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ABSTRACT. By adding a suitable real function on both sides of the qua-
dratic Riccati differential equation, we propose a weighted type of Adams-
Bashforth rules for solving it, in which moments are used instead of the
constant coefficients of Adams-Bashforth rules. Numerical results reveal
that the proposed method is efficient and can be applied for other non-

linear problems.
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1. INTRODUCTION
The Riccati differential equations indicated by
y'(x) = pl@)y’(@)+q(@)y(z) +r(),
y(zo) = yo, xo <z <y, (1.1)

play a significant role in many fields of applied science [10, 11, 18, 19]. For
example, a one-dimensional static Schrodinger equation is closely related to
(1.1) [13, 19, 20]. Solitary wave solutions of a nonlinear partial differential
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equation can be expressed as a polynomial in two elementary functions satis-
fying a projective Riccati equation [10, 11, 17, 19, 20]. Such types of equa-
tions also arise in optimal control problems. It is clear that Riccati differential
equations with constant coefficients can be explicity solved by using various
methods [10, 11, 17, 19]. In recent years, various types of these equations
have been numerically solved by using different techniques such as variational
iteration method [11], He’s variational method [1], the cubic B-spline scaling
functions and Chebyshev cardinal functions [14], the homotopy perturbation
method [2, 3], the modified variational iteration method [10], the Taylor ma-
trix method [12], the Adomian decomposition method [6] and a new form of
homotopy perturbation method [4].

In this paper, by adding a suitable real function on both sides of equation
(1.1) we propose a weighted kind of Adams-Beshforth rules for solving this
type of nonlinear differential equations in which moments are used instead of
the constant coefficients of Adams-Bashforth rules. In other words, for each
Riccati differential equation we can obtain a new set of coefficients depending
on a new weighting factor.

In Section 2, we formulate Adams-Bashforth methods [5, 7, 9] and weighted
Adams-Bashforth methods in terms of Stirling numbers. Then, we show how
to choose the suitable weight function in order to establish a weighted Adams-
Bashforth method. Finally, in Section 4, some numerical examples are given
to show the efficiency of the proposed methods for solving Riccati differential
equations .

2. ExpLiCcIT FORMS OF WEIGHTED ADAMS-BASHFORTH RULES FOR
RICCATI DIFFERENTIAL EQUATIONS

It is known that the first kind of Stirling numbers can be generated via the
relation

ZS(n,k)xk = (z), = 1:[(33 —1),
k=0 =0

where (x)o = 1, while the second kind of Stirling numbers has the explicit form

There is a direct connection between the first and second kind of Stirling num-
bers [8] as follows

52(n,m)=7§(_1)k(”‘1+’“)( Zn—m )S(k—m—I—n,k),

= n—m+k)\n—m-—=k
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and conversely

S(n,m) = ”in(_mk (;:;i’jﬂ) (n o k) Sk —m+n, k).

k=0

Now, consider equation (1.1) and let for convenience

F(z,y) = p@)y*(@) + q(x)y(x) + r(2).

If the main interval [zo, 2] with the stepsize h = “==% is divided, then by
using the backward Newton interpolation formula [15, 16] we have for F(z,y)
that

* (=1 (=N)i
Fz,y)~ Y wvmﬂ. (2.1)
i=0
By integrating from both sides of equation (1.1) over [z, Z,+1] and then ap-
plying (2.1) we get

o)~ (o) = [ " Pl y)de

n

) / (Z (_D;_M viFn> dv+E

=0

= /1 (Z Wv@» hd\+ E
0 2!

=0

s (D,VF/ (—=\),d\ + E

2

:hi VZ / —1)"S(i,k)A\*d\ + E
i=0 0 k=
2

where © = x, + Ah and F is the truncation error denoted by

It (= ) (@ — Tpe1) - (T = Zp—s) (s

E:

where &, € [Tp_s,T,]. Since

ViFn : Fl‘n_j, Tp—j
-y (Zn—j, y(@n—j))

hidl = ()
in which
7 i+1 )
Oip1(z) = [z —wni) =D (=) FS(i + 1, k) (t - ta)F,
k=0 k=0
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and
Oy (wng) = (=h)" Y F(k+1)S(i+ 1,k +1),
k=0

relation (2.2) is simplified as

Y(@ny1) — y(xn)
~ hi(_l)ihii - iF(xnfhy(xnfi)) : (_1)k S(i, k)
= =0 (—h)" S Gk + 1)S(i + 1,k + 1) k=0
k=0

- oL F(2n—i,y(Tn_i)) i(_l)ks(ivk)

-p. i E+1

i=0 j=0 JFk+1)S(i+1,k+1) k=

k=0
J .

