[ Downloaded from ijmsi.ir on 2026-01-03 ]

[ DOI: 10.7508/ijmsi.2017.2.003 ]

Iranian Journal of Mathematical Sciences and Informatics
Vol. 12, No. 2 (2017), pp 35-49
DOL: 10.7508/ijmsi.2017.2.003

Ordered Krasner Hyperrings

Saber Omidi, Bijan Davvaz*
Department of Mathematics, Yazd University, Yazd, Iran.

E-mail: omidi.saber@yahoo.com
E-mail: davvaz@Qyazd.ac.ir

ABSTRACT. In this paper, we introduce the concept of Krasner hyperring
(R, +, ) together with a suitable partial order relation <. Also, we con-
sider some Krasner hyperrings and define a binary relation on them which
become ordered Krasner hyperrings. By using the notion of pseudoorder
on an ordered Krasner hyperring (R, +, -, <), we obtain an ordered ring.

Moreover, we give some results on ordered Krasner hyperrings.
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1. INTRODUCTION

Hyperstructure theory was introduced by Marty [19] in 1934, at the 8th
congress of Scandinavian Mathematicians. The notion of a hyperstructure and
hypergroup has been studied in the following decades and nowadays by many
mathematicians. A short review of the theory of hyperstructures appears in
[4, 5, 8,9, 10, 23]. In [11], Heidari and Davvaz studied a semihypergroup
(H, o) besides a binary relation <, where < is a partial order relation such that
satisfies the monotone condition. Indeed, an ordered semihypergroup (H, o, <)
is a semihypergroup (H, o) together with a partial order < such that satisfies
the monotone condition as follows:
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r<y=zox<zoyandzoz<yoz foralzy,zec H.

Here, z o x < z oy means that for any a € z o x there exists b € z oy such that
a < b. The case zoz < yozis defined similarly. Indeed, the concept of ordered
semihypergroups is a generalization of the concept of ordered semigroups. The
concept of ordering hypergroups introduced by Chvalina [6] as a special class of
hypergroups and studied by many authors, for example, see [7, 12, 13]. In [3],
polygroups which are partially ordered are introduced and some properties and
related results are given. In [14], Iampan studied some properties of ordered
bi-ideals in ordered I'-semigroups.

We can consider several definitions for a hyperring, by replacing at least
one of the two operations by a hyperoperation. In general case, (R, +,) is a
hyperring if + and - are two hyperoperations such that (R, +) is a hypergroup,
(R,-) is a semihypergroup and the hyperoperation - is distributive over the
hyperoperation +, which means that for all z,y,z of R we have: z - (y + z) =
x-y+z-zand (z+y) -z =x-z2+y-z. Wecall (R,+,-) a hyperfield if (R, +, ) is
a hyperring and (R, -) is a hypergroup. There are different types of hyperrings.
If only the addition + is a hyperoperation and the multiplication - is a usual
operation, then we say that R is an additive hyperring. A special case of this
type is the Krasner hyperring. For more details about hyperrings we refer to
[10]. In the theory of hyperrings, fundamental relations make a connection
between hyperrings and ordinary rings [22]. An equivalence relation p is called
strongly regular over a hyperring R, if the quotient R/p is a ring. In 2013,
Asokkumar [1] defined derivations in Krasner hyperrings and obtained some
results in this respect.

2. PRELIMINARIES

In this section, we recall some definitions and notations.
Let H be a non-empty set. Then a mapping o : H x H — P*(H) is called
a hyperoperation on H, where P*(H) is the family of all non-empty subsets of
H. The couple (H,o) is called a hypergroupoid. In the above definition, if A
and B are two non-empty subsets of H and = € H, then we define:
AoB= J aob, zoA={z}oAand Aoz = Ao {z}.

acA
beB

An element e € H is called an identity of (H,o) if x € z oeNeox, for all
x € H and it is called a scalar identity of (H,o) if xoe = eox = {z}, for
all x € H. If e is a scalar identity of (H,o), then e is the unique identity of
(H,o). The hypergroupoid (H,o) is said to be commutative if x oy = y o x,
for all z,y € H. A hypergroupoid (H, o) is called a semihypergroup if for every
x,y,z € H, we have x o (yo z) = (xoy) oz and is called a quasihypergroup if
for every x € H, xo H = H = H ox. This condition is called the reproduction
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axiom. The couple (H,o) is called a hypergroup if it is a semihypergroup and
a quasihypergroup.

Definition 2.1. [20] A canonical hypergroup is a non-empty set H endowed
with an additive hyperoperation + : H x H — P*(H), satisfying the follwing
properties:
(1) for any z,y,z € Hyx + (y+2) = (x + y) + z,
(2) forany v,y € Hyx +y =y + =z,
(3) there exists 0 € H such that 0+ =2 + 0=z, for any z € H,
(4) for every x € H, there exists a unique element 2’ € H, such that
0 € x + 2’ (we shall write —z for 2’ and we call it the opposite of ),
(5) z € x + y implies that y € —z + z and = € z — y, that is (H,+) is
reversible.

