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ABSTRACT. In formal language theory, we are mainly interested in the
natural language computational aspects of w-languages. Therefore in this
respect it is convenient to consider fuzzy w-languages. In this paper, we
introduce two subclasses of fuzzy regular w-languages called fuzzy n-local
w-languages and Biichi fuzzy n-local w-languages, and give some closure
properties for those subclasses. We define a deterministic fuzzy automa-
ton acceptance conditions on fuzzy w-languages and fuzzy n-local automa-
ton. The relationship between deterministic fuzzy n-local automaton and
two subclasses of fuzzy regular w-languages are established and proved
that every fuzzy w-language accepted by a deterministic fuzzy automaton

in 2-mode is a projection of a Biichi fuzzy 2-local w-language.
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1. INTRODUCTION

In the classical formal language theory one mostly considers languages to
consist of finite words because one mostly considers finite pieces of text and
finite sequences of actions. This situation has changed quite visibly in recent
years. Motivated mainly by the considerations concerning semantics of pro-
gramming languages and by the need to understand the behaviour of concurrent
systems, the notion of an infinite word became popular and important within
theoretical computer science. Finite automata are the best known computa-
tional devices. They are used to model a number of formal systems. Automata
theory is closely related to formal language theory as the automata are often
classified by the class of formal languages they are able to recognize. Moreover,
it is widely known that finite automata can solve a large number of problems
in computer science, among which are the modeling of reactive systems, the
design of hardware digital systems, compilers, and the description of natural
languages. Fuzzy set was introduced by Zadeh [21] and it has application in
many fields of science and engineering. Fuzzy automaton was introduced by
Wee in [18]. Fuzzy automata provide a reliable formal base for the theory of
computing with words. Formal languages are precise while natural languages
are quite imprecise. To reduce a gap between these two constructs, it becomes
advantageous to introduce fuzziness into the structures of formal languages.
This leads to the concept of fuzzy languages. In [18] Wee initiated the studies
of fuzzy languages accepted by fuzzy automata. More recent development of
algebraic theory of fuzzy automata and fuzzy languages can be found in book
by Mordeson and Malik [5, 7, 8, 9, 11, 12, 14, 16, 17, 19, 20]. Berstel and
Pin [3] have defined local automata and shown that a language is local if and
only if it is accepted by a local automaton. Béal [2] introduced a more general
definition of local automata. Caron [4] has made use of equivalent definition
in order to generalize the result stated by Berstel and Pin [15]. D.S.Malik et
al [13] and S.Gnanasekaran [6] studied the closure properties of fuzzy regular
languages and fuzzy local languages on finitary case. In [10] studied the Fuzzy
w-Automata as an accepting device for Fuzzy w-languages. In [1] we initi-
ated the studies of fuzzy 2-local w-languages, Biichi fuzzy 2-local w-languages
and the relationship between deterministic fuzzy 2-local automaton and fuzzy
2-local w-languages only.

The present paper is extended to fuzzy 2-local w-languages to fuzzy n-local
w-languages and Biichi fuzzy 2-local w-languages to Biichi fuzzy n-local w-
languages and we also establish the relationship between deterministic fuzzy
n-local automaton and two subclasses of fuzzy regular w-languages. The basic
definition of this paper is given in Section 2. In Section 3, two subclasses of
fuzzy regular w-languages, namely fuzzy n-local w-languages and Biichi fuzzy
n-local w-languages are introduced. Further, some closure properties of these
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classes of languages under intersection and union are presented. In Section 4,
a deterministic fuzzy automaton acceptance conditions on fuzzy w-languages,
fuzzy n-local automaton, are introduced and two subclasses of fuzzy regular w-
languages is characterized by fuzzy automata. We also proved that if L € Lo,
then there exists a projection f and L € 2-£% such that f(L;) = L. Finally,
conclusion are discussed in section 5.

2. PRELIMINARIES

In this section, some basic concepts on fuzzy set, local w-languages, deter-
ministic fuzzy automata are recalled.

