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1. INTRODUCTION

Symmetries of the mathematical models have a lot of applications in applied
sciences. For example, molecular symmetries studied in [20] and [6], obtaining
the group of symmetries of the molecules. k-symmetric spaces are a natural
generalization of symmetric manifolds. A (pseudo-) Riemannian space (M, g)
is called k-symmetric if the following conditions establish:

VER=0, V* IR0,
where £ > 1 and R is the curvature tensor of (M,g). In the Riemannian
setting, contrary to the pseudo-Riemannian case, a k-symmetric space is nec-

essarily locally symmetric, i.e., VR = 0 [29]. Examples of pseudo-Riemannian
k-symmetric spaces with & > 2 can be found in [28, 8, 24]. Many interesting
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results about Lorentzian two-symmetric spaces were presented in [28], in par-
ticular the author proved that any two-symmetric Lorentzian manifold admits
a parallel null vector field. A classification of four-dimensional two-symmetric
Lorentzian spaces is obtained in [8], based on the Petrov classification of the
Weyl tensors, and it is shown that such spaces are some special pp-waves. For
wide applications in physics, many authors studied pp-wave manifolds which
are spacial kind of pr-wave spaces. In [7], local symmetry, conformal flatness,
Einstein-like metrics and existence of non-trivial Ricci solitons studied on the
conformally flat pr-wave manifolds. Homogeneous plane wave manifolds, other
special kinds of pr-waves, investigated in [9] and one geodesically complete
family of the spaces under consideration were found. The generalization of the
results of [8] is the subject of [3], where it is proven that a locally indecom-
posable Lorentzian manifold of dimension n + 2 is two-symmetric if and only

if there exist local coordinates (v,a!,..., 2", u) such that
g = 2dvdu + z:(da;i)2 + (Hiju + Fij)z'a? (du)?, (1.1)
i=1

where H;; is a nonzero diagonal matrix with diagonal elements Ay < --- < A,
and Fj; is a symmetric real matrix. According to this general form of Lorentzian
two-symmetric manifolds, in the four-dimensional case, there exist local coordi-
nates (z!,..., %) such that the metric g of a Lorentzian two-symmetric space
is
g = 2dztda? + (da?)? + (da?)?
+ (:c4(a(:r:2)2 +b(2%)2) + p(22)? + 2qa2a® + s(x3)2) (dz")?,

where a,b,p,q,s are real constants and a? + b%> # 0. Our main goal is to

(1.2)

study some geometric properties of four-dimensional Lorentzian two-symmetric
spaces.

This paper is organized as the following way. Curvature properties of Lorentzian
two-symmetric four-spaces will be studied in the section two and Einstein-like
metrics of the spaces under consideration is the subject of section three. Ricci
solitons and homogeneous four-dimensional Lorentzian two-symmetric spaces
will be studied in the sections four and five respectively.

2. TWO-SYMMETRIC LORENTZIAN FOUR-MANIFOLDS

The first step for study the geometry of (pseudo-)Riemannian manifolds is
to determine the Lievi-Civita connection. By using the Koszul identity

29(VxY, Z) = Xg(Y, Z) + Yg(Z.X) - Zg(X,Y)
and applying the metric (1.2), one can determine the components of the Levi-

Civita connection. We use 0; = % as a local basis for the tangent space and
have:
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Theorem 2.1. Let (M,g) be an arbitrary two-symmetric Lorentzian four-
manifold, where the metric g is described in local coordinates (x',z? 23, x*)
by the Equation (1.2). The non-zero components of the Levi-Civita connection
are:

Vo,0s = (az?z* + px? + q23)04,

Vo,04 = (bx?x* + sa® + qu?)0s,

Va434 _ a(mQ)ZJQrb(z‘S)Q 81

—(ax?z* + px? + qu3)0y — (bxdx* + q2® + s2°)0s.