Remark 2.2. Every canonical hypergroup is a hypergroup.

Definition 2.3. [10, 18] A Krasner hyperring is an algebraic hypersructure
(R, 4+, ) which satisfies the following axioms:

(1) (R,++) is a canonical hypergroup,

(2) (R,-) is a semigroup having zero as a bilaterally absorbing element,
ie,z-0=0-2=0,

(3) The multiplication is distributive with respect to the hyperoperation
+.

A Krasner hyperring R is called commutative (with unit element) if (R, -)
is a commutative semigroup (with unit element). A Krasner hyperring R is
called a Krasner hyperfield, if (R \ {0},-) is a group. A Krasner hyperring R
is called a hyperdomain, if R is a commutative hyperring with unit element
and a - b = 0 implies that a =0 or b = 0 for all a,b € R. A subhyperring of a
Krasner hyperring (R, +, -) is a non-empty subset A of R which forms a Krasner
hyperring containing 0 under the hyperoperation + and the operation - on R,
that is, A is a canonical subhypergroup of (R,+) and A- A C A. Then a non-
empty subset A of R is a subhyperring of (R, +, -) if and only if, for all z,y € A,
x4+yCA —xe€Aand x-y € A. A non-empty subset I of (R,+,-) is called
a left (resp. right) hyperideal of (R, +,-) if (I, +) is a canonical subhypergroup
of (R,+) and for everya € [ and r € R, r-a € I (resp. a-r € I). A hyperideal
I of (R,+,-) is one which is a left as well as a right hyperideal of R, that is,
x4y Cland —x €1, forall z,y € [ and z-y,y-x € I, for all x € [ and
y € R.

Definition 2.4. [2, 15] An ordered ring is a ring (R,+, ), together with a
compatible partial order, i.e., a partial order < on the underlying set R that is
compatible with the ring operations in the sense that it satisfies:

(1) For all a,b,c € R, a <bimpliesa+c<b+c.
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(2) Forall a,be R, 0<aand 0 <b, we have 0 < a - b.

Remark 2.5. Tt is an easy consequence of (1) and (2) above that if a,b,c € R
witha <band 0 <c¢,thena-c<b-candc-a<c-b.

3. ORDERED KRASNER HYPERRINGS

In this section, we introduce the notion of ordered Krasner hyperring, giving
several examples that illustrate the significance of this new hyperstructure and
some related results are given.

Definition 3.1. An algebraic hypersructure (R,+,-, <) is called an ordered
Krasner hyperring if (R,+,-) is a Krasner hyperring with a partial order rela-
tion <, such that for all a,b and ¢ in R:

(1) If a < b, then a+ ¢ < b+ ¢, meaning that for any x € a+ ¢, there exists
Yy € b+ ¢ such that z < y.
(2) fa<band 0<¢ thena-c<b-candc-a<c-b.

Note that the concept of ordered Krasner hyperrings is a generalization of
the concept of ordered rings. Indeed, every ordered ring is an ordered Krasner
hyperring.

Remark 3.2. An ordered Krasner hyperring R is positive if 0 < x for any z € R.

If we remove the restriction 0 < ¢ from (2), then Definition 3.1 is equivalent
to positive ordered Krasner hyperring.

Definition 3.3. An ordered Krasner hyperfield is an ordered Krasner hyperring
R, where R is also a Krasner hyperfield.

Definition 3.4. An ordered hyperdomain is an ordered Krasner hyperring R,
where R is a commutative hyperring with unit element and a - b = 0 implies
that a =0 or b =0 for all a,b € R.

ExXAMPLE 3.5. Let (R, +,-) be a Krasner hyperring. Define a partial order on
R by

x <py if and only if x = y for all z,y € R.
Then, (R,+,+,<pg) forms an ordered Krasner hyperring.

EXAMPLE 3.6. Let R = {a,b,c} be a set with the hyperoperation @ and the
binary operation ® defined as follow:

2]

S
)
o o |®
Q 2
[« I e BNl Rl
a o 9fa

a
ala
b|b b {a,b,c}
c|ec
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Then, (R, ®,®) is a Krasner hyperring [10]. We have (R, ®, ®, <) is an ordered
Krasner hyperring where the order relation < is defined by:

<:={(a,a), (b,b), (c,c), (a,b),(a,c)}.

The covering relation and the figure of R are given by:

<={(a,b),(a,c)}.
b c

N

a

EXAMPLE 3.7. Define the hyperoperation @& on the unit interval [0,1] by

o {{max{w}}, o4y
[0,33] =y

Then, ([0,1],®,-) is a Krasner hyperring where - is the usual multiplication
[17]. Consider [0, 1] as a poset with the natural ordering. Thus, ([0, 1], ®, -, <)
is an ordered Krasner hyperring.