Suppose that X is a universal set. A fuzzy set A, or rather a fuzzy subset A
of X is defined by a function assigning to each element = of X a value A(z)
in the real unit closed interval [0,1]. Such a function is called a membership
function, which is a generalization of the characteristic function associated to
a crisp subset of X. The value A(x) characterizes the degree of membership of
x in A. The collection of all fuzzy subsets of X is denoted by F(X). For any
A, B € F(X), we say that A is contained in B (or B contains A), denoted by
A C B, if A(x) < B(z) for all x € X. We say that A = B if and only if A C B
and B C A. A fuzzy set is said to be empty if its membership function is
identically zero on X. We use () to denote the empty fuzzy set. For any family
Xi, i € I, of elements of [0, 1], we write Ve \; or V{A; |i € I'} for the supremum
of {\; |i € I}, and AerA; or A{\; |i € I} for the infimum. In particular, if T is
finite, then V,;c1\; and A;er\; are the greatest element and the least element of
{A\i |i € I'} respectively. Given A, B € F(X), the union of A and B, denoted
AU B, is defined by the membership function (AU B)(z) = A(x) vV B(xz) for all
x € X, the intersection of A and B, denoted AN B, is given by the membership
function (ANB)(z) = A(x) AB(z) for all z € X. Let k € [0,1] and A € F(X).
The scale product kA of k and A is defined by (kA)(z) = k A A(x) for every
x € X, which is again a fuzzy subset of X.

Let 3 be a finite alphabet and ¥%* be the set of all finite words over . We
define the empty word by e. For each u € ¥*, we denote by P, (u), the prefix
of u of length n and by F,,(u), the set of all factors of u of length n. We denote
by S, (u), the suffix of u of length n. An infinite word « over ¥ is a function
a: N — X from the set N of all positive integers to . We represent the
infinite word o as a = aqas - -+ where (i) = a; € X, for all i. We denote by
3%, the set of all infinite words over X. For a € ¥, inf, («) denotes the set of
all elements of F),(«), each of which repeats infinite number of times in a. A
projection f is a mapping from ¥ to I', for some alphabets ¥ and I', defined by
f(a) € T'. A projection map f is extended in a usual fashion to ¥ as follows:
fle) =¢, flau) = f(a)f(u), for a € ¥ and u € E¥.
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A deterministic fuzzy automaton is a tuple M = (Q, %, 9, g0, F') where Q
is a finite non-empty set of states, X is a finite alphabet, § : @ x X — Q is a
transition function, qg € @ is the initial state and F' is a fuzzy subset of Q). The
language accepted by M is the fuzzy subset L(M) of ¥*, defined by L(M)(u) =
F(6(qo,u)). A fuzzy language L is said to be a fuzzy regular language if there
exists a deterministic fuzzy automaton M such that L = L(M).

3. Sub Classes of Fuzzy Regular w-Languages

In this section, we define two subclasses of fuzzy regular w-languages called
fuzzy n-local w-languages and Biichi fuzzy n-local w-languages, and some clo-
sure properties for those subclasses are studied.

Definition 3.1. A fuzzy w-language L over X is called a fuzzy n-local, if there
exists a pair or fuzzy local system S = (A1, \2) where \; is a fuzzy subset of

Y7~ 1 and g is fuzzy subsets of £" such that L(a) = A (P,_1(a)) ANAser, @) A2()),

Va € ¢ and we write L = LY(S). The class of all fuzzy n-local w-languages
is denoted by n-L£5. The language L C ¢ is called a local, if L € n-LY, for
some positive integer n. The class of all fuzzy local w-languages is denoted by
LS.

Remark 3.2. The class of all local w-languages is a proper subset of the class

of all fuzzy local w-languages.

Theorem 3.3. If Ly and Ly are fuzzy n-local w-languages over 32, then L1 N Ly
s a fuzzy n-local w-language over X.