: o LUt
= hZF(xn—la y(xn—l)) Z j —

=0 =i 3 Rk +1)S(i+1,k+1)

J k S(i,k)

s s kz_:o (_1) k+1
= hZF(xn—ia Y(Tn—i)) Z o —

i=0 =i (=1)750 Y ik (k+1)S(j + 1,k + 1)

k=0
= Zvn—iF(mn—iay(xn—i))7
i=0
where
J
. > (—1)k 5D
Up—i = hz Jk:O . (2.4)
i=i (=1)ij Z kk+1)SG+1,k+1)

In other words, usual Adams-Bashforth rules for solving Riccati equation (1.1)
take the general form

y(xn-i-l) = y(xn) + Z Un—i (p(xn_i)y2(93n—i) + Q(xn—i)y(fﬂn_i) + T(‘Tn—i)) a(25)
1=0

where v,,_; is defined as (2.4).
To improve Adams-Bashforth methods in (2.5), we consider equation (1.1)
again and add a(z)y(x) to both side of (1.1) to get

Y (@) +al@)y(z) = pl@)y?(z) + (a(z) + al@)y(x) +r(z),

y(xo) = o, w0 < w < wy. (2.6)
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Let

w(z) = exp ( / a(x)dx) : (2.7)

and assume for convenience that

G(z,y) = F(z,y) + a(z)y(z) = p(x)y*(z) + (¢(z) + a(z))y(z) + r(z).

By applying the backward Newton interpolation formula for G(z,y) as

G(x,y) ~ Z MV@W

il
i=0

and integrating from both sides of (2.6) over [x,,z,41] we obtain

W(Ty41)Y(Tnt1) — w(Tn)y(Tn)

- / T ()G )

n

= /xn+1 w(x) (i (_UZWWGO e

n i=0
0 = !
- h; <_1)17,VG" /01 w(zy, + hA) Z (=1)*S(i, k)A\Fd\ + E*

k=0

s (_1)ZVZGn % . 1 )
- hZ; — kz (—1)*S(, k)/o w(z, + AN + EF,
i= =0

where z = x,, + Ah and E* is the truncation error denoted by

E" = (N2 y (1)) |,

(2.9)

z"“w T (z—xp)(@ —2n_1) - (¥ — Tns) (s+1)
/x (@) (s+1)! o

n

where 1, € [Tp_s, Tp]. Since

ViGn _§- G(@njry(n—))
hti! (=h)i S i (k+1)S(i+ 1,k +1)

Jj=0
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(2.8) is simplified as
W(Tn41)Y(Tnt1) — w(Tn)y(Tn)

° : G Tn—j, Tn—j
~h Z Z i ( y( )

i=03=0 3" jk(k +1)S(i + 1,k + 1) k=0
k=0

%

(—1)*s(i, k) /01 w(, + hA)AFdA

J
. s Y (- k) [ w(z, + hA)ARdA

:hZG(xn,J, Y(@n—j)) Zkzo

J
i=0 = Sk DS( Lk )

== Z wn—iG(xn—iv y(xn—z))
1=0

where

k OZ k+ )S(.]+17k+1>
in which

1 T
1 n+1
wr(xy) = /0 w(x, + Ah)AFdA = s / w(x)(x — z,)"dz,

n

denotes the moment of order k with respect to the weight w(x).
In conclusion, the weighted type of Adams-Bashforth rules for solving Riccati
equation (1.1) takes the form

W(Ty41)Y(Tnt1) = w(Tn)y(Tn)

+ Z Wn—i xn z yZ(xn—i) + (Q(xn—i) =+ a(mn—i)) y(xn—i) =+ T‘(J)n_i)),
(2.11)

where w,,_; is defined as (2.10).

3. How 10 CHOOSE THE WEIGHTING FACTOR a(z) ?

In this section, we show how to choose the appropriate a(x) in (2.6) or equiv-
alently w(z) in (2.7). For this purpose, we should first simplify the truncation
errors of usual and weighted Adams-Bashforth methods.

Lemma 3.1. The truncation error of the formula (2.3) can be simplified as
follows

B Bs+2 et s+1S 1k( 1)k .
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Proof. According to (2.3), assume that F(5tD(z,y) is a continuous function.
Since (z—xn)(x—2p—1) - - - (t—Tp_s) is a non-negative polynomial on [z, Tnt1],
the mean value theorem can be applied for integrals and then change of the
variable x — x,, = Ah gives (3.1). O

Lemma 3.2. The truncation error of the formula (2.9) can be denoted by

hst2 s+1 i
BaeE] G (12, y(n2)) (ZH) M*(xmk)S(sH,k)) . (32)
’ k=0

where Ny € (Tp, Tny1)-

In order to minimize E* in (3.2), the function a(z) can be chosen in such a
way that the condition

|G8+1($,y($))| <¢€, TE (xruxn—i-l)y (33)

is satisfied for any arbitrary small, but fixed ¢y > 0. For this purpose, we recall
the Weierstrass approximation theorem, which says if y(z) is a continuous
function on [a, ] and € > 0 is given, then there exists a polynomial of free
degree n such that

ly(x) — pn(2)| <€, z € o, F].

