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Abstract. In this paper, two double sequence iterations for a strongly

ρ-contractive mapping in the modular space are introduced. It is proved

that these sequence iterations are strongly convergent to a fixed point of

a strongly ρ-contractive mapping. Finally, some examples are presented

to show the novelty of the main result.
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1. Introduction

The notion of modular space, as a generalization of a metric space, was

introduced by Nakano [13] in 1950 and redefined and generalized by Musielak

and Orlicz in 1959 [12]. These spaces were developed following the successful

theory of Orlicz spaces, which replaces the particular, integral form of the

nonlinear functional, which controls the growth of members of the space, by an

abstractly given functional with some good properties.

The existence of a fixed point (or a common fixed point) for a map has a broad

set of application and because of these it is studied by many authors (such as
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[3] and [16]). On the other hand, fixed point theorems in the modular space,

generalizing the classical Banach fixed point theorem in the metric space, have

been studied extensively, for example in [1], [6], [7], [14], etc.

In 1974, Ishikawa [5] introduced a new iteration method and proved that

it converges strongly to a fixed point of a Lipschitz pseudocontractive map

defined in the Hilbert space. This result has been extended to continuous

pseudocontractive maps defined on compact convex subsets of the Hilbert and

Banach spaces. The iterative approximation problems for nonexpansive map-

ping, asymptotically nonexpansive mapping and asymptotically k-strict pseu-

docontractive type mappings were studied by several authors (see [4], [8], [9]

and [15]).

In 2002, Moore [10], introduced a double sequence iteration

xk,n+1 = (1− αn)xk,n + αnTkxk,n,

where Tkx = (1 − ak)z + akTx for all x ∈ C where C is a bounded, closed,

convex and nonempty subset of a real Hilbert H and also {αn}n≥ and {ak}k≥0

are sequences in (0, 1). He proved that the double sequence {xk,n} is strongly

convergent to a fixed point of T in C.

Moradi et al. [11], introduced new double sequence iterations and proved

that these sequences are strongly convergent to a fixed point of a ρ-quasi con-

traction mapping in the modular space.

In this paper, based on [11], we define two double sequence iterations for

a strongly ρ-contractive mapping in the modular space. Then we show these

sequences are strongly convergent to a fixed point of the strongly ρ-contractive

mapping. Finally, some numerical examples are presented. In order to do this,

the definition of the modular space is recalled (see [2], [6], [7] and [14]).

Definition 1.1. Let X be an arbitrary vector space over K = (R or C).
a) A functional ρ : X −→ [0,∞] is called modular if it satisfies the following

conditions:

i) ρ(x) = 0 iff x = 0.

ii) ρ(αx) = ρ(x) for α ∈ K with |α| = 1, for all x ∈ X.

iii) ρ(αx+ βy) ≤ ρ(x) + ρ(y) for α, β ≥ 0 with α+ β = 1, for all x, y ∈ X.

If iii) is replaced by:

iii)′ ρ(αx+ βy) ≤ αρ(x) + βρ(y) for α, β ≥ 0 with α+ β = 1, for all x, y ∈ X.

Then the modular ρ is called a convex modular.

b) A modular ρ defines a corresponding modular space, i.e. the space Xρ is

given by:

Xρ = {x ∈ X |ρ(αx) → 0 as α → 0}.
c) If ρ is convex modular, the modular Xρ can be equipped with a norm called

the Luxemburg norm defined by:

∥x∥ρ = inf{α > 0; ρ(
x

α
) ≤ 1}.
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Definition 1.2. Let Xρ be a modular space.

a) A sequence (xn)n∈N in Xρ is said to be:

i) ρ-convergent to x if ρ(xn − x) → 0 as n → ∞.

ii) ρ-Cauchy if ρ(xn − xm) → 0 as n,m → ∞.

b) Xρ is ρ-complete if every ρ-Cauchy sequence is ρ-convergent.

c) A subset B ⊂ Xρ is said to be ρ-closed if for any sequence (xn)n∈N ⊂ B

and ρ(xn − x) → 0 then x ∈ B.

d) A subset B ⊂ Xρ is called ρ-bounded if δρ(B) = sup ρ(x − y) < ∞ for all

x, y ∈ B, where δρ(B) is called the ρ-diameter of B.

e) A function f : Xρ → Xρ is called ρ-continuous if ρ(xn − x) → 0, then

ρ(f(xn)− f(x)) → 0.

