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ABSTRACT. In this paper, two double sequence iterations for a strongly
p-contractive mapping in the modular space are introduced. It is proved
that these sequence iterations are strongly convergent to a fixed point of
a strongly p-contractive mapping. Finally, some examples are presented

to show the novelty of the main result.
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1. INTRODUCTION

The notion of modular space, as a generalization of a metric space, was
introduced by Nakano [13] in 1950 and redefined and generalized by Musielak
and Orlicz in 1959 [12]. These spaces were developed following the successful
theory of Orlicz spaces, which replaces the particular, integral form of the
nonlinear functional, which controls the growth of members of the space, by an
abstractly given functional with some good properties.

The existence of a fixed point (or a common fixed point) for a map has a broad
set of application and because of these it is studied by many authors (such as
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[3] and [16]). On the other hand, fixed point theorems in the modular space,
generalizing the classical Banach fixed point theorem in the metric space, have
been studied extensively, for example in [1], [6], [7], [14], etc.

In 1974, Ishikawa [5] introduced a new iteration method and proved that
it converges strongly to a fixed point of a Lipschitz pseudocontractive map
defined in the Hilbert space. This result has been extended to continuous
pseudocontractive maps defined on compact convex subsets of the Hilbert and
Banach spaces. The iterative approximation problems for nonexpansive map-
ping, asymptotically nonexpansive mapping and asymptotically k-strict pseu-
docontractive type mappings were studied by several authors (see [4], [8], [9]
and [15]).

In 2002, Moore [10], introduced a double sequence iteration

Tkn+1 = (1 - an)mk,n + anTkajk:,n;

where Tz = (1 — ag)z + axTx for all x € C where C is a bounded, closed,
convex and nonempty subset of a real Hilbert H and also {a,, }n> and {ag}r>0
are sequences in (0,1). He proved that the double sequence {x .} is strongly
convergent to a fixed point of T" in C.

Moradi et al. [11], introduced new double sequence iterations and proved
that these sequences are strongly convergent to a fixed point of a p-quasi con-
traction mapping in the modular space.

In this paper, based on [11], we define two double sequence iterations for
a strongly p-contractive mapping in the modular space. Then we show these
sequences are strongly convergent to a fixed point of the strongly p-contractive
mapping. Finally, some numerical examples are presented. In order to do this,
the definition of the modular space is recalled (see [2], [6], [7] and [14]).

Definition 1.1. Let X be an arbitrary vector space over K = (R or C).
a) A functional p : X — [0, 00] is called modular if it satisfies the following
conditions:
i) p(z)=04iff z=0.
1) p(az) = p(z) for a € K with |a] =1, for all z € X.
i11) plax + By) < p(z) + p(y) for a, B > 0 with o+ 8 =1, for all z,y € X.
If 444) is replaced by:
1) plazx + By) < ap(x) + Bp(y) for a, B> 0 with a+ =1, for all z,y € X.
Then the modular p is called a convex modular.
b) A modular p defines a corresponding modular space, i.e. the space X, is
given by:

X, ={r € X |p(az) = 0 as a — 0}.
¢) If p is convex modular, the modular X, can be equipped with a norm called
the Luxemburg norm defined by:

[z]l, = inf{fa > 0; p(=) <1}.

x
«
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Definition 1.2. Let X, be a modular space.

a) A sequence (x,),en in X, is said to be:

i) p-convergent to x if p(x, —z) = 0 as n — oo.

it) p-Cauchy if p(z, — z,,) — 0 as n,m — oc.

b) X, is p-complete if every p-Cauchy sequence is p-convergent.

¢) A subset B C X, is said to be p-closed if for any sequence (zp)neny C B
and p(x, —z) — 0 then z € B.

d) A subset B C X, is called p-bounded if §,(B) = sup p(z — y) < oo for all
x,y € B, where §,(B) is called the p-diameter of B.

e) A function f : X, = X, is called p-continuous if p(z, — x) — 0, then

p(f(zn) = f(x)) = 0.