Proof. If Ly and Lo are fuzzy n-local w-languages, then Ly = L¥(.S) for some
fuzzy local system S; = (A}, Ay) and Ly = L¥(Sy) for some fuzzy local system
Sy = (A}, Ay). Consider the local system S = (A1, Ag) where A} = A} A A} and
X2 = Ay A Ny. Let us show that L¥(S) = L¥(Sy) N L¥(Sy) (= Ly N Ly) . For
a €YY,

L2($)(@) = M(Paci(@) A (Aeer,(@Pe(®))
= (M AXDPa1(@) A (Aweraio (o A X)(@))

/

= (MPaca(@) AN Paci(@) A (AseroPal@) AN (@)))
= (M (Pat(@) A (Naer, (@)

A (A (Paca(@) A (Mwer@ha (@)
= L¥(S1)(a) A L¥(S2)(a)
Li(a) A Ly(«@)
= (LiNLy)(e)
Thus LY(S) = LiNLs.
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Therefore L; N Ls is a fuzzy n-local w-language. O

Note that union of two fuzzy n-local w-languages over X need not be a fuzzy
n-local w-languages.

EXAMPLE 3.4. Consider the fuzzy 2-local w-languages Li and Lo over ¥ =
{a, b, ¢} with membership function,

Li(@) 0.3 if a =a(bc)®,
o) =
! 0 otherwise.

and

Lo(a) 04 ifa=a¥,
Q) =
2 0 otherwise.

Therefore

0.4 if a =av,
(L1 U Lg)(a) = 03 ifa= a(bc)“’,

0 otherwise.

If Ly U Ly is a fuzzy local w-language, then there exists a fuzzy local system
S = (A1, A2) such that Ly U Ly = L¥(S). Here \i(a),A\2(aa),A2(ab), Az(be),
A2(cb) are all grater than zero, but Li(a™(bc)¥ = 0 and La(a™(be)” = 0 which
is a contradiction. Therefore (L; U Lg)(a™(bc)¥ # ¢,n > 1.

Theorem 3.5. If X1 and Yo are two disjoint subsets of the alphabet 3 whose
ungon is X and if L1 C XY and Ly C 34 are fuzzy n-local w-languages, then
Ly U Ly is a fuzzy n-local w-language over X.

Proof. Since L; and Ly are fuzzy n-local w-languages over ¥¢ and X%, we have
Ly = L¥(S}) for some fuzzy local system S; = (A}, \y) and Ly = L¥(Ss) for
some fuzzy local system Sy = (A}, Ay ). Consider the local system S = (A1, As)
where \; = )\/1 \% /\/1/ and Ay = )\'2 \% )\'2'. Here L; and Ly are defined on disjoint
domains ¢ and X, respectively. We can view them as having same domain
¥¢ by defining Ly (o) = 0 for every a € 3% — ¥ and L2(a) = 0 for every
a € ¥ — X%, Let us show that L¥(S) = L“(S1) U L¥(S2) (= L1 U Lg). For
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a € XY,
L(8)(@) = M(Pa-1(@) A (Aser, @ a(2))
= (VADPa(@) A (Aaer (e vV A3)(@))

/

= (MPama(@) VA Pacs(@) A (Aver o (al@) V 45 ()))
= (MPr@) A e, @)

Vo (N (Paca(@) A (Maer @ (@)
= L¥(S1)(a) V L*(S2)(a)
Li(a) V Ly(a)
(L1 U Lo) ()
Thus L¥(S) = LjUL,.

Therefore L; U Lg is a fuzzy n-local w-language. O

Definition 3.6. A fuzzy w-language L over ¥ is called a Biichi fuzzy n-
local, if there exists a triple S = (A1, A2, A3) where A\; is a fuzzy subset of
Y7~ and Ay, A3 are fuzzy subsets of ¥" such that A3 < Ay and L(a) =

M (Pr—1(2)) Al\ser, (o) 22(2) ANV scing, (o) A3(2), Vo € ¢ and we write
L = L%(S). The class of all Biichi fuzzy n-local w-languages is denoted by
n-L£%. The language L C X¥ is called a Biichi fuzzy local, if L € n-L%g,
for some positive integer n. The class of all Biichi fuzzy local w-languages is
denoted by L%.

EXAMPLE 3.7. Consider a fuzzy w-language L whose membership function is

05 ifa=ath®,
L(a) { I & a

given by

0 otherwise.
Let us consider the fuzzy local system S = (A1, A2, A3), where

0.5 ifzx=a,
A(z) = {

0 otherwise.