ExAMPLE 3.8. Define the hyperoperation B on the set {0,1} by
0B0={0}, 1BO=08B1={1}, 1B1=/{0,1}.

Then, ({0,1},H,) is a Krasner hyperring where - is the usual multiplica-
tion [21]. Consider ({0,1},H,-) as a poset with the natural ordering. Thus,
({0,1},H, -, <) is an ordered Krasner hyperring.

ExAMPLE 3.9. Let (Q%,+,+) be the canonical hypergroup defined on Q* =
{reQlz>0}Vae,z+x={y|y <z} ifz#y, z+y=max{z,y} where
max is intended with respect to the natural order. If one considers in Q%
as product the ordinary multiplication -, then (Q%,+,-) has the structure of
Krasner hyperring. We define < the natural ordering on QT then (Q*, +, -, <)
is an ordered Krasner hyperring.

Definition 3.10. Let (R1,+1,1,<1) and (Ra, +2, -2, <2) be two ordered Kras-
ner hyperrings. A homomorphism from R; into Ry is a function ¢ : Ry — Rs
such that we have:

(1) pla+1b) € @(a) +2 o(b),
(2) wla-10) = p(a) -2 ¢(b),
(3) If a <4 b, then p(a) <5 ¢(b).

Also ¢ is called a good (strong) homomorphism if in the previous con-
dition (1), the equality is valid. An isomorphism from (Ri,+1,-1,<1) into
(Ra, 42,2, <2) is a bijective good homomophism from (Rj,+1,1,<1) onto
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(R, 42,2, <2). The kernel of ¢, keryp, is defined by kerp = {x € R; | p(x) =

02} where 02 is the zero of (R, +2,2). In fact kerp may be empty.

ExXAMPLE 3.11. Let ([0, 1], &, -, <) be the ordered Krasner hyperring defined as
in Example 3.7 and ({0,1},H, -, <) be the ordered Krasner hyperring defined
as in Example 3.8. Define ¢ : [0,1] — {0,1} by ¢(0) = 0 and ¢(z) = 1, for
all z € (0,1]. Then we have

©({0}) ={0} =080 = p(z) Be(y), r=y=0
)

(
oz o y) = p({z}) = {1} = 180 = p(x) Be(y), z>y=0
e({z}) ={1} S {0,1} =1B1=p(z)Be(y), z>y>0
¢([0,2]) = {0,1} = 1B 1 = p(z) Be(y), r=y>0
and
R _ 0, x=00ry=0
p(z-y) = v(z) - o(y) {17 20 and y£0
and

if @ <j0,17 9, then () <(0.13 ¢(y).
It follows that ¢ is a homomorphism from ([0,1],®,-) into ({0, 1}, H, ) which
is not a good (strong) homomorphism.

EXAMPLE 3.12. Let ([0, 1], ®, -, <) be the ordered Krasner hyperring defined as
in Example 3.7. Define ¢ : [0,1] — [0,1] by ¢(z) = 1, for all x € [0, 1]. Since
191 =100,1]and 1-1 =1 and = <[g 4] ¥ implies ¢(z) <j0,1) ¢(y), it follows that
¢ is a homomorphism from the ordered Krasner hyperring ([0, 1], ®, -, <) into
itself. Notice that kerp = (. Thus, the kernel of an ordered Krasner hyperring
homomorphism may be empty.

Let (R1,4+1,1) and (Rg,+2,-2) be two Krasner hyperrings. Then (R; x
Ry, +, ) is a Krasner hyperring, where the hyperoperation + and operation -
defined as follows:

(@1, 22) + (y1,92) = {(a,b) | a € x1 +1y1,b € T2 +2 42},
(z1,@2) - (Y1,y2) = (211 Y1, 22 2 Y2).
The lexicographical order defined on R; x Ry as follows: (21,22) < (y1,¥2)
if and only if 1 <3 y; or z1 = y; and z2 <5 y2. In the following, we prove

that (R; X Ra,+,+, <) is an ordered Krasner hyperring and is called the direct
product of ordered Krasner hyperrings (R1,+1, 1, <1) and (Ra, +2, 2, <2).

Theorem 3.13. Let (R1,+1,1,<1) and (Ra,+2, 2, <2) be two ordered Kras-
ner hyperrings. Then (Ry X Ra,+,-, <) is an ordered Krasner hyperring.