Let C' be a nonempty subset of a modular space X,, T': C — C be a
mapping and F(T) = {z € C : Tz = z} denotes the set of fixed points of T.

Lemma 1.3. [17] Assume {a,} is a sequence of nonnegative numbers such
that
ant1 < (1 —ap)an +96,, n>0,
where {an} is a sequence in (0,1) and {5, } is a sequence in real number such
that
(I) lim, 00ty = 0 and 322, v, = 00.
(IT) limsup,, . 2= <0 or £52,|6,| < co.

[e2)

Then lim,, . a, = 0.

Definition 1.4. Let X, be a modular space and C be a nonempty subset of
X,. A mapping T': C' — C is said to be strongly p-contraction if there exist
¢,l,q € RT with ¢ > [ and ¢ € (0,1) such that,

p(c(Tz —Ty)) < qp(l(z — y)), (1.1)
for all z,y € C.

Theorem 1.5. [14] Let X, be a p-complete modular space where p is convex
and satisfies the Ag-condition. Let C be a nonempty and p-closed subset of X,
andT : C — C be a strongly p-contractive mapping. Then there ezists a unique
fized point of T in C.

2. STRONGLY p-CONTRACTIVE MAPPINGS

In this section, we study the strongly convergence of the double sequences
to a fixed point of a strongly p-contractive mapping in the modular space.

Definition 2.1. [10] Let X, be a modular space and N denote the set of
all natural numbers. We consider the function f : N x N — X, defined by
f(n,m) = xpm € X,. A double sequence {z, ,} is said to be strongly p-
convergence to z if for given any € > 0 there exist N, M > 0 such that
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p(xpm —2z) < eforalln > N, m > M. If for all n,r > N and m,t > M,
we have that p(2,, — zm:) < € then the double sequence is said to be p-
Cauchy. Furthermore, if for each fixed n, p(2y m — 2,) — 0 as m — oo and
p(zn, —z) — 0 as n — oo, then p(zy,m — 2) — 0 as n,m — oo.

Theorem 2.2. Let X, be a p-complete modular space where p is convex and
satisfies the Ao-condition. Let C' be a p-closed and convexr subset of X, and
T :C — C be a uniformly continuous and strongly p-contractive mapping. For
an arbitrary but fired z € C, define Ty, : C — C by Trx = (1 — \g)z + Tz,
for all x € C such that % <A, <1 forallk >0. Let {Bn.}, t =0,---,m be
real sequences in (0,1). Assume the following conditions are satisfied:

(I): limy—y00 Bm = 0.

(IT): 0 < liminf,_ o Bn; <limsup,,_ ,o Bn: <1, foralli=0,--- ,m—
1.

(III): limk_wo /\k =1.

(IV): For allz € C and ¢y € RT, p(co(z — 2)) <v < o0,

(V): B(T) £0.

Then the double sequence {Tk n}k>0n>0 generated from an arbitrary x99 € C
by

xllcn = (1 = Bn,0)Tk,n + BrnoTkZ,n,

‘r%,n = (1 - ﬁn,l)xk,n + Bn)lTkl‘}c’n7

: (2.1)
xZ?n = (1 - Bn,m—l)xk,n + ﬁn,m—lTk$$;17

Thnt1 = (1 = Bom)Ton + Bnm Ty,

is strongly convergent to a fized point w of T in C and p(Txkn — Tkn) — 0.

Proof. For each k > 0 we have,

ple(Tir — Try)) = pe((1 = Ai)z + AT — (1= M)z — A Ty))
= plc(Tx —Ty))
< gAep(l(z —y)).

By Theorem 1.5, since limg_,o A = 1, for each k£ > 0, T} has a unique fixed
point wy in C.
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For each k > 0, we show p(zy,, —wi) — 0 as n — oco. By (2.1),

ple(@kni1 —wi)) < (L= Bam)p(c(Thn — wk)) + Bnmp(c(Thxy?, — wi))
(1 = Bum)p(c(@h,n — wi)) + Bnmap(l(zy, — wk))

(1 - Bn,m)p(c(xk,n — wk))

+Bn.mal(

P

(

IAIA

IN

1
(1 - Bnym) (c(ka - wk))
1

— Brm—1)p(c(@pn — wi)) + Brm-1p(c(Tex} " — wi))]

+5n,mQ[ - 5n,m71)P(C(xk,n - wk)) + ﬂn,mflqp(l(wz:byjl - wk))]

IN ...