(2.1)

Applying the relation R(X,Y) = [Vx, Vy] — V[x y] we immediately deter-
mine the curvature tensor. If we set R(dk,9;)0; = R}, 0;, then by contraction
on the first and third indices of the curvature tensor, the Ricci tensor g will be
deduced. The scalar curvature tensor 7 is also obtained by full contraction of
coefficients of the curvature tensor.

Theorem 2.2. A four-dimensional two-symmetric Lorentzian space admits
zero scalar curvature. Also, the non-zero components of curvature tensor and
Ricci tensor are
R(0,04) = (ax* + p)Orda? + qO1dx® — (ax? + p)dada* — qOsdx?,
R(03,04) = q01dx® + (bx* 4 5)01dx® — qOadx* — (ba* + 5)03dx?, (2.2)
0(04,04) = —(a+b)a* — (s +p).

A (pseudo-)Riemannian manifold (M, g) is called Finstein if o = cg, for a
real constant c¢. Being Ricci flat means that the Ricci tensor vanishes identi-
cally. Also, conformal flatness translates into the following system of algebraic
equations:

Wijkh = Rijen — 5(9ik0jn + 9in0ik — 9inQjk — Jjk0in) (2.3)
+5(girgjn — gingjx) =0 for all indices 4,7,k,h =1,...,4, ’
where W denotes the Weyl tensor and 7 is the scalar curvature. Although

two-symmetric spaces clearly aren’t flat, we can check Ricci flatness.

Theorem 2.3. Let (M,g) be a two-symmetric four-dimensional Lorentzian
manifold such that the metric g is described by the Equation (1.2) in local

coordinates (x', 2% 23, 2*). The following statements satisfy:

a) (M,g) is Einstein if and only if be Ricci flat if and only if b= —a, s =
—p.
b) (M, g) is conformally flat if and only if b=a, s =p, ¢=0.
Proof. Let (M,g) be an Einstein manifold. Using the Equation (2.2) we set
0 = cg. The following relations must be established.
c=(a+bz*+s+p=0.

So the Einstein property is equivalent to satisfying b = —a, s = —p and ¢ =0
which is clearly equivalent to Ricci flatness. Using the Equation (2.3), the
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non-zero components of the Weyl tensor would be
b—a)xt+s—
Waazq = —Wigzs = %7 Waazs = —q,

it is obvious that the Weyl tensor vanishes if and only if b = a, s = p and
q=0. (Il

3. EINSTEIN-LIKE LORENTZIAN T'WO-SYMMETRIC SPACES

Two new classes of Riemannian manifolds which are defined through con-
ditions on the Ricci tensor, introduced by A. Gray in [23]. These types of
manifolds which are famous as A and B classes, would be extended at once to
the pseudo-Riemannian geometry. A and B classes are defined in the following
way:

Class A: a pseudo-Riemannian manifold (M, g) belongs to class A if and
only if its Ricci tensor g is cyclic-parallel, that is,

(Vxo)(Y,2) + (Vyo)(Z,X) + (Vz0)(X,Y) =0, (3.1)

for all vector fields X, Y and Z on M. The Equation (3.1) is equivalent to
requiring that ¢ is a Killing tensor, that is,

(Vxo)(X, X) =0. (3.2)

To note that Equation (3.2), also known as the first odd Ledger condition, is
a necessary condition for a (pseudo-)Riemannian manifold to be a D’Atri space.
Hence, identifying two-symmetric manifolds of a given dimension satisfying
(3.2), is the first step to understand D’Atri spaces.

Class B: a pseudo-Riemannin manifold (M, g) belongs to class B if and
only if its Ricci tensor be a Codazzi tensor, that is,

(Vxo)(Y, Z2) = (Vyo)(X, Z). (3-3)