This means that any continuous function on a closed and bounded interval
can be uniformly approximated by arbitrary polynomials. Hence, if we si-
multaneously suppose that the exact solution y(z) tends to a polynomial of
degree m, say Qu(z) = > _j_,qxx”, and the function G(z,y(x)) tends to a
polynomial of degree ¢ (where ¢ < s + 1), say ps(x) = Zi:o rrz®, then our
goal will be satisfied. For example, if £ = s, then it is sufficient to choose
G(z,y(z)) = ps(x) = Y p_orka”® in order that the condition (3.3) is automat-
ically satisfied. On the other hand , replacing the polynomial approximation
y(x) = Qm(x) in the definition G(x,y(x)) yields

pa(e) = 3 it & p(@) (@ (2))? + (ale) + () @(2) + (2
k=0

Therefore, the suitable approximate a(z) for Riccati differential equations takes
the form

ps(@) — p()(Qm(2))* — q(2)Qum(x) — r(x)
Qm(z) '

It is clear that for m = m; the above choice would be better than e.g. the case

a(x) &

(3.4)

m = mgy if

y(2) = Qu, ()] < |y(2) = Qmy ()], @ € [o, B].
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Moreover, if lim,, 00 @m(z) = y(z) then the approximation (3.4) will be trans-
formed to the equality

) — 20 = p@P @) — a(o)y(e) (o) _ o) =/ (a)
y(z) y(@)

4. NUMERICAL RESULTS

To show the priority and efficiency of the weighted models (2.11) with respect
to usual Adams-Bashforth methods, in this section we consider five numerical
examples of the Riccati differential equation taken from [1, 10, 11, 17, 19, 20].
For each example, the step size, parameters s, m and the exact solution are
given and also numerical results are shown in five tables in which y shows
the exact solution at tested points and yap, yg:g)B and y, 4ap are respectively
the approximate solutions corresponding to usual Adams Bashfoth method,
weighted Adams Bashfoth method of order m and weighted Adams Bashfoth
method of order m — oo (i.e. the exact solution).

EXAMPLE 4.1. Consider the well-known equation taken from [10, 11, 17, 19]

Yy o= 1+2?—y? (0<z <)
y0) = 1, (4.1)

14+ [T e 2dt”
Since F(x,y) = 1+ 22 — y?, the usual Adams-Bashforth method for e.g. s = 2

takes the form

with the exact solution y(x) =z +

YaB(Tnt1) = yap(zn)

4.2
1 (B F e 5a)) = 3P sta) + (yFazpln)) -

For e.g. m = 10, the values {y"(0)}12, can be computed from (4.1) directly
so that we have

10 (i) 0
Z Y i

19 4, 11 4 41 4 1 - 1 ¢ 1 . 1, 1,
_ 2 0 e B s LT 6y L5 Sy S8
31507 oa5¢ Ta520” T 1050 3T T3¢ 6t T3t Tt

Since in this example

pa(e) =1 — 2 + (Q\f) (2))?
Gla,y) =1+ -2 + 2 o n
10 (95)

i

and

: pa(a) = 1= 2 + (@47 (@)
) = exp( [ P
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if for example we assume that po(x) = 0, then the weighted model of Adams-

Bashforth method of order m = 10 takes the form
1 m 1 m
wio) (xn+1)yz(uA)B(xn+1) = w%o) (xn)yqu)B(xn>

(5 ) + i) + 5 ) Gl () = (23 (0) + 3G 4.3

V) + g ) + 3Gz p(za ) ).

in which
, L[ [ Sl Q@) ‘
pr(zy) = W/@ exp(/ (1)(x) dx)(z — zp)"de.
n 10

Similarly when m — oo we have

_1;2

- (1) () = — ¢
m%gnoo Q) () =y(z) =2+ 1+ fow 24t

In this case G(x,y) = p2(x) = 0, and the weight function takes the form

22

“1-2?+ (r+ —5—-)? 14+ [Fe—tdt
D () :exp(/ 142rf0 e Zdt i) = +Jy e

exact _ 22 T 2 .
e ® xr+e +x e~ tdt
x + -
1+f01 e—t2dt fo

w

Consequently, the weighted model (4.3) for the exact solution would be simpli-
fied as

1 1
W et (1) Y a B (Tnt1) = Weoner (Tn)Ywan (T2), (4.4)

leading to the exact solution

Whher(0) (n + €= 42 [ e )

L+ [ e Pt

YwAB(Tni1) = YwAB(T0)-

Table 1 shows the numerical results of the three introduced models (4.2), (4.3)
and (4.4) for h = 0.01. As we observe in this table, the results for weighted
Adams-Bashforth method of order m = 10 are better than usual method and
the results for weighted Adams-Bashforth method corresponding to the exact
solution are much better than usual and m = 10 cases respectively. In this
sense, Figure 1 clearly shows the priority of weighted models with respect to
the usual Adams-Bashforth method for Example 1.