(1 - /Bn,m)p(c(xk,n - wk))
+/Bn,mQ[(1 - Bn,m—l)ﬂ(c(zk,n - wk))
Jrﬁn,m—lQ[(l - 5n,m—2)p(c(xk,n —wy))
+Bnm—2q - [+ [(1 = Bn,1) p(l (k0 — wi)

+6n10[(1 = Bno)p(l(xpn — wi) + Brogp(l(Trn — wi)]] - -],

(2.2)
therefore
p(C(l‘k,n-i,-l - wk)) < an(c(xk,n - wk))a (23)
where
Hn = (1 - /Bn,m) + 6n,mq[(1 - Bmm—l)
+/Bn,m—1Q[(1 - /Bn,m—2) + ﬁn,m—ZQ[' o [ o [(1 - Bn,l)
+Bn,19[(1 = Bno) + Bnod]] -+ |-

By Lemma 1.3, since lim,_ o0 Bn.m = 0, then p(c(xg,, — wg)) — 0 and by
Ag-condition p(zg ., —wg) — 0 as n — oo.

Since
wr = (1 — i)z + AgTwg,
then
ple(wy —Twy)) = ple(wy, — g-wy, + 152%2))
= p(c( 1;:"“ (z —wg)))
< 1;:"“ V.

So A, — 1 shows p(wy — Twy) — 0 as k — oo. Therefore {wy} is an
approximate fixed point sequence for T'.
We show the sequence {wy} is p-Cauchy. For 0 < n < m,

W — Wy, = (A — An)(Twy, — 2) + A (Twe, — Twy,),
therefore

p(l(w’m - wn)) < ()‘m - )\n)p(ﬁl(Twn - Z)) + )‘mqp(l(wm - wn))7
where 8 € RT is the conjugate of §. Then

)\m - \n
1w = w,)) < T
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By A — 1, {wy}, is a p-Cauchy sequence. Since {wy} € C and X, is p-
complete, then there exists w € C such that p(wy — w) — 0 as n — 0.
Since T is a p-continuous mapping then p(Twy — Tw) — 0 as n — co. By

1
p(5(Tw —w)) < p(Tw = Twy) + p(Twy, — wi) + p(wy, — w),
we have p(Tw —w) — 0 as n — oo and w is a fixed point of T'. Since

1
P(g(Txk,n —Zkn)) < p(Txg, — Twy) + p(Tw, — wi) + p(Wk — Thon),

then p(Txg,n — Tkn) — 0. O

We consider the following iteration sequence

1 € C
Uk,n = #_1 Z?:o T}k,
Zkn = (1 - fYn)mk:,n + YUk, n, (24)

Yen = ( - ﬂn)xk,n + 5nT1?Zk,n,
Tknt+l = (1 - Oln)xk,n + O‘nT]?yk,ny

where T is a strongly p-contraction and Tpz = ATz such that A\p € (0,1).
We prove the sequence {xj .}, generated by (2.4) is strongly convergent to
w € F(T).

Theorem 2.3. Let X, be a p-complete modular space where p is convex and
satisfies the Ay-condition. Let C' be a p-closed and convexr subset of X, and
T : C — C be a continuous linear strongly p-contractive mapping. Let {ay }n>0,
{Brn}n>0, {Wn}tn>0 and {Ax}r>0 be real sequences in (0,1). Assume the follow-
ing conditions are satisfied:

(X): >,50 @ = 00 and lim, o oy, = 0.

(I1): 0 < liminf, . B, < limsup, . fBn < 1.

(III): 0 < liminf, v, < limsup,,_ .7 < 1.

(IV): 3 <A <1 and limj_yo0 A = 1.