A pseudo-Riemnnain manifold which belongs to one of the above classes is
called an Einstein-like manifold. We denote the class of Ricci parallel, Einstein
and manifolds with constant scalar curvature by P, £ and C respectively. One
can easily see that the intersection of two Einstein-like classes consists of Ricci
parallel manifolds. This situation can be summarized in the following diagram:

cA
ECP=ANEB cAUBCC.
CcB

Einstein-like metrics are deeply investigated through the different kinds of
homogeneous spaces in both Riemannian and pseudo-Riemannian signatures.
Three-dimensional Riemannian homogeneous spaces studied in [1]. In [13], au-
thors study three- and four-dimensional Einstein-like Riemannian manifolds
which are Ricci-curvature homogeneous. They could completely classify three-
dimensional case of the mentioned spaces, while in the four-dimensional case,
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they partially classified the special case where the manifold is locally homo-
geneous. They also presented explicit examples of four-dimensional locally
homogeneous Riemannian manifolds whose Ricci tensor is cyclic-parallel and
has distinct eigenvalues. These examples invalidated the expectation stated by
F. Podestd and A. Spiro in [27]. Three-dimensional ball-homogeneous spaces,
semi-symmetric spaces, Sasakian spaces and three-dimensional contact metric
manifolds are other Riemannian classes which are subjects of research for the
Einstein-like properties [15, 10, 2, 16].

Theorem 3.1. FEvery four-dimensional two-symmetric Lorentzian manifold

(M, g) belongs to class A, if and only if b = —a.

Proof. Let v = v'0; + v202 + v305 + v*04 be an arbitrary vector space on
(M, g), where v!,... v
(M, g) belongs to class A of Einstein-like manifolds if and only if the Equation
(3.2) satisfies. By straight forward calculations it is implied that

(Vo0)(v,0) = =(v")*(a +b).
Thus, (M, g) belongs to class A if and only if b = —a. O

are smooth functions on M. As mentioned before,

Theorem 3.2. Every four-dimensional two-symmetric Lorentzian manifold
(M, g) belongs to class B of the Einstein-like manifolds.

Proof. Let v = Y1 v';, u = Y7, u'd; and w = Y+, w'd; be three ar-
bitrary smooth vector fields on (M,g). Every two-symmetric space (M, g)
belongs to class B of Einstein-like manifolds if and only if the Equation (3.3)
satisfies. Direct calculations yield that

(Vuo)(v,w) = (Vyo)(u,w) = —utvw?(a +b),

and so, the Equation (3.3) always establishes and proves the claim. O

4. TWO-SYMMETRIC LORENTZIAN RICCI SOLITONS

We now report some basic information on Ricci solitons, referring to [19]
for a survey and further references. A Ricci soliton is a pseudo-Riemannian
manifold (M, g) admitting a smooth vector field v, such that

Ly,g+0=M\g, (4.1)

where £ denotes the Lie derivative and A is a real constant. A Ricci soliton is
said to be shrinking, steady or expanding depending on whether A > 0, A =0
or \ < 0, respectively. Ricci solitons are self-similar solutions of the Ricci flow.

Originally introduced in the Riemannian case, Ricci solitons have been in-
tensively studied in pseudo-Riemannian settings in recent years. The Ricci
soliton equation is also a special case of Einstein field equations.

Theorem 4.1. Every four-dimensional two-symmetric Lorentzian manifold
(M, g) is shrinking, expanding and steady Ricci soliton.
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Proof. Let (M, g) be a four-dimensional two-symmetric Lorentzian manifold,

where ¢ is described by the Equation (1.2). Suppose that v = Z?zl v'9; is a

smooth vector field on (M, g) such that the Equation (4.1) satisfies for a real

constant A. The Lie derivative of ¢ in direction v is

Log= 201v*(dx')? + 2(0v* + 01v?)dztdz? + 2(950* + 01v%)dxtda®

+2(012t + Ogv* + vt (a(2?)?2* + p(2?)? + 2qx%23 + b(a®)22* +
s(z3)?))daldxt + 20:02(dz?)? + 2(02v3 + 0Os3v?)dxidz® +
2(0avt(a(x?)22* + p(2?)? + 2qa%a3 + b(z3)%2* + s(23)? + 1) +
Opvt)da?dat + 20303 (da?)? + 2(95v* (a(x?) 2z + p(2?)? + 2q22 2> +
b(z?)22* +5(2%)2 +1) + 0501 dad da* + (04v* (2a(2?)%2* +2p(22)2 +
4qx?a® + 2b(23)% (z*) + 2s5(23)?) + 20,401 + 2av?2?2* + 2pvia? +
2qu2a® +2qu3a? + 2003 232t 4+ 250323 4+ avt (22)? +vrb(23)?) (dat)?.