Proof. Suppose that (z1,22) < (y1,92) for (z1,22), (y1,92) € Ri X Ry and
(tl,tQ) S (CL17CL2) + (:L'l,xg) for (al,ag) € Ri x Ry. Then t1 € a; +1 21 and
to € ag +2 xo. Since (z1,z2) < (y1,y2), So we have two cases:
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Case 1. 71 <1 y1. Then t; € a1 +1x1 <1 a1 +1 Y1, so there exists s1 € a1 +1 1

such that ¢ <7 s1. Now, if s9 € ag +2 Yo, then (t1,t2) < (s1,82) € (a1,a2) +

(y1,92)-

Case 2. x1 = y1 and z2 <3 y2. Then to € as 42 x2 <5 as +2 Y2, so there exists

So € ag +2 y2 such that to <5 so. Thus (tl,tg) < (t1,82) S (al,ag) + (yl,yg).
Now, suppose that (x1,22) < (y1,y2) for (z1,22),(y1,y2) € Ry X Ry and

(t1,t2) = (a1,a2) - (z1,22) for (a1,a2) € Ry X Ry. Then t; = ay -1 21 and

to = ag -9 9. Since (z1,x2) < (y1,y2), S0 we have two cases:

Case 1. x1 <7 y1. Then t; = a1 -1 21 <1 a1 -1 y1 = 1. Now, if s5 = ag -2 ya,

then (tl,tg) S (51,82) = (al,ag) . (y1,y2).

Case 2. 1 = Y1 and T2 <2 Y2. Then ag 9 9 Sz as 2 Y. Thus (al,ag) .

(z1,22) < (a1,a2) - (y1,y2) for (a1,as) € Ry x Ry. Therefore, (Ry X Ra, +,-, <)

is an ordered Krasner hyperring. (I

Definition 3.14. Let (R,+,,<) be an ordered Krasner hyperring. A non-
empty subset I of R is called a hyperideal of R if it satisfies the following
conditions:

(1) (I,4) is a canonical subhypergroup of (R, +);
(2) z-yelandy-xe€lforallzelandyéeR;
(3) When z € T and y € R such that y < x, imply that y € I.

Theorem 3.15. Suppose that ¢ is a homomorphism from an ordered Krasner
hyperring (R, +,+,<) into a positive ordered Krasner hyperring (T,®,®, <X).
Then, kery is a hyperideal of R.

Proof. Let r € kerp. Then we have ¢(r) = 0. Since ¢ is a homomorphism, it
follows that {(0)} = ¢(0) 0 = ¢(0) ® () 2 (0 +7) = $({r}) = {p(r)}.
This implies that ¢(0) = ¢(r) = 0. Thus we have 0 € kery. Since 0 € keryp, it
follows that kery # ().

Let z,y € kerp. Then ¢(z) = 0 = ¢(y). By Definition 3.10, we have
olx+y) Co(x)de(y) =000 = {0}. Hence x+y C kerp. Now, let x € kere.
Since 0 € xz — z, it follows that ¢(0) € p(z — z) C ¢(z) ® ¢(—z). So, 0 €
o(x) ® p(—=x). Thus, p(—=z) is the inverse of ¢(z) in the canonical hypergroup
(T, ®). Therefore, p(—x) = —p(x). So, p(—x) = —0 = 0. Hence —z € kerep.
Now, let z € R and = € kerg. Then p(z-z) = ¢(2) ® p(z) = ¢(2) ©0 = 0 and
ol z) =¢(x) ©p(z) =0 ¢(z) = 0. Thus we have z -,z - z € kery. Now,
let x € kerp, r € R and r < x. Since z € kery, it follows that ¢(x) = 0. By
Definition 3.10, we have ¢(r) < ¢(z) = 0. Since T is positive, we get ¢(r) = 0.
Therefore, r € kery. This proves that kery is a hyperideal of R. ]

Definition 3.16. Suppose that (R,+,-, <) is an ordered Krasner hyperring
and A C R is a subhyperring. Then A is convez if for all a € A and all r € R,
the inequality —a < r < a implies r € A.
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ExaMPLE 3.17. Let ([0,1],®, -, <) be the ordered Krasner hyperring defined
as in Example 3.7. We can see that 0 is the zero of ([0,1],®,) and for every
x € [0,1], = is the inverse of z in ([0,1],®). The set A = {[0,a]|a € [0,1]} U
{[0,a)]a € (0,1]} is of all canonical subhypergroups of the canonical hypergroup
([0,1],®). We can see that A is the set of all subhyperrings of R. Now, let
a€ A, re R, —a<r <a. Then, we have a < r < a, that implies r = a € A.
Therefore, A is convex.

Remark 3.18. A relation p* is the transitive closure of a binary relation p if

(1) p* is transitive,

(2) p<S o,
(3) For any relation p/, if p C p’ and p’ is transitive, then p* C p/, that is,
p* is the smallest relation that satisfies (1) and (2).

Definition 3.19. [22] Let (R,+,-) be a hyperring. We define the relation

as follows: zyy < 3n € N, 3k; € N, Iy, -+ ,24,) € RF |1 < i < n, such that
n k;
et €3 (T1).
=1 j=1

Theorem 3.20. [22] Let R be a hyperring and ~v* be the transitive closure of
~. Then, we have:
(1) ~* is a strongly regular relation both on (R,+) and (R,-).
(2) The quotient R/v* is a ring.
(3) The relation v* is the smallest equivalence relation such that the quo-
tient R/~* is a ring.