ExaMmPLE 4.2. Consider the Riccati equation

y = —sinz+ (cos’x)y — (cosx)y?, (0 <z <1)
0

y(0) = 1, (4.5)
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Y

YaB

(m)
YwAB

YwAB

|y —yanl

ly — vy

[y — Yywan|

1.0000209134

1.0000209416

1.0000209133

1.0000209133

2.8265 x 1078

4.4273 x 1071

4.3050 x 1071

1.000543029

1.0005431504

1.0005430297

1.0005430297

1.2066 x 1077

3.8798 x 10~ 1!

3.4260 x 10~ 11

0.20

1.0024198254

1.0024200113

1.0024198254

1.0024198254

1.8591 x 1077

3.4236 x 10711

2.7247 x 1071

0.28

1.0063961567

1.0063963878

1.0063961566

1.0063961567

2.3108 x 1077

4.1938 x 10~

2.1623 x 10711

1.0131035173

1.0131037791

1.0131035170

1.0131035172

2.6185 x 1077

2.6319 x 1010

1.7097 x 10~

0.40

1.0176508788

1.0176511521

1.0176508780

1.0176508788

2.7324 x 1077

8.4804 x 1010

1.5173 x 10711

0.44

1.0230727184

1.0230730009

1.0230727158

1.0230727184

2.8258 x 1077

2.5558 x 1079

1.3446 x 10711

0.52

1.0367427877

1.0367430842

1.0367427698

1.0367427877

2.9645 x 1077

1.7907 x 1078

1.0498 x 10~

1.0544668099

1.0544671155

1.0544667170

1.0544668099

3.0560 x 1077

9.2834 x 10~8

8.1197 x 10712

0.68

1.0765155093

1.0765158206

1.0765151329

1.0765155093

3.1127 x 1077

3.7645 x 1077

6.2045 x 10712

0.76

1.1030794073

1.1030797213

1.1030781740

1.1030794073

3.1396 x 1077

1.2333 x 1076

4.6724 x 10712

1.1342703768

1.1342706904

1.1342670903

1.1342703768

3.1361 x 1077

3.2864 x 10~¢

3.4567 x 10712

0.92

1.1701233713

1.1701236811

1.1701164943

1.1701233713

3.0976 x 1077

3.0178 x 10~¢

2.5055 x 10712

1.00

1.2105990146

1.2105993164

1.2105895716

1.2105990146

3.0178 x 1077

9.4430 x 1076

1.7730 x 10712

TABLE 1. Numerical results for the approximate solutions of Example
1 with h = 0.01,s = 2 and m = 10.

(=]

T T T T T
2
=3
&
E ~10F
E ~10
L]
=t o * o
= & & & & ww e} O
3 e EEEE ""’.'."’.,_::C
= o i
= ey L =
=10k o oo+ 4
s . _O=
o &3 Aoo®
= QEEEEEgE T :
£ o SOSSLLLAZLans AL ANAL MMM AN AR A AL AN A A
S . AAAAARA
= -
o L 4
ED =30 .
s .
.. -
—40 ) ) s ) L
00 02 0.4 0.6 0.3 10

FIGURE 1. The logarithm of absolute error for three models intro-
duced in Example 1, i.e. the usual Adams Bashforth method (%), the
weighted model of Adams Bashfoth for m = 10 (O), the weighted model
corresponding to the exact solution (A) and finally leo)(x) (o) with
h =0.01,s =2 and m = 10.

with the exact solution y(z) = cosz.
Since F(z,y) = —sinz + (cos?x)y — (cosz)y?, the usual Adams-Bashfoth
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method for e.g. s = 2 would be in the form

Yap(Tnt1) = yap(Tn)

+h (gF(xnvy(xn)) - gF(xnfhy(xnfl)) + 152F($n27y(x"2))> :

(4.6)

For e.g. m = 5, the values {y(¥(0)}?_, can be computed from (4.5) directly.
Therefore

5 @) 4 2
@, ~—~y0) ; 2t w
S@) =3 =g g+l

Since in this example

G(z,y) = —(cosx)y® + (cos’x)y — sinz

pa() + (cos2) QP (@) — (cos®r)QP () + sin
QY (@)

+( )Y,

(2) 2 2 (2) :

2 pa(x) + (cosz)(Qs” (2))* — (cos® )Qs ' (z) + sinx
wé )(x) = exp(/( : 2) °
5 (@)
if for example we assume that ps(z) = 0, then the weighted model of Adams-
Bashfoth method of order m = 5 takes the form

2 m 2 m
wé )(xn-l-l)nyA)B(mn-ﬁ-l) = wé )(xn)yqu)B(xn)

dz),

0 (5 ) 4 1)+ 50 Gl () = (2 ) + 150 )G 1, n-1)) (4.7

1 * 1 *
+ i) + G2 y(en-))).
in which

pi(en) = o
pa() + (cos 2)(Q (2))” — (cos?x)Q) (x) + (sin)
X /In eXp(/( QéQ) (1‘)

Similarly when m — oo we have

lim QP (z) = y(x) = cosz.

m—r o0

In this case G(x,y) = p2(x) = 0, and the weight function takes the form

1
w((ei)act(x) = exp(/ tan fEd:L') =

cosx’
Therefore, the weighted model (4.7) for the exact solution would be simplified

as

@

W ot ()Y B (Tnt1) = Weoner (Tn)ywan (@), (4.8)

dz)(z — 2,) " da.
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leading to the exact solution

Ywan(@ni1) = w2 (20) cos Tni1ywan (o).

