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ABSTRACT. The aim of this short note is to introduce the concepts of
prime and semiprime ideals in ordered AG-groupoids with left identity.
These concepts are related to the concepts of quasi-prime and quasi-
semiprime ideals, play an important role in studying the structure of

ordered AG-groupoids, so it seems to be interesting to study them.
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1. INTRODUCTION

A groupoid S is called an Abel-Grassmann’s groupoid, abbreviated as an
AG-groupoid, if its elements satisfy the left invertive law [4, 5]. That is: for all
Several examples and interesting properties of AG-groupoids can be found in
[6], [11], [12] and [13]. Tt has been shown in [6] that if an AG-groupoid contains
a left identity then it is unique. It has been proved also that an AG-groupoid
with right identity is a commutative monoid, that is, a semigroup with identity
element. It is also known [5] that in an AG-groupoid , the medial law, that is,

(ab)(cd) = (ac)(bd)
for all a,b,c,d € S holds. Now we define the concepts that we will used. Let

S be an AG-groupoid. By an AG-subgroupoid of [15], we means a non-empty
subset A of S such that A2 C A. A non-empty subset A of an AG-groupoid S
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is called a left (right) ideal of [14] if SA C A(AS C A). By two-sided ideal or
simply ideal, we mean a non-empty subset of an AG-groupoid S which is both
a left and a right ideal of S.

The concept of an ordered AG-groupoid was first given by Khan and Faisal
in [8] which is infect the generalization of an ordered semigroup.

In this paper we characterize the ordered AG-groupoid. We study prime,
semiprime, quasi-prime and quasi-semiprime in ordered AG-groupoids with left
identity are introduced and described.

2. Basic RESULTS

In this section, we refer to [17, 18] for some elementary aspects and quote
few definitions and essential examples which are essential to step up this study.
For more details, we refer to the papers in the references.

Definition 2.1. [17, 18] Let S be a nonempty set, - a binary operation on
S and < a relation on S.(S,-, <) is called an ordered AG-groupoid if (S, ) is
a AG-groupoid, (S, <) is a partially ordered set and for all a,b,c € S,a < b
implies that ac < bc and ca < cb.

Lemma 2.2. [17, 18] An ordered AG-groupoid (S, -, <) is an ordered semigroup
if and only if a(bc) = (cb)a, for all a,b,c € S.

Proof. See [17, 18]. O

Lemma 2.3. [17, 18] Let (S,-, <) be an ordered AG-groupoid and let A, B
subsets of S. The following statements hold:

(1) If AC B, then (A] C (B].

(2) (Al(B] € (AB].

(3) ((Al(B]] < (AB].

Proof. See [17, 18]. O

Lemma 2.4. Let (S,-, <) be an ordered AG-groupoid and let A, B subsets of
S. The following statements hold:

(1) AC (4

(2) ((A]] < (4]

Proof. The proof is obvious. O

Definition 2.5. [17, 18] A nonempty subset A of an ordered AG-groupoid
(S, -, <) is called an AG-subgroupoid of S if AA C A.

Definition 2.6. [17, 18] A nonempty subset A of an ordered AG-groupoid
(S,-,<) is called a left ideal of S if (A] C A and SA C A and called a right
ideal of S if (4] C A and AS C A. A nonempty subset A of S is called an ideal
of S if A is both left and right ideal of S.
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Lemma 2.7. [17, 18] Let (S, -, <) be an ordered AG-groupoid with left identity.
Then every right ideal of (S, -, <) is a left ideal of S.

Proof. See [17, 18]. O

Lemma 2.8. [17, 18] Let (S, -, <) be an ordered AG-groupoid with left identity
and A C S. Then S(SA) = SA and S(SA] C (SA].

Proof. See [17, 18]. O

Lemma 2.9. [17, 18] Let (S, -, <) be an ordered AG-groupoid with left identity
and a € S. Then < a >= (Sa.

Proof. See [17, 18]. O

3. IDEALS IN ORDERED AG-GROUPOIDS

The results of the following lemmas seem to play an important role to study
ordered AG-groupoids; these facts will be used frequently and normally we
shall make no reference to this lemma.

Lemma 3.1. If (S, -, <) is an ordered AG-groupoid with left identity and let
a €8, then (aS] is a left ideal of S.

Proof. Assume that (S, -, <) is an ordered AG-groupoid with left identity. By
Lemma 2.4, we have (aS] = ((aS]]. Then

S@S] = (S](aS]
< (5(a5)]
= (a(59)]
= (aS].
Therefore (aS] is a left ideal of S. O

Proposition 3.2. If (S,-,<) is an ordered AG-groupoid with left identity and
let a € S, then (a®S) is an ideal of S.