Let C be a nonempty subset of a modular space Xρ, T : C −→ C be a

mapping and F (T ) = {x ∈ C : Tx = x} denotes the set of fixed points of T .

Lemma 1.3. [17] Assume {an} is a sequence of nonnegative numbers such

that

an+1 ≤ (1− αn)an + δn, n ≥ 0,

where {αn} is a sequence in (0, 1) and {δn} is a sequence in real number such

that

(I) limn−→∞ αn = 0 and Σ∞
n=1αn = ∞.

(II) lim supn−→∞
δn
αn

≤ 0 or Σ∞
n=1|δn| < ∞.

Then limn−→∞ an = 0.

Definition 1.4. Let Xρ be a modular space and C be a nonempty subset of

Xρ. A mapping T : C → C is said to be strongly ρ-contraction if there exist

c, l, q ∈ R+ with c > l and q ∈ (0, 1) such that,

ρ(c(Tx− Ty)) ≤ qρ(l(x− y)), (1.1)

for all x, y ∈ C.

Theorem 1.5. [14] Let Xρ be a ρ-complete modular space where ρ is convex

and satisfies the ∆2-condition. Let C be a nonempty and ρ-closed subset of Xρ

and T : C → C be a strongly ρ-contractive mapping. Then there exists a unique

fixed point of T in C.

2. Strongly ρ-Contractive Mappings

In this section, we study the strongly convergence of the double sequences

to a fixed point of a strongly ρ-contractive mapping in the modular space.

Definition 2.1. [10] Let Xρ be a modular space and N denote the set of

all natural numbers. We consider the function f : N × N → Xρ defined by

f(n,m) = xn,m ∈ Xρ. A double sequence {xn,m} is said to be strongly ρ-

convergence to z if for given any ϵ > 0 there exist N, M > 0 such that
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ρ(xn,m − z) < ϵ for all n ≥ N , m ≥ M . If for all n, r ≥ N and m, t ≥ M ,

we have that ρ(xn,r − xm,t) < ϵ, then the double sequence is said to be ρ-

Cauchy. Furthermore, if for each fixed n, ρ(xn,m − zn) −→ 0 as m → ∞ and

ρ(zn − z) −→ 0 as n → ∞, then ρ(xn,m − z) −→ 0 as n,m → ∞.

Theorem 2.2. Let Xρ be a ρ-complete modular space where ρ is convex and

satisfies the ∆2-condition. Let C be a ρ-closed and convex subset of Xρ and

T : C → C be a uniformly continuous and strongly ρ-contractive mapping. For

an arbitrary but fixed z ∈ C, define Tk : C → C by Tkx = (1 − λk)z + λkTx,

for all x ∈ C such that 1
2 < λk < 1 for all k ≥ 0. Let {βn,i}, i = 0, · · · ,m be

real sequences in (0, 1). Assume the following conditions are satisfied:

(I): limn−→∞ βn,m = 0.

(II): 0 < lim infn−→∞ βn,i ≤ lim supn−→∞ βn,i < 1, for all i = 0, · · · ,m−
1.

(III): limk→∞ λk = 1.

(IV): For all x ∈ C and c0 ∈ R+, ρ(c0(x− z)) ≤ ν < ∞.

(V): F (T ) ̸= ∅.

Then the double sequence {xk,n}k≥0,n≥0 generated from an arbitrary x0,0 ∈ C

by



x1
k,n = (1− βn,0)xk,n + βn,0Tkxk,n,

x2
k,n = (1− βn,1)xk,n + βn,1Tkx

1
k,n,

...

xm
k,n = (1− βn,m−1)xk,n + βn,m−1Tkx

m−1
k,n ,

xk,n+1 = (1− βn,m)xk,n + βn,mTkx
m
k,n,

(2.1)

is strongly convergent to a fixed point w of T in C and ρ(Txk,n − xk,n) −→ 0.

Proof. For each k ≥ 0 we have,

ρ(c(Tkx− Tky)) = ρ(c((1− λk)z + λkTx− (1− λk)z − λkTy))

= ρ(cλk(Tx− Ty))

≤ qλkρ(l(x− y)).

