (i) we just need to show that ¢* f,, is
compactly supported. Due to the compact support of the functions f,, g, and
Jn, by (3.1) for each n € Z we have
(b*fn = fn - Z <fna Em’bg;L’>Em/bgn’
m’',n'€Z

n+N-—1

fan — Z Z <fn7 Em/bg;L’>Em’bgn/7

n'=n—N+1m'€Z

which is compactly supported. ([

Theorem 3.2 shows that if {E59n}mnez and {Empdn tmnez are Bessel
sequences with compactly supported generators. Then there exist sequences
{Embhn}m,nez and {Embh@}m,nez such that {Embgn}m,nez U {Embhn}mmez
and {EmpGn }mnez U{Emphn }m nez form a pair of dual frames with compactly
supported generators. But in the following example we show that if the gen-
erators g, and g, are polynomials, then h,, and ho, may not be polynomials in
general.

EXAMPLE 3.3. Suppose that f(z) = (252 — 102® 4 2*)x[0,5(2) and f(z) =
%35@), where &k = 103.3, 0 < b < % and Bj is a B-spline. By Example
2.9 in [4] {Empfntmnez and {Empfntmnez, where f, = T, f and f, = T,.f
form a pair of dual frames. Now let g,(z) = (x — n)(z —n — 2)(x —n —
1)xj0,5) and gn(z) = (z —n)(z —n+1)(x —n+2)x[0,5. Then by Theorem 3.2

{Embgn}m,nEZ U {Emb¢*fn}m,n€Z and {Embg;L}m,nEZ U {Embfn}m,nEZ form a
pair of dual frames but calculations shows that ¢* f,, is not a polynomial.
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