Applying Equations (1.2) and (2.2) in the Ricci soliton Equation (4.1), we have

a system of PDEs which admits the following solution

A= 2¢,
452
vl = (I4) (a+0b)+ z—;(s—l—p) + 2czl,
v? = ca?,
v® = ca3,
vt =0,

for a real constant ¢. Since c is arbitrary, (M, g) can be an expanding, shrinking
or steady Ricci soliton. O

A Ricci soliton (M, g) is called gradient if the Equation (4.1) holds for a
vector field X = gradf, for some potential function f. In this case, (4.1) can
be rewritten as

2Hes; + 0 = Ag,

where Hes ¢ denotes the Hessian of f. Studying locally conformally flat Lorentzian
gradient Ricci solitons, as well as quasi-Einstein spaces, in [11] and [12] proved
that such spaces are locally isometric to a plane-wave, if the gradient of the
potential function is null.

Theorem 4.2. Every four-dimensional two-symmetric Lorentzian space (M, g)
is a gradient Ricci soliton if and only if be a steady Ricci soliton. In this case,
the potential function is f = al—";’(x4)3 + pT“(x4)2 + izt + ¢, for arbitrary real
constants ci, ca.

Proof. Let f = f(a',2% 2% 2%) be a smooth function on (M,g) and v =
Z?:l v'0; be a gradient Ricci soliton with the potential function f. So the
coefficient v must be v¢ = Z?:I g”70;(f). By applying v to the Equation (4.1)
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the following equations must establish

Ji1=fi2 = fizs = f23 =0,

A =2f14 = 2fo2 = 2f33,

2fos — 2afr122x* — 2pfr2? — 2¢f123 = 0,

2f34 — 2bf12%x — 2qf10? — 25123 =0,

Az2)%(az* + p) + 2Aqx?2® + A(@3)2(ba* + 8) + (a + b)z* + s+ p
—2faa + fi(a(z?)® + b(z®)?)

—2fo(ax?z* + pa? + q3) — 2f3(qa? + badxt + s2®) = 0,

where f; := 0;f. After solving the above system of PDEs we get that A must
be vanished and f must be the same function of the statement, this matter
ends the proof. O

To note that, from the above Theorem 4.2 we get V f = %t (z4)2 4 Efspd 4
c1, which is a null vector field. This result is compatible with main Theorem
in [11].

5. HOMOGENEOUS TWO-SYMMETRIC FOUR-DIMENTIONAL SPACES

Study of homogeneous spaces is one of the most interesting topics in differen-
tial geometry, where a deep connection between geometry and algebra appears.
A (pseudo-)Riemannian manifold M is called homogeneous, if for any points
p,q € M, there is an isometry ¢ of M such that ¢(p) = ¢. In short, I(M), the
group of isometries of M, acts transitively on M. If M is homogeneous, then
evidently any geometrical properties at one point of M holds at every point.
For a detailed introduction to homogeneous spaces see e.g., [5, 26, 31].

Homogeneous Riemannian structures introduced by Ambrose and Singer in
[4] and deeply studied in [30]. The notation is generalized to homogeneous
pseudo-Riemannian structures by Gadea and Oubina in [22], in order to obtain
a characterization of reductive homogeneous pseudo-Riemannian manifolds. A
pretty application of homogeneous structures on three dimensional Lorentzian
manifold is shown in [14].