By Theorem 1.5, since limk→∞ λk = 1, for each k ≥ 0, Tk has a unique fixed

point wk in C.
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For each k ≥ 0, we show ρ(xk,n − wk) −→ 0 as n −→ ∞. By (2.1),

ρ(c(xk,n+1 − wk)) ≤ (1− βn,m)ρ(c(xk,n − wk)) + βn,mρ(c(Tkx
m
k,n − wk))

≤ (1− βn,m)ρ(c(xk,n − wk)) + βn,mqρ(l(xm
k,n − wk))

≤ (1− βn,m)ρ(c(xk,n − wk))

+βn,mq[(1− βn,m−1)ρ(c(xk,n − wk)) + βn,m−1ρ(c(Tkx
m−1
k,n − wk))]

≤ (1− βn,m)ρ(c(xk,n − wk))

+βn,mq[(1− βn,m−1)ρ(c(xk,n − wk)) + βn,m−1qρ(l(x
m−1
k,n − wk))]

...

≤ (1− βn,m)ρ(c(xk,n − wk))

+βn,mq[(1− βn,m−1)ρ(c(xk,n − wk))

+βn,m−1q[(1− βn,m−2)ρ(c(xk,n − wk))

+βn,m−2q[· · · [· · · [(1− βn,1)ρ(l(xk,n − wk)

+βn,1q[(1− βn,0)ρ(l(xk,n − wk) + βn,0qρ(l(xk,n − wk)]] · · · ],
(2.2)

therefore

ρ(c(xk,n+1 − wk)) ≤ µnρ(c(xk,n − wk)), (2.3)

where

µn = (1− βn,m) + βn,mq[(1− βn,m−1)

+βn,m−1q[(1− βn,m−2) + βn,m−2q[· · · [· · · [(1− βn,1)

+βn,1q[(1− βn,0) + βn,0q]] · · · ].

By Lemma 1.3, since limn→∞ βn,m = 0, then ρ(c(xk,n − wk)) −→ 0 and by

∆2-condition ρ(xk,n − wk) −→ 0 as n −→ ∞.

Since

wk = (1− λk)z + λkTwk,

then
ρ(c(wk − Twk)) = ρ(c(wk − 1

λk
wk + 1−λk

λk
z))

= ρ(c( 1−λk

λk
(z − wk)))

≤ 1−λk

λk
ν.

So λk −→ 1 shows ρ(wk − Twk) −→ 0 as k −→ ∞. Therefore {wk} is an

approximate fixed point sequence for T .

We show the sequence {wk} is ρ-Cauchy. For 0 < n ≤ m,

wm − wn = (λm − λn)(Twn − z) + λm(Twm − Twn),

therefore

ρ(l(wm − wn)) ≤ (λm − λn)ρ(βl(Twn − z)) + λmqρ(l(wm − wn)),

where β ∈ R+ is the conjugate of c
l . Then

ρ(l(wm − wn)) ≤
λm − λn

1− qλm
ν.
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By λk −→ 1, {wk}, is a ρ-Cauchy sequence. Since {wk} ∈ C and Xρ is ρ-

complete, then there exists w ∈ C such that ρ(wk − w) −→ 0 as n −→ ∞.

Since T is a ρ-continuous mapping then ρ(Twk − Tw) −→ 0 as n −→ ∞. By

ρ(
1

3
(Tw − w)) ≤ ρ(Tw − Twk) + ρ(Twk − wk) + ρ(wk − w),

we have ρ(Tw − w) −→ 0 as n −→ ∞ and w is a fixed point of T . Since

ρ(
1

3
(Txk,n − xk,n)) ≤ ρ(Txk,n − Twk) + ρ(Twk − wk) + ρ(wk − xk,n),

then ρ(Txk,n − xk,n) −→ 0. □

We consider the following iteration sequence

x1 ∈ C

uk,n = 1
n+1

∑n
j=0 T

j
kxk,n,

zk,n = (1− γn)xk,n + γnuk,n,

yk,n = (1− βn)xk,n + βnT
n
k zk,n,

xk,n+1 = (1− αn)xk,n + αnT
n
k yk,n,

(2.4)

where T is a strongly ρ-contraction and Tkx = λkTx such that λk ∈ (0, 1).

We prove the sequence {xk,n}, generated by (2.4) is strongly convergent to

w ∈ F (T ).

Theorem 2.3. Let Xρ be a ρ-complete modular space where ρ is convex and

satisfies the ∆2-condition. Let C be a ρ-closed and convex subset of Xρ and

T : C → C be a continuous linear strongly ρ-contractive mapping. Let {αn}n≥0,

{βn}n≥0, {γn}n≥0 and {λk}k≥0 be real sequences in (0, 1). Assume the follow-

ing conditions are satisfied:

(I):
∑

n≥0 αn = ∞ and limn→∞ αn = 0.