Question. Let (R,+,+,<) be an ordered Krasner hyperring. Is there a
strongly regular relation p on R for which R/p is an ordered ring?

Our main aim in the next section is reply to the above question.

4. MAIN RESULTS

The notion of pseudoorder on an ordered semigroup (.5, -, <) was introduced
and studied by Kehayopulu and Tsingelis [16]. Now, we extend this concept for
ordered Krasner hyperrings. We begin this section with the following definition.

Definition 4.1. Let (R, +,-, <) be an ordered Krasner hyperring. A relation
pon R is called pseudoorder if the following conditions hold:

(1) <Cp;

(2) apb and bpc imply apc;

(3) apb implies a + ¢pb + ¢ and ¢ + ape + b, for all ¢ € R;

(4) apb implies a - cpb- ¢ and ¢ - apc - b, for all ¢ € R.
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Theorem 4.2. Let (R,+,-,<) be an ordered Krasner hyperring and p be a
pseudoorder on R. Then there exists a strongly regular relation p* on R such
that R/p* is an ordered ring.

Proof. Suppose that p* is the relation on R defined as follows:

p* ={(a,b) € R X R | apb and bpa}.
First we show that p* is a strongly regular relation on (R, +) and (R, -). Clearly,
(a,a) €<C p, so ap*a. If (a,b) € p*, then apb and bpa. Hence, (b,a) € p*. If
(a,b) € p* and (b,c) € p*, then apb, bpa, bpc and cpb. Hence, apc and cpa,
which imply that (a,c) € p*. Thus p* is an equivalence relation. Now, let ap*b

and ¢ € R. Then apb and bpa. Since p is pseudoorder on R, by conditions (3)
and (4) of Definition 4.1, we conclude that

a+ cpb+c,

b+ cpa + c,
a-cpb-c, c-apc-b,
b-cpa-c,c-bpc-a.

Hence, for every z € a+c and y € b+c, we have zpy and ypz which imply that
xzp*y. So, a+cp*b+c. Thus p* is a strongly regular relation on (R, +). Clearly,
*

p* is a strongly regular relation on (R,-). Hence R/p* with the following
operations is a ring:

p*(x) & p*(y) = p*(2), for all 2 € p*(z) + p*(y);
p*(x) © p*(y) = p*(x - y).
Now, we define a relation < on R/p* as follows:

=:={(p"(2),p*(y)) € R/p" x R/p* | Ja € p"(x),3b € p*(y) such that
(a,b) € p}.

We show that

p*(z) =2 p*(y) & zpy.

Let p*(z) < p*(y). We show that for every a € p*(z) and b € p*(y), apb.
Since p*(x) = p*(y), there exist ' € p*(z) and ¢’ € p*(y) such that z'py’.
Since a € p*(x) and 2’ € p*(x), we obtain ap*z’, and so apz’ and z’pa. Since
b € p*(y) and 3 € p*(y), we obtain bp*y’, and so bpy’ and y’'pb. Now, we have
apz’, @' py’ and y'pb, which imply that apb. Since x € p*(x) and y € p*(y),
we conclude that zpy. Conversely, let xpy. Since x € p*(z) and y € p*(y), we
have p*(z) = p*(y).

Finally, we prove that (R/p*, &,®, =) is an ordered ring. Suppose that
p*(z) € R/p*, where © € R. Then, (z,z) €<C p. Hence, p*(z) = p*(x). Let
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p*(x) = p*(y) and p*(y) < p*(z). Then, xpy and ypx. Thus, xzp*y, which
means that p*(x) = p*(y). Now, let p*(z) < p*(y) and p*(y) < p*(2). Then,
xzpy and ypz. So, zpz. This implies that p*(x) < p*(z).

Now, let p*(z) = p*(y) and p*(z) € R/p*. Then zpy and z € R. By
conditions (3) and (4) of Definition 4.1, we have = + 2py + 2, = - 2py - 2z and
z-xpz-y. So, for all @ € x + 2z and b € y + 2z, we have apb. This implies
that p*(a) =< p*(b). Hence, p*(x) ® p*(2) = p*(y) ® p*(z). Similarly, we get,
p*(z) @ p*(z) < p*(2) ® p*(y). By the similar argument, we can show that
p*(x) © p*(2) 2 p"(y) © p™(2) and p*(2) © p*(x) = p*(2) © p™(y). O

Theorem 4.3. Let (R,+,-,<) be an ordered Krasner hyperring and p be a
pseudoorder on R. Let X = {0 | 0 is pseudoorder on R such that p C 0}. Let
Y be the set of all pseudoorder on R/p*. Then, card(X) = card(}).