Table 2 shows the numerical results of the three introduced models (4.6), (4.7)
and (4.8) for h = 0.01. Also, Figure 2 again shows the priority of weighted
models with respect to the usual Adams-Bashforth method for Example 2.

(m) (m)

z Yy YAB YwAB YwAB [y — yaB| [Y = YuaB |y — ywaBl

0.04 | 0.9995500337 | 0.9995500307 | 0.9995500344 | 0.9995500344 | 3.0060 x 10~ | 7.3571 x 10719 | 7.3571 x 1010

0.12 | 0.9939560979 | 0.9939560664 | 0.9939560986 | 0.9939560985 | 3.1540 x 10~% | 6.6687 x 10719 | 6.4020 x 1010

0.20 | 0.9820042351 | 0.9820041773 | 0.9820042368 | 0.9820042356 | 5.7740 x 1078 | 1.6918 x 1079 | 5.5994 x 10~1°

0.28 | 0.9637708963 | 0.9637708146 | 0.9637709080 | 0.9637708968 | 8.1720 x 1078 | 1.1687 x 1078 | 4.9544 x 1010

0.36 | 0.9393727128 | 0.9393726091 | 0.9393727682 | 0.9393727132 | 1.0365 x 10~7 | 5.5368 x 10~% | 4.4430 x 10~1°

0.44 | 0.9089657496 | 0.9089656259 | 0.9089659220 | 0.9089657500 | 1.2373 x 1077 | 1.7241 x 1077 | 4.0436 x 10~1°

0.52 | 0.8727445076 | 0.8727443654 | 0.8727448818 | 0.8727445080 | 1.4216 x 10~7 | 3.7425 x 10~7 | 3.7372 x 1010

0.60 | 0.8309406791 | 0.8309405199 | 0.8309412117 | 0.8309406794 | 1.5914 x 1077 | 5.3267 x 107 | 3.5071 x 1010

0.68 | 0.7838216658 | 0.7838214910 | 0.7838218736 | 0.7838216662 | 1.7484 x 10~7 | 2.0775 x 1077 | 3.3386 x 10~1°

0.76 | 0.7316888688 | 0.7316886794 | 0.7316873811 | 0.7316888691 | 1.8942 x 107 | 1.4877 x 1076 | 3.218 x 10~1°

0.84 | 0.6748757600 | 0.6748755570 | 0.6748700495 | 0.6748757603 | 2.0299 x 10~7 | 5.7105 x 106 | 3.1329 x 1010

0.92 | 0.6137457494 | 0.6137455338 | 0.6137329517 | 0.6137457497 | 2.1561 x 10~7 | 0.0000127977 | 3.0678 x 10~1°

1.00 | 0.5486898605 | 0.5486896332 | 0.5486707330 | 0.5486898608 | 2.2732 x 10~7 | 0.0000191275 | 3.0067 x 10710

TABLE 2. Numerical results for the approximate solutions of Example
2 with h = 0.01,s =2 and m = 5.

EXAMPLE 4.3. Consider the following equation taken from [1, 10, 11, 17, 19, 20],

y = 1+2y-9° (0<2 <)
y(0) = 0, (4.9)
. . log(5572)
with the exact solution y(z) = 1+ v/2tanh(v2z + —L=22).

Since F(x,y) = 1+ 2y — y?, the usual Adams-Bashforth method for e.g.
s = 2 takes the form

YaB (In-&-l) = YAB (ZL‘")

+h (i;F(mnyy(l’n)) - %F(xn,l,y(xn,l)) + 152F(‘T’ﬂ27y(x”2))> :

(4.10)

For e.g. m = 10, the values {y"(0)}12, can be computed from (4.9) directly
so that we have

10 (1)
3 Yy (0) i
10(@) =3 Tt =
i=0 ’
1213 ;o 197 o 71 4 53 . 7 o T . 1, 1., .
st Tasss” Tast T3t Tt Tt 3t tyt et
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FIGURE 2. The logarithm of absolute error for three models introduced
in Example 2, i.e. the usual Adams Bashforth method (x), the weighted
model of Adams Bashfoth for m = 5 (0), the weighted model correspond-
ing to the exact solution (A) and finally QéQ)(z) (o) with h = 0.01,s =2

and m = 5.)