(II): 0 < lim infn−→∞ βn ≤ lim supn−→∞ βn < 1.

(III): 0 < lim infn−→∞ γn ≤ lim supn−→∞ γn < 1.

(IV): 1
2 < λk < 1 and limk→∞ λk = 1.

(V): F (T ) ̸= ∅.
Then the double sequence {xk,n}k≥0,n≥0 generated by (2.4) is strongly conver-

gent to a fixed point w of T in C.

Proof. For each k ≥ 0, we have,

Tn
k x = λn

kT
nx,

also for 0 ≤ j ≤ n,

ρ(c(uk,n − wk)) ≤ 1
n+1

∑n
j=0 ρ(c(T

j
kxk,n − wk))

≤ λn
kqρ(c(xk,n − wk)).

By quality (2.4),

ρ(c(zk,n − wk)) ≤ (1− γn)ρ(c(xk,n − wk)) + γnλ
n
kqρ(c(xk,n − wk)).
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Moreover

ρ(c(yk,n − wk)) ≤ (1− βn)ρ(c(xk,n − wk)) + βnρ(c(T
n
k zk,n − wk))

≤ (1− βn)ρ(c(xk,n − wk))

+βnλ
n
kq[(1− γn)ρ(c(xk,n − wk)) + γnλ

n
kqρ(c(xk,n − wk))],

and

ρ(c(xk,n+1 − wk)) ≤ (1− αn)ρ(c(xk,n − wk)) + αnρ(c(T
n
k yk,n − wk))

≤ (1− αn)ρ(c(xk,n − wk))

+αnλ
n
kq{(1− βn)ρ(c(xk,n − wk))

+βnλ
n
kq[(1− γn)ρ(c(xk,n − wk))

+γnλ
n
kqρ(c(xk,n − wk))]},

therefore

ρ(c(xk,n+1 − wk)) ≤ µnρ(c(xk,n − wk)),

where

µn = [(1− αn) + αnλ
n
kq{(1− βn) + βnλ

n
kq[(1− γn) + γnλ

n
kq]}].

By Lemma 1.3, ρ(c(xk,n −wk)) −→ 0 and by ∆2-condition ρ(xk,n −wk) −→ 0

as n −→ ∞.

Since wk = λkTwk then ρ(c(Twk − wk)) ≤ 1−λk

λk
ρ(c(wk)). So λk −→ 1 shows

ρ(wk − Twk) −→ 0 as k −→ ∞. Therefore {wk} is an approximate fixed point

sequence for T . We have

wm − wn = (
λm − λn

λn
)(wn) + λm(Twm − Twn),

therefore

ρ(l(wm − wn)) ≤ (
λm − λn

λn
)ρ(βl(wn)) + λmqρ(l(wm − wn)),

where β ∈ R+ is the conjugate of c
l . By λk −→ 1, {wk}, is a ρ-Cauchy sequence

and there exists a w ∈ C such that ρ(wk − w) −→ 0 as n −→ ∞. Since T

is a ρ-continuous mapping then ρ(Twk − Tw) −→ 0 as n −→ ∞. Therefore

ρ(Tw − w) −→ 0 as n −→ ∞ and w is a fixed point of T . □

3. Examples

In this section, five examples will be presented as follows:

Example 3.1. Let Xρ = R be the set of real numbers and C = [0,∞). Suppose

that {xk,n} is the sequence defined by{
yk,n = (1− βn)xk,n + βnTkxk,n,

xk,n+1 = (1− αn)xk,n + αnTkyk,n,
(3.1)

where Tx = x
105 and z = 0. Also αn = 1

10n , βn = n
4n+1 and λk = k

k+4 . We

have {
yk,n = 3n+1

4n+1xk,n + n
4n+1

k
k+4

xk,n

105 ,

xk,n+1 = 10n−1
10n xk,n + 1

10n
k

k+4
yk,n

105 .
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If x100,1 = 1
2 , so

n x100,n n x100,n

1 0.5 11 0.37001

2 0.45 12 0.36664

3 0.4275 13 0.36359

4 0.41325 14 0.36079

5 0.40291 15 0.35821

6 0.39486 16 0.35583

7 0.38828 17 0.3536

8 0.38273 18 0.35152

9 0.37794 19 0.34957

10 0.37374 20 0.34773

Figure 1. The iteration chart for k = 100.