Proof. For 6 € X, we define a relation ¢’ on R/p* as follows:

0" :={(p*(x),p"(y)) € R/p" x R/p* | 3a € p*(x),3b € p*(y) such that
(a,b) € 6}.

First, we show that

(p*(z),p*(y)) €0 & (x,y) €0.

Let (p*(z),p*(y)) € 6. We show that for every a € p*(x) and b € p*(y),
(a,b) € 6. Since (p*(x), p*(y)) € ¢, there exist 2’ € p*(x) and y' € p*(y) such
that (z/,y') € 0. Since ap*z and xp*z’, we have ap*z’. So, apz’. Since p C 6,
it follows that afz’. Similarly, we obtain 3'6b. Now, we have afz’, /0y’ and
y'0b. Thus we have afb. Since z € p*(z) and y € p*(y), we conclude that
(z,y) € 6. Conversely, let (z,y) € 6. Since x € p*(z) and y € p*(y), we obtain

(" (), p*(y)) € 0".

Now, let (p*(z), p*(y)) €=. Then by Theorem 4.2, (z,y) € p C 6. This im-
plies that (p*(z), p*(y)) € #'. Hence, <C #'. Now, suppose that (p*(z), p*(y)) €
0" and (p*(y),p*(z)) € 0. Then, (z,y) € 6 and (y,z) € 6 which imply that

(x,2) € 6. Thus we have (p*(z),p*(2)) € 0'. Also, if (p*(z),p*(y)) € ¢ and
p*(2) € R/p*, then (z,y) € 6 and z € R. Thus = + 20y + 2, x - 20y - z and
z-x0z-y. So, for all a € x4+ 2z and @’ = z -z and for all b € y + 2 and
b = y -z, we have afb and a’6b'. This implies that ¢'(p*(a)) = 6'(p*(b))
and 0'(p"(a")) = 6'(p* (b)) and so 0'(p*(x) ® p*(2)) = 0'(p"(y) ® p"(2)) and
0 (" () 0 (2)) = 0/ (p* (1) ©p"(2). Thus, (p* () ®p* ()0 (4 (4) @ p* () and
(5 (2) © 7 () (" () 0 (2)). Similarly, we obtain (5*(2) & 5™ (D) (0 () &
p*(y)) and (p*(2) © p*(x))0'(p*(z) ® p*(y)). Therefore, if § € X, then 0’ is a
pseudoorder on R/p*.

Now, we define the map ¢ : X — Y by ¥(0) = 0. Let 61,05 € X and
61 = 6. Suppose that (p*(z),p*(y)) € 67 is an arbitrary element. Then,
(x,y) € 61 and so (x,y) € O2. This implies that (p*(z), p*(y)) € 65. Thus we
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have 0] C ¢). Similarly, we obtain 5 C ;. Therefore, 1 is well defined.

Let 61,02 € X and 6] = 0. Suppose that (x,y) € 6, is an arbitrary ele-
ment. Then, (p*(z), p*(y)) € 0] and so (p*(z), p*(y)) € 65. This implies that
(z,y) € 02. Thus we have 67 C 6. Similarly, we obtain 65 C 6;. Therefore, 9
is one to one.

Finally, we prove that v is onto. Consider ¥ € ). We define a relation 6 on
R as follows:

0 ={(z,y) | (p*(x),p"(y)) € B}.

We show that 6 is a pseudoorder on R and p C 6. Suppose that (z,y) €
p. By Theorem 4.2, (p*(x),p*(y)) €=C %, and so (z,y) € 0. If (z,y) €<,
then (z,y) € p C 6. Hence, <C 0. Let (z,y) € 0 and (y,z) € 6. Then,
(p*(x), p*(y)) € T and (p*(y), p*(2)) € . So, (p*(x), p*(2)) € E. This implies
that (z,z) € 6.

Now, let (z,y) € 8 and z € R. Then, (p*(x),p*(y)) € ¥ and p*(z) € R/p*.
Thus, (p*(x) ® p*(2), p*(y) ® p*(2)) € T and (p*(x) © p*(2), p*(y) © p*(2)) € Z.
Therefore, for alla ez +zand '’ =z-zand forallbe y+z and ' =y - 2,
we have (p*(a), p*(b)) € ¥ and (p*(a’), p*(V')) € X. This means that (a,b) € 0
and (a/,b') € 6. Therefore, x + 20y + z and x - 20y - z. Similarly, we obtain
z- 20z -y. Now, obviously we have §/ = X. a

Remark 4.4. In Theorem 4.3, it is easy to see that 6; C 65 if and only if 7 C 65.

Remark 4.5. Let (R,+,-,<g) and (T,W,o,<r) be two ordered rings and ¢ :
R — T a homomorphism. We denote by k the pseudoorder on R defined by
k= {(a,b)|p(a) <1 ©(b)}. Then, we have kerp = k*.