0.6 if x = ab,
A2(x) = 0.5 if x € {bb,aa},
0 otherwise.

and

A3(x) =
3(@) 0 otherwise.

{0.5 if z = bb,

Then L = L%(S) and therefore L is a Biichi fuzzy local w-language.
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Remark 3.8. The class L of all fuzzy local w-languages is a subset of the class
of all Biichi fuzzy local w-languages £%.

EXAMPLE 3.9. The language L in Example 3.7 is a Biichi fuzzy local w-
language. But L is not a fuzzy local w-language, otherwise, a® € L. Therefore
the class L of all fuzzy local w-languages is a subset of the class of all Biichi
fuzzy local w-languages L£%..

4. Fuzzy LOCAL AUTOMATA

In this section we define two different modes of acceptance for fuzzy w-
language by deterministic fuzzy automata and also establish relationships be-
tween the classes of fuzzy w-languages.

Definition 4.1. A deterministic fuzzy automaton is a tuple M = (Q, %, 6, o, F')
where (@ is a finite non-empty set of states, X is a finite alphabet, § : Q@ x X — @
is a transition function, gg € @ is the initial state and F' is a fuzzy subset of Q.
If @ = ajazaz--- € X, the sequence p = {gn} -, of states from Q is
called a run or path of M for «, if for n > 1, ¢, = §(¢n-1,a,). We write
p:qgo B ¢ B g — ---. The range of p , denoted by ran(p), is the set
ran(p) = {qo,q1,¢2 - } and inf(p) denotes the set of states which appear in-
finitely often in p. We say that for ¢ € {1',2}, the acceptance value of p
on a in i- mode is acci(p, ) where, (i.) accy/(p, ) = Ajcran(,) F(¢) and
(i1.) acea(p,0) = V. yeinf) P(0)

The fuzzy w-language L C ¥ is said to be accepted by M in i-mode, is the
fuzzy subset LY (M) of X¢ defined by LY (M)(a) = acc;(p, ). We denote the
class of all fuzzy w-languages accepted by deterministic fuzzy automata by L;.
A fuzzy w-language L is said to be a fuzzy regular w-language if there exists a
deterministic fuzzy automaton M such that L = L§(M).

Definition 4.2. A deterministic fuzzy automaton M = (Q, %, d, qo, F') is said
to be n-local if for every u € X", the set {§(q,u) : ¢ € @} contains at most one
element. We denote the class of all fuzzy w-languages accepted by deterministic
fuzzy n-local automata in i-mode by n-L;.

Theorem 4.3. L C X% is a fuzzy n-local w-languages if and only if L is
accepted by a fuzzy n-local automaton in 1 -mode.

Proof. Let L € n-£4. Then there exists a pair S = (A1, A2) where A\; is
a fuzzy subset of ¥"71 and Ay is a fuzzy subset of X" such that L(a) =
M (Pr—1(a)) A(\zer, (o) A2(2)),Va € X%, Consider the deterministic fuzzy
automaton M = (Q, X, d, qo, F') where

Q = {{{\} U{la1],[araz],- -+ s [araz - an—1] @ Ai(araz---an—1) #
0} U {[u] : Aao(u) # 0}},
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qo = {[)‘}}a

d is defined as follows:

For all ajas - --a,_1 € X" ! such that A\j(ajaz---a,_1) #0and a € 3,

((Abar) = a1l
d(Jaras - - a;],a;41) = [arag---ai41],i=1,--- ,n—2 and
0([arag - -ap—1],a) = [arag---ap—1al],if Aa(arag---an—1a) # 0.

For all ajas -+ a, € X" such that A\y(a1as---a,) #0 and a € 3,
d([aras - - apl,a) = lagas---anal,if Aa(azas---aza) # 0.
and F' is defined by

(M) ifuesr
b= {Al(u) ifue ™

Then M is n-local and L = L% (M). Therefore L € n-L,.
Conversely, assume that L € £,-. Consider the pair S = (A1, A2) where, for
each u € ¥™,

0 otherwise.