Since in this example
(2) = 1-2Q40) (@) + (@45 @)*
Qlo ()

Gla,y) =142y —y* + 2

and
(3) (3) 2
3 pa(z) — 1 —2Q4 () + (Qp (2))
wff (@) = exp( [ e
10 (%)
if for example we assume that ps(x) = 0, then the weighted models of Adams-
Bashforth method of order m = 10 takes the form

3 m 3 m
w§0) (xn+1)y1(1)A)B (Tnt1) = wio) (mn)yq(uA)B (2n)

),

() + $0300) + 500G n)) = (0 20) + 150)) (.17

Oy y(En-s)) + 11} () + 1u;<xn>>a<xn_2,y<xn_2>>) |

2 2
in which
T 193 (3) 2
1l (z0) = #/z exp(/ 1—-2Q, ((113(‘;)( 10 (7)) dr) (@ — ap)Fda.
n 10
Similarly when m — oo, we have
log(_Hﬁ)
Tim QP (x) = y(x) = 1+ V2tanh(v2r + %ﬁ).
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In this case G(x,y) = p2
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(z) = 0, and the weight function takes the form

®)
Wezact(x):
log( og 1+v2
= cxo( 1 o1 4 VBtenh (v £ ) 4 (14 Vatann(vae + D)) i)
1+ V2 tanh(v3a + 1+f))
1

1+\ftanh(fx+ Lot 1+‘f))

Consequently, the weighted model (4.11) for the exact solution is as

(3)

3
Wegact (xn-‘rl)ywAB (Jjn-l-l) = wgw)act (In)ywAB (x’ﬂ)v (412)
leading to the exact solution
) log(ﬂ
YuaB (Tni1) = Wher (10)(1+ V2 tanh(v2a, + ——22 )y, 4 ().

2

Table 3 shows the numerical results of the three introduced models (4.10),

(4.11) and (4.12) for h = 0.01.

Also, Figure 3 again shows the priority of

weighted models with respect to the usual Adams-Bashforth method for Ex-
ample 3.

Y

YaB

(m)
Yurds

YwAB

|y —yasl

ly — ‘/15"]4)3

[y — Ywasl

0.04

0.0416204316

0.0416204942

0.0416204180

0.0416204180

6.2600 x 1078

1.3519 x 10~8

1.3600 x 107#

0.12

0.1348948736

0.1348953345

0.1348948298

0.1348948298

4.6090 x 107

4.3781 x 1078

4.3800 x 108

0.2419767996

0.2419778639

0.2419767239

0.2419767210

1.0643 x 107°

7.5677 x 1078

7.8600 x 1078

0.28

0.3628219749

0.3628238267

0.3628219059

0.3628218570

1.8518 x 10~¢

6.9023 x 108

1.1790 x 1077

0.36

0.4965908125

0.4965935600

0.4965910069

0.4965906512

2.7475 x 1076

1.9433 x 107

1.6130 x 1077

0.44

0.6415366029

0.6415402238

0.6415378018

0.6415363945

3.6209 x 1076

1.1989 x 1076

2.0840 x 1077

0.7950036737

0.7950079861

0.7950057378

0.7950034155

4.3124 x 106

2.0640 x 10~

2.5820 x 1077

0.60

0.9535662164

0.9535708919

0.9535565210

0.9535659067

4.6755 x 1076

9.6954 x 106

3.0970 x 1077

0.68

1.1133061389

1.1133107663

1.1132088582

1.1133057773

4.6274 x 10~°

0.0000972807

3.616 x 1077

0.76

1.2701882271

1.2701924050

1.2696986013

1.2701878145

4.1779 x 106

0.0004896257

4.1260 x 1077

0.84

1.4204593631

1.4204627898

1.4185980792

1.4204589017

3.4267 x 1076

0.0018612838

4.6140 x 107

0.92

1.5609903824

1.5609929096

1.5550760962

1.5609898753

2.5272 x 1076

0.0059142861

5.0710 x 1077

1.00

1.6894983915

1.6895000288

1.6730753877

1.6894978428

1.6373 x 107°

0.0164230038

5.4870 x 1077

TABLE 3. Numerical results for the approximate solutions of Example
3 with h =0.01,s =2 and m =10 .
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FIGURE 3. The logarithm of absolute error for three models intro-
duced in Example 3, i.e. the usual Adams Bashforth method (%), the
weighted model of Adams Bashfoth for m = 10 (O), the weighted model
corresponding to the exact solution (A) and finally Q(S)( ) (o) with
h =0.01,s =2 and m = 10.)

ExXAMPLE 4.4. Consider the equation
Y =—e+y+y5(0<z <)
y(0) =1,
with the exact solution y(x) = e”.

Since F(z,y) = —e?* + y + y?, the usual Adams-Bashforth method for e.g.
s = 2 takes the form

YAB (:L'n+1) = YAB (xn)

4.14
(3P pln) = §P G b)) + P sis(za)). o

(4.13)

For e.g. m = 5, the values {y(V(0)}>_, are computable from (4.13) so that we
have

5 ,,00)
@y _N~¥0) ;1 5 1y ] 1
5(3:)—; a T 1201‘ +24x +6x +2x +x+1.