Corollary 4.6. Let (R,+,-,<g) and (T,W,0,<r) be two ordered rings and

¢ : R— T a homomorphism. Then, R/kery = Imep.

Let (R,+,-, <gr) be an ordered Krasner hyperring, p, 6 be pseudoorders on
R such that p C 6. We define a relation 8/p on R/p* as follows:

0/p :={(p*(a), p*(b)) € R/p* x R/p* | 3z € p*(a), Ty € p*(b) such that
(z,y) € 0}.
Then, we can see that
(p™(a),p"(b)) € 0/p < (a,b) € 6.

Theorem 4.7. Let (R,+,-, <g)be an ordered Krasner hyperring, p,0 be pseu-
doorders on R such that p C 6. Then,

(1) 8/p is a pseudoorder on R/p*.

(2) (R/p")/(0/p)" = R/6".
Proof. (1): If (p*(a),p*(b)) €=,, then (a,b) € p. So, (a,b) € § which im-
plies that (p*(a),p*(b)) € 8/p. Thus, <,C 6/p. Let (p*(a), p*(b)) € 6/p and
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(p*(b),p*(c)) € 8/p. Then (a,b) € 0§ and (b,c) € 6. Hence, (a,c) € 6 and
so (p*(a),p*(c)) € 0/p. Now, let (p*(a),p*(b)) € 6/p and p*(c) € R/p".
Then, (a,b) € 0. Since 6 is a pseudoorder on R, we obtain a + cfb + c,
a-chb-cand c-aflc-b. Hence, for all z € a + c and 2’ = a - ¢ and for all
yeb+candy =b-c, we have (z,y) € 0 and (2',y’) € 6. This implies that
(p*(z), p*(y)) € 8/pand (p*(z'), p*(v')) € 8/p. Since p* is a strongly regular re-
lation on R, p*(x) = p*(a) ® p*(c), p*(y) = p*(b) ®p"(c), p* (') = p*(a) ©p*(c)
and p*(y/) = p*(B)©p*(¢). So, we obtain (p* () ®p*(c), p* (b) &p*(¢)) € /p and
(p*(a) ®p*(c), p*(b) © p*(c)) € 8/p. Similarly, we obtain (p*(c) ® p*(a), p*(c) ®
p*(b)) € 0/p and (p*(c) © p*(a), p*(c) ® p*(b)) € 8/p. Therefore, 8/p is a pseu-
doorder on R/p*.

(2): We define the map ¢ : R/p* — R/6* by ¥(p*(a)) = 0*(a). If
p*(a) = p*(b), then (a,b) € p*. Hence, by the definition of p*, (a,b) € p C 0
and (b,a) € p C 6. This implies that (a,b) € 8* and so 6*(a) = 6*(b). Thus, 0
is well defined. For all p*(z), p*(y) € R/p*, we have

p*(x) @ p*(y) = p*(2), for all z € x + y,
0% (z) W 0* (y) = 0%(2), for all z € = +y,
p*(x) © p*(y) = p*(z - y),

0" (x) ® 6" (y) = 0" (- ).

Thus,
V(p* () ®p*(y)) =v(p*(2)), forallzexz+y
=0%*(z), forallz ez +y
= 0"(x) BO*(y)
=(p™(x)) BY(p* (),
and
P(p*(x) © p*(y)) = (p™(x-y))
=0"(z-y)
=0"(z) ® 0" (y)
=1(p*(x)) @ L(p" (),
and if p*(z) =, p*(y), then (x,y) € p. So, (z,y) € 6 and this implies that
0*(z) 2p 0*(y). Therefore, ¢ is a homomorphism. It is easy to see that v is
onto, since

Imy ={¢(p*(x)) | # € R} ={0"(z) | x € R} = R/6".
So, by Corollary 4.6, we obtain
(R/p*)/kerv = Imy = R/6*.
Suppose that
k= A{(p"(2), p*(9)) | Y(p"(x)) 20 V(" (y))-
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Then,
(p*(2),p*(y)) € k= Y(p™(2)) =6 Y(p*(y))
& 0" (x) =9 0" (y)
< (z,y) €0
& (p"(x), " (y)) € 0/p-
Hence, k = 0/p and by Remark 4.5, we have k* = (0/p)* = keri. O
Definition 4.8. Let (R,+,-,<g) and (T,W,0,<7) be two ordered Krasner

hyperrings, p1, p2 be two pseudoorders on R,T, respectively, and the map
f: R — T be a homomorphism. Then, f is called a (p1, p2)-homomorphism if

(a,0) € p1 = (f(a), f(b)) € p2.