M) = {1 if 6(g0,u) € Q,

and for each u € X"+,

Do) = F(6(q,u)) if d(q,u) € Q,
2 0 otherwise.

Then L = L{(S) and therefore L € n-Lf. Hence L € n-L;; = L € n-L%,
n > 1. O

Theorem 4.4. L C X% is a Biichi fuzzy local w-languages if and only if L is
accepted by a fuzzy local automaton in 2-mode.

Proof. Let L € n-£4%. Then there exists a triple S = (A1, A2, A3) where A\
is a fuzzy subset of ¥"~! and As, A3 are fuzzy subset of ¥" such that A3 <

Az and L(a) = M (Pa-1(0)) A ser, (o) A2(@)) AV sy, (o) As @), Yoo € 2.
Consider the deterministic fuzzy automaton M = (Q, %, 9, g0, F') where

Q = {{A} U{lai], [araz], -+ larag -~ ana] = Mifarag---an) #
0} U {lul = Aa(u) # 03},

qo = {[A}}a

¢ is defined as follows:
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For all ajas - --a,_; € X" ! such that A\j(a1as---a,_1) #0 and a € %,

6([/\]7’7'1) = [al]v
d([aras - -a;],a;41) = [arag---aj41],i=1,--- ,n—2 and
0([arag - - an—1],a) = J[ajag---ap—1al,if Aa(arags---an_1a) # 0.

For all ajas---a, € ¥" such that Aa(a1az---a,) # 0 and a € 3,
d([araz - -apl,a) = lazas---anal,if Aa(agas - --ana) # 0.

and F' is defined by

As(p) ifueXm,

0 otherwise.

F([ul) :{

Then M is n-local and L = n-LY(M). Therefore L € n-L,.
Conversely, assume that L € n-L,. Consider the fuzzy local system S =
(A1, A2, A2) where, for each u € X",

M) = {1 if 8(qo, u) € @,

0 otherwise.

and for each u € X",

1 if uis a factor of @ € 3¢ for which L¥(M)(«a) # 0,
Ao (u) =

0 otherwise.

and Ag(u) = F(d(q,u)), for some ¢ € Q. Then L = L%(S) and therefore L €
(n+1)-L£%. Hence L € n-L3 = L € n-LY, n > 1. O

Theorem 4.5. Every fuzzy reqular w-languages is a projection of a Biichi fuzzy
local w-languages.

Proof. Let L € L,. Consider the alphabet I' = @ x ¥ x (). Consider the fuzzy
local system S = (A1, A2, A3) where \; is a fuzzy subset of T" be defined by

1 if q1 = qo,

0 otherwise.

(g1, a,q2) = {
Ao and A3 are the fuzzy subsets of I'? be defined by

1 if go = g3,

0 otherwise.

Xao((a1,0,42) (g3, 0,44)) = {

F(qa) if g2 = g3,
0 otherwise.

As((q1,a,92)(g3,a,q4)) = {

Let Ly = L“(S), where S is a fuzzy local system over ¥. Then L; is a
fuzzy Biichi 2-local w-language. Define the projection map f : I' — X by
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f(q1,a,q2) = a. This map can be extended to I'Y as f((q1,a,¢2)(gs,b,q4) ...) =
ab.... Then f(Ly) = L. O

5. CONCLUSION

In this paper, extension of fuzzy regular languages to fuzzy regular w-
languages and fuzzy 2-local w-languages to fuzzy n-local w-languages, Biichi
fuzzy 2-local w languages to Biichi fuzzy n-local w-languages are carried out.
Some closure properties of fuzzy n-local w-languages under union and intersec-
tion are discussed. Deterministic fuzzy automaton acceptance conditions on
fuzzy w-languages are defined and shown that L € LY is the class of fuzzy local
w-languages if and only if L is accepted by fuzzy local automaton in 1'-mode
and also proved that L € £% is the class of Biichi fuzzy local w-languages if
and only if L is accepted by fuzzy local automaton in 2-mode. Finally every
fuzzy regular w-languages is a projection of a Biichi fuzzy local w-languages.
This work can be further investigated by applying fuzzy learning automata for
optimization problems.
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