Since in this example

pa(a) + € — QLY (x) — (Q (2))?
(4)
5 (33)

Glz,y) = - +y+y*+ Y,

and

() +e* — QY (2) — (LY (2))?
wi (z) = exp(/ P §1) @) 2 dz),
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if for example we assume that pa(x) = 0, then the weighted models of Adams-
Bashforth method of order m = 5 takes the form

4 m 4 m
wé )(xn-i-l)yq(uA)B(xn-&-l) = wé )(xn)yq(uA)B(xn)

+h ((ué(wn) ) + 15 @))G s y(n)) — Gt @) + ()G gy 15)

V) i) + G5 Cn2p(zn) ).
in which
. 1o e — QY (2) — (QY (x))?
wr(xy) = sy /xn eXp(/ Qé4)(:t) Yz — z,)*da.

Also when m — oo

. (4) _ _ T

In this case G(z,y) = p2(x) = 0, and the weight function takes the explicit
form

Wi () =7,

Consequently, the weighted model (4.15) for the exact solution would be sim-
plified as

4)

4
Wegact (.’L‘n+1 )yUJAB (‘rnJrl ) = wgz)act (-'If'n)ywAB (‘T’ﬂ) ’ (4 16)

leading to the exact solution

4
Ywan(Tni1) = Wy (20" Y an (20).

Table 4 shows the numerical results of the three introduced models (4.14),
(4.15) and (4.16) for h = 0.01. Also, Figure 4 again shows the priority of
weighted models with respect to the usual Adams-Bashforth method for Ex-
ample 4.

ExAMPLE 4.5. Consider the equation

y = (mf\/az+l)y+y2, (0<z<1)
y(0) = 1, (4.17)

with the exact solution y(z) = v + 1.
Since F(z,y) = (m —v/x + 1)y+y?, the usual Adams-Bashforth method
for e.g. s = 2 takes the form

YAB (fUn+1) = yAB(ﬂ?n)

4.18
+h (%F(xn,y(xn)) — éF(xn_l,y(:cn_l)) + 152F(xn_2,y(:cn_2))> ] ( )

12 3
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T y

YaB

(m)
YwAB

YwAB

ly —yanl

ly — vy

[y — Yuwanl

0.04 | 1.0304545339

1.0304545226

1.0304545266

1.0304545266

1.1288 x 1078

7.3488 x 1077

7.3488 x 107

0.12 | 1.1162780704

1.1162780197

1.1162780619

1.1162780619

5.0707 x 1078

8.5578 x 107

8.5032 x 10~°

0.20 | 1.2092495976

1.2092494920

1.2092495851

1.2092495876

1.0564 x 1077

1.2545 x 1078

9.9700 x 107

0.28 | 1.3099644507

1.3099642676

1.3099644073

1.3099644388

1.8311 x 1077

4.3385 x 1078

1.1851 x 10~8

0.36 | 1.4190675485

1.4190672547

1.4190673313

1.4190675342

2.9386 x 1077

2.1720 x 1077

1.4316 x 1078

0.44 | 1.5372575235

1.5372570687

1.5372566115

1.5372575059

4.5476 x 107

9.1200 x 10~7

1.7625 x 10~8

0.52 | 16652911949

1.6652905021

1.6652881026

1.6652911727

6.9282 x 1077

3.0923 x 1076

2.2184 x 1078

0.60 | 1.8039884153

1.8039873631

1.8039795724

1.8039883867

1.0522 x 107¢

8.8429 x 10~

2.8660 x 1078

0.68 | 1.9542373206

1.9542357134

1.9542151763

1.9542372824

1.6072 x 10~

0.0000221443

3.8175 x 10~8

0.76 | 2.1170000166

2.1169975313

2.1169501588

2.1169999639

2.4852 x 1076

0.0000498577

5.2706 x 1078

0.84 | 2.2933187402

2.2933148280

2.2932160153

2.2933186643

3.9122 x 1076

0.0001027249

7.5893 x 1078

0.92 | 2.4843225333

2.4843162340

2.4841267670

2.4843224185

6.2993 x 1076

0.0001957663

1.1481 x 1077

1.00 | 2.6912344723

2.6912240520

2.6908881124

2.6912342882

0.0000104202

0.0003463598

1.8404 x 1077

TABLE
4 with h

logarithm of absolute error
]

4. Numerical results for the approximate solutions of Example

=0.01,s =2 and m = 5.

=]
o
b

=]
o

FIGURE 4. The logarithm of absolute error for three models introduced
in Example 4, i.e. the usual Adams Bashforth method (*), the weighted
model of Adams Bashfoth for m = 5 (OJ), the weighted model correspond-
ing to the exact solution (A) and finally le) (z) (o) with h =0.01,s =2

and m = 5.)

For e.g. m = 5, the values {y(0)}7_,

have

O -y 100

=0

7!