(V): F(T) # 0.
Then the double sequence {xyn}r>0n>0 generated by (2.4) is strongly conver-
gent to a fixed point w of T in C.

Proof. For each k > 0, we have,
Tix = ATz,

also for 0 < j < m,

n—li-l Z;'L:O p(C(T/zzk,n - wk))
Ak ap(c(p,n — wr)).

ple(ukn — wr))

IAIA

By quality (2.4),

p(c(zkn — wi)) < (1 —ym)p(c(Trn — wi)) + 1A gp(c(Tkn — w)).
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Moreover
p(c(Yrn —wr)) < (1= Bu)p(c(@r,n — wi)) + Bnp(c(T} 2k, — wk))
(1 = Bn)p(e(Trn — wi))
+BnAkal(1 = ) p(e(@hmn — wi)) + VAL ap(c(Trn — wk))],
and
(1 = an)p(c(zrn — wi)) + anp(c(T Yrpn — wi))
(1 - an) (c ($k n ))
+anApg{(1 — 5n) (c(Tn — wi))
+Bn>\zq[(1 - 'Yn) ( (xk,n - ’LUk))
+ AR ap(c(Tr,n — wi))]}

p(e(Tknt1 — w))

IAINA

therefore
p(c(xk,n-‘rl - wk)) S Unp(c(xk,n - wk))a
where

pin = [(1 = an) + anAgg{(1 = Bn) + BuAial(1 — 1) + 1n A dl}]-
By Lemma 1.3, p(c(zg,n — wi)) — 0 and by As-condition p(zk,, — wg) — 0
as n — oo.
Since wg, = ApTwy, then p(c(Twy — wy)) < 1;:"“ p(c(wg)). So Ay —> 1 shows
p(wr, — Twy) — 0 as k —> oo. Therefore {wy} is an approximate fixed point

sequence for T'. We have
Am —

An
3 Wwn) + A (Twe, — Tws,),

Wm — Wy = (

therefore
Am — An
p(l(wm - wn)) < (T)p(ﬁl(wn)) + )‘mqp(l(wm - wn))a

where 3 € RT is the conjugate of 7. By A — 1, {wy}, is a p-Cauchy sequence
and there exists a w € C such that p(wy, —w) — 0 as n — oo. Since T
is a p-continuous mapping then p(Twy — Tw) — 0 as n — oco. Therefore
p(Tw —w) — 0 as n — oo and w is a fixed point of T O

3. EXAMPLES
In this section, five examples will be presented as follows:

EXAMPLE 3.1. Let X, = R be the set of real numbers and C' = [0, c0). Suppose
that {xy ,} is the sequence defined by

{ Yen = (]- - 5n)mk,n + ﬂnTkxk,na (3 1)
Tt = (1 — o) Tk + 0Tl m,

where Tz = 155 and z = 0. Also v, = 10%, Bn = ﬁ and A\ = kL_M. We
have

3n+1 k Tk,n
{ Yk = Tni1 ko + 50T ord 105

_ 10n-1,, 1k Yk
Tkn+1 = “1on Tk T 105 5344 105 -
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1.
If £100,1 = 3, s0

Z100,n n Z100,n

0.5 11 | 0.37001

0.45 12 | 0.36664
0.4275 | 13 | 0.36359
0.41325 | 14 | 0.36079
0.40291 | 15 | 0.35821
0.39486 | 16 | 0.35583
0.38828 | 17 | 0.3536
0.38273 | 18 | 0.35152
0.37794 | 19 | 0.34957
0.37374 | 20 | 0.34773

Ol N[ Uk |Ww NS

—_
o

sequence value
[=]

0.4

L L L L
o 5 10 15 20 25
iteration steps

FIGURE 1. The iteration chart for & = 100.