Example 3.2. Under the conditions of Example 3.1, suppose that {xk,n} is

the sequence defined by{
yk,n = βnxk,n + (1− βn)Tkxk,n,

xk,n+1 = αnxk,n + (1− αn)Tkyk,n,
(3.2)

we have {
yk,n = n

4n+1xk,n + 3n+1
4n+1

k
k+4

xk,n

105 ,

xk,n+1 = 1
10nxk,n + 10n−1

10n
k

k+4
yk,n

105 .

If x100,1 = 1
2 , so
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n x100,n n x100,n

1 0.5 11 1.96× 10−52

2 0.05 12 4.57× 10−58

3 2.88× 10−7 13 1.06× 10−63

4 6.18× 10−13 14 2.5× 10−69

5 1.36× 10−18 15 5.86× 10−75

6 3.06× 10−24 16 1.37× 10−80

7 6.94× 10−30 17 3.24× 10−86

8 1.58× 10−35 18 7.63× 10−92

9 3.65× 10−41 19 1.79× 10−97

10 8.46× 10−47 20 4.24× 10−103

Figure 2. The iteration chart for k = 100.

Corollary 3.3. Examples 3.1 and 3.2 show the rate of convergence of sequence

{xn} generated by (3.2), is faster than the rate of convergence of sequence {xn}
generated by (3.1).

Example 3.4. Let Xρ = R be the set of real numbers and C = [0,∞). Suppose

that {xk,n} is the sequence defined by (2.4), where Tx = x
10 and z = 0. Also

αn = 1
10n , βn = n

5n+1 , γn = n
7n+1 and λk = k

k+100 . We have
un = 1

n+1

∑n
j=0

xn

10j ,

zk,n = 6n+1
7n+1xk,n + n

7n+1 (
k

k+100 )
n uk,n

10n ,

yk,n = 4n+1
5n+1xk,n + n

5n+1 (
k

k+100 )
n zk,n

10n ,

xk,n+1 = 10n−1
10n xk,n + 1

10n (
k

k+100 )
n yk,n

10n .

If x100,1 = 0.5, so
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n x100,n n x100,n

1 0.5 11 0.37178

2 0.4521 12 0.3684

3 0.42954 13 0.36533

4 0.41522 14 0.36252

5 0.40484 15 0.35993

6 0.39674 16 0.35753

7 0.39013 17 0.35529

8 0.38456 18 0.3532

9 0.37975 19 0.35124

10 0.37553 20 0.34939

Figure 3. The iteration chart for k = 100.

Example 3.5. Under the conditions of Example 3.4, we consider the following

sequence {xn}, 

x1 ∈ C

uk,n = 1
n+1

∑n
j=0 T

j
kxk,n,

zk,n = γnxk,n + (1− γn)uk,n,

yk,n = βnxk,n + (1− βn)T
n
k zk,n,

xk,n+1 = αnxk,n + (1− αn)T
n
k yk,n,

(3.3)

therefore, we have
un = 1

n+1

∑n
j=0

xn

10j ,

zk,n = n
7n+1xk,n + 6n+1

7n+1 (
k

k+100 )
n uk,n

10n ,

yk,n = n
5n+1xk,n + 4n+1

5n+1 (
k

k+100 )
n zk,n

10n ,

xk,n+1 = 1
10nxk,n + 10n−1

10n ( k
k+100 )

n yk,n

10n .

If x100,1 = 0.5, so
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n x100,n n x100,n

1 0.5 11 1.49× 10−17

2 0.053 12 1.36× 10−19

3 2.7× 10−3 13 1.13× 10−21

4 9.06× 10−5 14 8.73× 10−24

5 2.26× 10−6 15 6.24× 10−26

6 4.53× 10−8 16 4.16× 10−28

7 7.55× 10−10 17 2.6× 10−30

8 1.07× 10−11 18 1.52× 10−32

9 1.34× 10−13 19 8.49× 10−35

10 1.49× 10−15 20 4.47× 10−37

Figure 4. The iteration chart for k = 100.

Corollary 3.6. Examples 3.4 and 3.5 show the rate of convergence of sequence

{xn} generated by (3.3), is faster than the rate of convergence of sequence {xn}
generated by (2.4).
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