Lemma 4.9. Let (R,+,-,<gr) and (T,W,o, <) be two ordered Krasner hyper-
rings, p1, p2 be two pseudoorders on R, T, respectively, and the map f: R — T
be a (p1, p2)-homomorphism. Then, the map f : R/p; — T/p} defined by

F(pi(@) = p5(f(x)), for allx € R

is a homomorphism of rings.

Proof. Suppose that pi(z) = pi(y). Then we have (x,y) € p1. Since f is a
(p1, p2)-homomorphism, it follows that (f(x), f(y)) € pe. This implies that

p3(f()) = p3(f(y)) or F(pi(x)) = F(pi(y). Therefore, f is well defined. Now,
we show that f is a homomorphism. Suppose that pi(z), pi(y) be two arbitrary

elements of R/pi. Then,

F(pi(@) @ pi(y)) = F(pi(2)) = p3(f(2)), for all z € z +y.

)
Since z € 4y, it follows that f(z) € f(z)W f(y). Since p} is a strongly regular
relation, we obtain p5(f(2)) = p3(f(x)) B p3(f(y)). Thus we have

F(pi(x) @ pi(y) = p5(f(2) B ps(f(y) = Fpi(x)) B f(pi(y)).

Now, suppose that p}(x), pi(y) be two arbitrary elements of R/p;. Then,

Fpi(@) © pi(y) = F(pi(2) = p5(f(2)), for z =z -y.

Since z = x -y, it follows that f(z) = f(z) ¢ f(y). Since p} is a strongly regular
relation, we obtain p5(f(2)) = p5(f(x)) @ p5(f(y)). Thus, we have

Fpi(x) © pi(y) = p5(f(2) @ p5(f(y)) = F(pi(x) © fpi(y)).
O

Theorem 4.10. Let (R,+,-,<g) and (T,4,0,<r) be two ordered Krasner
hyperrings, p1, p2 be two pseudoorders on R,T, respectively, and the map f :
R — T be a (p1, p2)-homomorphism. Then, the relation py defined by

pr = A{(p1(@),p1(W)) | p3(f(x)) 2 P5(f(¥))}

is a pseudoorder on R/p3.
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Proof. Suppose that (pi(z),pi(y)) €<r. By Lemma 4.9, f is a homomor-
phism. Since pj(z) =g pi(y), it follows that f(pj(x)) <7 f(pi(y)). Thus we
have p3(F(x) <1 p3(F(y ) This means hat (o1(2) 1) € -

Let (pi(x), pi(y)) € py and (pi(y),pi(2)) € ps. Then, we have p3(f(z)) =r
p5(f(y )) and p5(f(y)) =r P2( (2))- So, p3(f(x)) =1 p5(f(2)). This implies
that (pi(z),pi(z)) € py. Now, let (pi(x),pi(y)) € ps and pi(z) € R/pi.
We show that (p}(2) © pi(2), p1(y) @ (=) € py. Since (93 (2),pi()) € s,
it follows that f(pi(z)) =7 f(pi(y)). Thus, by the definition of ordered
Krasner hyperring, we get (pi(2) B 7(01(2)) =r F(s}(3)) B F(4}(2). So,
Fpi(x) @ pi(2) =21 f(pi(y) @ pi(z)). Hence, for all u € x + z and for all
v €yt 2, we have F(p (w)) <r F(p}(v)). This implies that (o} (u), o} (4)) € .
Therefore, we have (p}(z) ® pi(2),pi(y) @ pi(2)) € ps. Similarly, we obtain
(93(2) @ 93 (2), 93 (2) © p3 (1) € py. Now, we show that (o] (x) © p} (=), p3 (1) ©
pi(2)) € py. Since (pi(x),pi(y)) € ps, we have f(pi(z)) =7 f(pi(y)). Thus,
by the definition of ordered Krasner hyperring, we get f(pi(z)) ® f(plgz)) =r
Flot () @ F(p1(2))- So, F(pi(2) @1 (2)) =r F(5}(3) © pi(2)). Hence, F(pi(z
z)) =1 f(pi(y - 2)). This implies that (pj(x - 2),pi(y - 2)) € ps. Therefore,
we have (pi(z) © pi(2),pi(y) © pi(2)) € py. Similarly, we obtain (pj(z) ®
pi(), p1(2) © pi(y)) € py- 0

Corollary 4.11. Let us follow the notations and definitions used in Lemma
4.9 and Theorem 4.10. We have kerf = Pt

Proof. 1t is straightforward. O

Corollary 4.12. Let (R,+,,<g) and (T,d,0,<p) be two ordered Krasner
hyperrings, p1, p2 be two pseudoorders on R,T, respectively, and the map
f: R — T be a(p1,p2)-homomorphism. Then, the following diagram is com-
mutative.

R ! T
PR l le’T
R/pi 5 T/p3
Proof. 1t is straightforward. a

Open Problem. Is there a regular relation p on an ordered Krasner hyperring
(R,+,+,<g) for which R/p is an ordered Krasner hyperring?
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