ExAMPLE 3.2. Under the conditions of Example 3.1, suppose that {z,} is
the sequence defined by

{ Yen = ﬂnxk,n + (1 - ﬁn)Tkxk,n» (3 2)
Thnt1 = WnZrn + (1 — o) Tilin,
we have
_ n 3n+l1 k ZTk,n
Yk = Tnpi%hn T Iy R 108
st 10n—1 Yh,n
Thn+1 = 105 Tkn T “Ton %td 105 -
If =1
Z100,1 2 S0
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sequence value

n Z100,n n Z100,n

1 0.5 11| 1.96 x 10752
2 0.05 12 | 4.57 x 1078
3] 28 %1077 | 13| 1.06 x 10793
4 16.18x10718 |14 ] 25x 1079

5 [1.36x 10718 | 15 | 5.86 x 1077°
6 |3.06x1072% |16 | 1.37 x 10780
7 16.94x10730 | 17 | 3.24 x 10786
8 [ 1.58 x 1073° | 18 | 7.63 x 1092
9 |3.65x 1074 | 19| 1.79 x 10797
10 | 8.46 x 10747 | 20 | 4.24 x 10103

itermtion steps

25

FIGURE 2. The iteration chart for & = 100.

127

Corollary 3.3. Ezamples 3.1 and 3.2 show the rate of convergence of sequence
{z,} generated by (3.2), is faster than the rate of convergence of sequence {x,}
generated by (3.1).

EXAMPLE 3.4. Let X, = R be the set of real numbers and C' = [0, c0). Suppose
that {xg,} is the sequence defined by (2.4), where Tz =

1
an=m75n:

If Z100,1 = 05, SO

L and z = 0. Also

10

n . .n _ k
BT Yn = Tl and A\, = TT100- We have
— _1 n Ln_
Un nd T Z4j=0 107 .
__ bn+ n n Uk,n
ko = Z"ﬂxk’n + 7n+1(k+}%00) 10m
_ 4n+ n n fk,n
Yk = 5n-‘,1-(1]xk’71" + 57L+11(k+102) 107
— mn— _1 n Yk,n
Thnt+1 = on Thn 1 10, k+100) 10"
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n | Zigo,m | D | T100,n
1 0.5 11| 0.37178
2 | 0.4521 | 12| 0.3684
3 10.42954 | 13 | 0.36533
4 |0.41522 | 14 | 0.36252
5 10.40484 | 15 | 0.35993
6 | 0.39674 | 16 | 0.35753
7 10.39013 | 17 | 0.35529
8 | 0.38456 | 18 | 0.3532
9 10.37975 | 19 | 0.35124
10 | 0.37553 | 20 | 0.34939

sequence value
[=]

0.4

L . I L
o El 10 15 20 25
iteration steps

FIGURE 3. The iteration chart for k& = 100.

ExaMmpPLE 3.5. Under the conditions of Example 3.4, we consider the following
sequence {z,},

1 € C
Uk,n = ﬁ Z?:() T]g'rk’,na
Zkn = YnTkn + (1 - 'yn)uk,nv (33)

Yken = ﬁnka + (1 - ﬁn)T]szk,na
Thntl = QnTin + (1 - an)T]?yk,na

therefore, we have

Un = 737 Dj—0 105

Zkn = ﬁxk,n + %(ﬁ)n%7
Yen = Bugg Thon T g::ﬂ(kﬁoo)nzlgs’
Thnt1 = 1o5Tkn + 1(:{%;1(“]6100)" Tom.

If Z100,1 = 05, SO
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n Z100,n n Z100,n

1 0.5 11| 1.49 x 10717
2 0.053 12 | 1.36 x 10719
3] 27x107% |13 ]1.13 x 1072
41 9.06%x107° |14 | 8.73 x 10724
51 226x107% | 15| 6.24 x 10726
6 | 453 x107% |16 | 4.16 x 10728
7 1755x10710 [ 17| 2.6 x 10730
8 | 1.07 x 10711 | 18 | 1.52 x 10732
9 [1.34x 10713 | 19 | 8.49 x 1073°
10 | 1.49 x 10715 | 20 | 4.47 x 10737

[

iteration steps

FIGURE 4. The iteration chart for k£ = 100.

Corollary 3.6. Ezamples 3.4 and 3.5 show the rate of convergence of sequence
{zn} generated by (3.3), is faster than the rate of convergence of sequence {xy}
generated by (2.4).
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