Let (M, g) be a connected pseudo-Riemannian manifold, the following defi-
nition introduced by Gadea and Oubina:

Definition 5.1. [22] A homogeneous pseudo-Riemannian structure on (M, g)
is a tensor field T of type (1,2) on M, such that the connection V=V — T
satisfies

Vg=0, VR=0, VT =0. (5.1)

The above conditions are equivalent to the following system of equations
which are famous as Ambrose-Singer equations.
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9g(ITxY,Z)+g(Y, Tx Z) = 0, (5.2)
(VxR)yz =[Tx,Ryz] — Rryvz — Ryryz,
(VxT)y = [Tx,Ty] = Tryv,

for all vector fields X,Y, Z.
Existence of homogeneous pseudo-Riemannian structures shows the homo-
geneity of the space. This fact is the subject of the following Lemma

Lemma 5.2. [22] Let (M,g) be a simply connected and complete pseudo-
Riemannian manifold, then (M, g) admits a pseudo-Riemannian homogeneous
structure if and only if it is a reductive homogeneous pseudo-Riemannian man-

ifold.

Casel: Reductive cases:

By applying the above lemma, we consider reductive homogeneous four-
dimensional two-symmetric Lorentzian spaces. The result is the following the-
orem,

Theorem 5.3. FEvery Lorentzian four-dimensional two-symmetric manifold is
not reductive homogeneous.
Proof. Let (M, g) be a four-dimensional two-symmetric manifold. There ex-
ist local coordinates (z!,...,2%) such that the metric g is defined using the
Equations (1.2). According to the Lemma 5.2, (M,g) is (locally) reductive
homogeneous if and only if the tensor field T of type (1,2) exists, such that
the Ambrose-Singer equations satisfy. Let Tp,0; = T;}@;g, 1<i,5,k<4bea
homogeneous structure on (M, g) where 01 = 0,02 = 0z,,05 = Oy,,04 = Oy
and TZ’; are smooth functions on M.
From the Equations (5.2) and (5.3), besides the relations between the compo-
nents TZ;, one of the following relations for the constants a, b, p, q, s must be
valid:
lia=p=q=0,
2:a#0,q=0,s= %p,
3:b=a,s=p,q=0,
4:b=—a,s = —p,
but each of these solutions makes a contradiction with Equation (5.4) (or equiv-
alently with VT = 0). For example, in the case 1, for the components Tl@ have

Th =0, 1<),k <4,(j.k) # (4,1), T}y = ~T}, =
TH =0, 1<, k<4, k#1,
T =0, 1<j, k<4, k#1,

1j - 1 b(IS)Z
Ty;=0,1<7<3, Tjy=="5-,
TE = —TL, 1<j<d4,2<k<3,

b
2(bzt+s)?
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On the other hand, we have
(68471)34 = 4T}y + Tih(T7 + 2% (p + aax*) 4 qz®)
+T5(T5, + (s + bat) + q2?)
+Toy (2% (p + az?) + qu3) + Ty (23 (s + bxf) + qz?)
a(x?)?+b(z>)? a(xz?)?+b(x>)?
+T4 (T — — er L ) — Ty =) er L + (T1))*.

If we substitute the previous solutions in the above relation we get (%34T)i4 =
2

m, and so the Equation (5.4) satisfies if b = 0 which is a contradiction,

since in this case the matrix H in (1.1) vanishes. O

Case2: Non-reductive cases:

Consider a homogeneous manifold M = G/H (with H connected), the Lie
algebra g of G , the isotropy subalgebra h, and m = g/b the factor space, which
identifies with a subspace of g complementary to h. The pair (g,h) uniquely
defines the isotropy representation

P g — gl(m), V(@) (y) = [z, ylm forall ze€gyem.

Given a basis {h1, ..., Ay, U1, ..., upn } of g, where {h;} and {u;} are bases of
h and m, respectively, a bilinear form on m is determined by the matrix g of
its components with respect to the basis {u;} and is invariant if and only if
th(z) o g+ gotp(x) =0 for all z € h. Invariant pseudo-Riemannian metrics g
on the homogeneous space M = G/H are in a one-to-one correspondence with
nondegenerate invariant symmetric bilinear forms g on m [25].