"5

256"

2,
128

16 8

1 1 1
A SIS R

2

are computable from (4.17) so that we
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Since in this example

G(z,y) = (m —Vz+ 1y +y?
L 22(@) ~ (o = VEF DY @) - (Q§5)(w))2y

()

and
233_%_ /Z’-‘rlQ(S)x—Q(S)J}Q
wé5)(x):exp(/p (z) (2( +1) 25)(2) 5 (@) = (Q57 (2))

if for example we assume that pa(x) = 0, then the weighted models of Adams-
Bashforth method of order m = 5 takes the form

5 m 5 m *
W (@011 Y (@nr1) = 0 (@) g () + B () (@) +

dzx),

;,;{ (@) + p2(2n))G (@0, y(2n)) = (201 (Tn) + 12 (20))G(Tn1 (4.19)

W)+ g ) + 513Gl u(wn-2))).
in which

iton) = sz [ o [ gy~ VED - @@

n

Also when m — oo
im Q) (2) = y(z) =V +1.

In this case G(z,y) = p2(x) = 0, and the weight function takes the form

(5) _ -1 _ 1
wexact(x) - eXp(/ 2(£L‘+ 1)d1‘) - \/m

Consequently, the weighted model (4.19) for the exact solution would be sim-
plified as

W) (1) Y B (Tn1) = W (Tn)Ywan (E2), (4.20)

leading to the exact solution

5
YwAB(Tny1) = wgw)act(xo) Tpt1 + Lywan(xo).

Table 5 shows the numerical results of the three introduced models (4.18),
(4.19) and (4.20) for h = 0.01. Also, Figure 5 again shows the priority of
weighted models with respect to the usual Adams-Bashforth method for Ex-
ample 5.

Remark 4.6. It is important to mention that the proposed weighted method
can also be applied for solving two points boundary value problems. In other
words, by using the shooting method one can reduce the solution of a two points
boundary value problem to the solution of an initial value problem. Moreover,
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T y YaB vHs YwAB [y — yasl v —yxs [y — ywasl
0.04 | 1.0148891565 | 1.0148891604 | 1.0148891570 | 1.0148891570 | 3.9261 x 10~ | 5.7763 x 1071 | 5.7760 x 10710
0.12 | 1.0535653752 | 1.0535654043 | 1.0535653760 | 1.0535653759 | 2.9036 x 10~% | 8.0047 x 10~1° | 6.3606 x 10~0
0.20 | 1.0908712114 | 1.0908712632 | 1.0908712185 | 1.0908712121 | 5.1804 x 10~% | 7.0431 x 10~ | 7.0280 x 10~10
0.28 | 1.1269427669 | 1.1269428404 | 1.1269428336 | 1.1269427677 | 7.3500 x 10~8 | 6.6718 x 10~% | 7.7828 x 10710
0.36 | 1.1618950038 | 1.1618950989 | 1.1618953670 | 1.1618950047 | 9.5068 x 10~% | 3.6319 x 10~7 | 8.6407 x 10~0
0.44 | 1.1958260743 | 1.1958261915 | 1.1958274375 | 1.1958260752 | 1.1727 x 1077 | 1.3632 x 1075 | 9.6195 x 10710
0.52 | 1.2288205727 | 1.2288207135 | 1.2288245452 | 1.2288205738 | 1.4079 x 10~7 | 3.9725 x 1076 | 1.0741 x 107°
0.60 | 1.2609520212 | 1.2609521875 | 1.2609616405 | 1.2609520224 | 1.6625 x 10~7 | 9.6192 x 1075 | 1.2030 x 10~*
0.68 | 1.2922847983 | 1.2922849926 | 1.2923049467 | 1.2922847996 | 1.9427 x 10~7 | 0.0000201484 1.3518 x 10~°
0.76 | 1.3228756555 | 1.3228758810 | 1.3229130248 | 1.3228756570 | 2.2551 x 10~7 | 0.0000373693 | 1.5242 x 10~°
0.84 | 1.3527749258 | 1.3527751865 | 1.3528369722 | 1.3527749275 | 2.6067 x 107 | 0.0000620463 | 1.7245 x 10~°
0.92 | 1.3820274961 | 1.3820277966 | 1.38211954341 | 1.3820274980 | 3.0053 x 10~7 | 0.0000920473 | 1.9582 x 10~*
1.00 | 1.4106735979 | 1.4106739439 | 1.4107928520 | 1.4106736001 | 3.4599 x 10=7 | 0.0001192540 | 2.2316 x 10~

TABLE 5. Numerical results for the approximate solutions of Example

5 with h=0.0l,s=2and m=25.

T LA

5 a.n‘o""......‘
o - S = 10,
£ -l __C:::-:CI::EHI'I'I'
o _oooass
= ,,‘.‘..-x.-.-:-;.utu-;------x----l
@
L G et e _
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1= L]
o
T ol _
@ b

0 " . i . \

0 02 04 0.6 0.8 10
X
FIGURE 5. The logarithm of absolute error for three models intro-

duced in Example 5, i.e.

the usual Adams Bashforth method (x), the

weighted model of Adams Bashfoth for m = 5 (O), the weighted model

corresponding to the exact solution (A) and finally Qé5)(x) (o) with

h=0.01,s =2 and m =5.)

since matrix Riccati differential equations can be transformed to a system of
usual Riccati differential equations, the aforesaid problem may be extended to

a matrix form [in preparation)].
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