Then, ¢ uniquely defines its invariant linear Levi-Civita connection, de-
scribed in terms of the corresponding homomorphism of h-modules A : g —
gl(m), such that A(x)(ym) =[x, y]m for all € b,y € g. Explicitly, one has

A@)(ym) = 5[, Yl +v(2,y),  forallz,yeg,
where v : g X g — m is the h-invariant symmetric mapping uniquely determined
by
29(v(2,y), 2m) = 9(Tm; [2,Y)m) + 9(Ym, [2,2]w),  forallz,y, z €g.
The curvature tensor is then determined by
R:mxm — gl(m)
(,y) = [Ax), A)] = Az, y]).

Finally, the Ricci tensor p of g, described in terms of its components with
respect to {u;}, is given by

(5.5)

4
Q(ui,uj) - ZRTi(uT?uj)) Za] = 1a a4 (56)
r=1

and the scalar curvature 7 is the trace of p.
Non-reductive homogeneous manifolds of dimension 4 were classified in [21],
in terms of the corresponding non-reductive Lie algebras. The corresponding
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invariant pseudo-Riemannian metrics, together with their connection and cur-
vature, were explicitly described in [17, 18]. These spaces categorized in eight
classes, A1,...,As, B1, Bo, B3. The invariant metrics of types Ay, As, A3 can
be both of Lorentzian or neutral signature while the cases A4, A5 are always
Lorentzian and cases Bi, Ba, B3 admit the neutral signature (2, 2).

Theorem 5.4. Every Lorentzian four-dimensional non-reductive homogeneous
manifold is locally symmetric if and only if VR = 0.

Proof. Let (M, g) be a Lorentzian non-reductive homogeneous four-dimensional
manifold, then (M, g) is isometric to a homogeneous space G/H equipped with
a Lorentzian invariant metric g, where the corresponding Lie algebras g and b
are described in the cases Ay, ..., A5 of [17].

We bring the details of the case A;. The other cases can be treated in the
similar way. In this case, g = A; is the decomposable 5-dimensional Lie algebra
5[(2,R) @ s(2), where 5(2) is the 2-dimensional solvable algebra. There exists
a basis {eq, ..., e5} of Aj, such that the non-zero products are:

le1, e2] = 2ea, [e1,e3] = —2e3, [ez,e3] =e1, [es,e5] = ey
and the isotropy subalgebra is h = Span{h; = e3 + e4}. So, we can take
m = Span{u; = e, uy = €2, u3 = €5,Us = €3 — €4}

With respect to {u;}, we have the following isotropy representation Hy for hq
and consequently the following description of invariant metric g:

0 -1 0 0 a 0 —-% 0
0 0 0 0 0 b ¢ a
H: = 5.7
“lo o o o T2 oa of GO
1 0 -3 0 0 a 0 0

which is nondegenerate whenever a(a — 4d) # 0 and is Lorentzian if and only
if a(a — 4d) < 0. Putting A[é] := A(u;) for all indices ¢ = 1, ...,4, we find:

O 0 0 0 0 ¥ = 1
0 1 0 0 -1 0 : 0
All] = Af2] = . (58
=10 0o o ol 2] 0 —au5ey 0 0 (5:8)
0 —¢ -5 -1 *2 a(;ﬁczld) *% 0
0 £ 0 0
1
A= 0 2 8 g . Al4=0
c b
—f 3 0 —3

N
IS}

Moreover, applying (5.5) and (5.6), by setting R;; = R(u;, u;), some standard
calculations give that with respect to {u;}, the non-zero curvature components
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are determined as following:

b(20 d+a) c c
0 a((—4 d+a) “a -1 0 T a 0 0
1 0 -0 0 0 0 0
Ris = 2 Ri3 =
12 0 e 0 p s o 0 0 0|
4b 12¢b b c _c
@ a(—4 ;Jra) a a 0 2a 0
0 _b@dta) 1
0 -1 0 0 2a(—4d+a) 2a 2
" 000 0 0| . 3 - -3 0
14 = ) 23 = 2b ;
0 O 0 O 0 ——idita 0 0
1 0 =1 o b cb(—4d+3a) o2 c
2 T a a2(—4d+a) a2 a
0 0 0 0o 2 00
0 -1 0 O 0O 0 0 O
Roy = , Rsy = 7
2 0 0 0 0 3 0 0 0 0
b c 1 1
0o - <1 -3 0 7 0
and the Ricci tensor p is determined by
-2 0 1 0
2b(a+12d) c
_ 0 a(274d) - % —2
0= 1 2c 1 0
T a T2
0 -2 0 0

By using description of the curvature tensor and Levi-Civita connection, we
set VR = 0 and have, the homogeneous spaces G/H is locally symmetric if
and only if b = 0. Also, V2R = 0 if and only if b = 0, so we conclude
that the homogeneous spaces of type A; are locally symmetric if and only if
V2R = 0. Similar arguments will be applied for the other Lorentzian cases and
this finishes the proof. O

The following remark is the direct conclusion of the Theorems 5.3 and 5.4.

Remark 5.5. Let (M, g) be a homogeneous Lorentzian four-dimensional mani-
fold, then (M, g) is not a two-symmetric space.

Classification of four-dimensional pseudo-Riemannian homogeneous spaces
with non-trivial isotropy has been studied in [25] in order to find the local clas-
sification of four-dimensional Einstein-Maxwell homogeneous spaces with an in-
variant pseudo-Riemannian metric of arbitrary signature. The presented list is
a good reference to study pseudo-Riemannian homogeneous four-manifolds. We
apply the mentioned classification to find an example of a pseudo-Riemannian
two-symmetric homogeneous four-manifold, equipped with an invariant metric
of neutral signature.

EXAMPLE 5.6. Let M = G/H be a homogeneous four-dimensional manifold of
type 1.41 : 9 of the Komrakov’s list [25]. In this case, the Lie algebras g and b



92 A.Zaeim, M.Chaichi, Y.Keshavarzi

are described as following:

x 0 0 0
0 0 M O

g= 0z o 0 reRNpueR Y LA (ng xR), bh=(p),
0 0 = —ux

where ng = (h, p, ¢) with the only non-zero bracket [p,q] = h. If

g = spanf{uq, ug, us, ug}

and b = span{h; }, the table of Lie brackets is:

[ ) ] hy Ui U2 us Uy
hl 0 0 U1l u9 0
Ul 0 0 0 (251 0
ug —U7 0 0 Ahl + U2 + Uy 0
uz | —us —up —Ahp —us — uy 0 jn
Uy 0 0 0 — Uy 0

The invariant metric will be calculated as following

0 0 —a O

[ 0o a 0 o0
9= —a 0 » ¢ |’

0 0 ¢ d

for arbitrary real constants a # 0,b, ¢, d. This metric admits both Lorentzian
and neutral signatures while for d = —9a, g is of neutral signature. We also set
p=—2 and A = 3. Keeping in mind A[i] = A(u;) for all indices i = 1,...,4,
the components of the Levi-Civita connection are:

01 £ -3
00 1 0
All] = A2] =
00 L o0
e 0 -3 % -7
c 9 9
A= 0 0 % =5 | A= 0O —2 0 |
0 0 1 0 00 0 0
0 -4 —-& 0 o0 5 o0

also, by using Equation (5.5), if set R;; = R(u;,u;), the non-zero components
of the curvature tensor are

0 6 —2 18 0 —18 S 54
00 6 0 0 0 -18 0
R - R =
23 o0 o o | 0 0 0 0
00 -2 0 0 0 6 0
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The space is Ricci flat and the only non-zero covariant derivative of the curva-
ture tensor is in the direction of ug. We set (A[k]R);; = (A(ux)R)(u;, uj), the
non-zero components are

(

06 —2 18 0 —-18 S 54
00 6 0 0 0 —18 0
ABIRss =1 g g o o [P WBBIRs= o o o
00 —2 0 0 0 6 0

Clearly, (M = G/H,g) is never locally symmetric but by straight forward
calculations we get V2R = 0 which shows that the spaces is two-symmetric.
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