Proof. Assume that (5, -, <) is an ordered AG-groupoid with left identity. By
Lemma 3.1, we have (a?S)] left ideal of S. Then

(a%5]S
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Therefore (a?S] is an ideal of S. O
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Lemma 3.3. If (S, -, <) is an ordered AG-groupoid with left identity and let
a €8S, then (aU Sa] is a left ideal of S.

Proof. Assume that (5, -, <) is an ordered AG-groupoid with left identity. By
Lemma 2.4, we get (a U Sa] = ((a U Sa]]. Then

S(a U Sal
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Therefore (a U Sa] is a left ideal of S. O

Proposition 3.4. If (S,-,<) is an ordered AG-groupoid with left identity and
let a € S, then (SaU aS] is an ideal of S.

Proof. Assume that (5, -, <) is an ordered AG-groupoid with left identity. By
Lemma 2.4, we have (aS U aS] = ((aS U aS]]. Then

(aS'U SalS
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Therefore (Sa U aS] is a right ideal of S. By Lemma 2.7, we have (Sa U aS] is
an ideal of S. O

Lemma 3.5. If (S,-,<) is an ordered AG-groupoid with left identity and let
a €S, then (aUSaUaS] is an ideal of S.
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Proof. Assume that (5, -, <) is an ordered AG-groupoid with left identity. By
Lemma 2.4, we have (a U Sa U aS] = ((a U Sa U aS]]. Then

(aU SaUaS]S (aU SaUaS](S]
((aUSaUaS)S|
(aS'U (Sa)S U (aS)S]
(aS U (Sa)(SS) U (55)al
(@S U (SS)(aS) U Sa)
(
(
(
(
(

n

aS U S(aS) U Sa]
aSUa(SS) U Sa]
SaUaS U Sd]
Sa U aS]
alUSaUasS].

Nl

Therefore (aUSaUaS] is a right ideal of S. By Lemma 2.7, we have (aUSaUaS]
is an ideal of S. O

Proposition 3.6. If (S,-, <) is an ordered AG-groupoid with left identity and
let a € S, then (a® Ua?S] is an ideal of S.

Proof. Assume that (S, -, <) is an ordered AG-groupoid with left identity. By
Lemma 2.4, we have (a? Ua?S] = ((a? U a?S]]. Then

(a®> Ua?S)S a? U a?S](9]

(a®> Ua?S)S]

a’S U (aS)S]

a®(SS) U (SS)a?]

S(a%S) U Sa?]

U

U

U

I

5((aa)S)
S((Sa)a)
(Sa)(Sa)
(89)(aa) U Sa?
Sa? U Sa?)

Sa?
a?Ua?S).

A/-\AAAA/-\/-\A/-\/-\/-\

Sa?)
Sa?]
Sa?
]

Nl

Therefore (a? U a?S] is a right ideal of S. By Lemma 2.7, we have (a? U a?9)] is
an ideal of S. g

Corollary 3.7. If (S, -, <) is an ordered AG-groupoid with left identity and let
a € S, then (a® U Sa?] is an ideal of S.

Proof. By Proposition 3.6. (]
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4. PRIME AND SEMIPRIME IDEALS IN ORDERED AG-GROUPOIDS

We start with the following theorem that gives a relation between semiprime
and quasi-semiprime ideal in ordered AG-groupoid. Let us start with the fol-
lowing definitions:

Definition 4.1. Let (5,-, <) be an ordered AG-groupoid. An ideal P of S
is called semiprime if every ideal A of S such that AA C P, then A C P. A

left ideal P of S is called quasi-semiprime if every left ideal A of S such that
AA C P, then A C P.

It is easy to see that every quasi-semiprime ideal is semiprime.

Lemma 4.2. Let (S,-, <) be an ordered AG-groupoid with left identity. Then
an ideal P of S is quasi-semiprime if and only if a®> € P implies that a € P,
where a € S.

Proof. (=) Assume that (S, -, <) is an ordered AG-groupoid with left identity.
Then by hypothesis, we get a? € P, for any a € S. Then

(aU Sal(a U Sal ((aU Sa)(aU Sa)]
(a(aU Sa) U (Sa)(aU Sa))
(a®> Ua(Sa) U (Sa)aU (Sa)(Sa)]
(PUS(aa)Ua?S U S((Sa)a)]
(PUSPUPSUS(a®9))
(PUPUPUS(PS)
(PUSP]
(P
P.

1N

N 1 inin

By Definition 4.1, we get a € (a U Sa] C P so that a € P.

(<) Assume that if a®> € P, then a € P, where a € S. Suppose that AA C P,
where A is a left ideal of S such that A ¢ P. Then there exists an element
a € A such that a ¢ P. Now aa € AA C P, for all a € A. So by hypothesis, we
get a € P which is a contradiction. Hence P is quasi-semiprime ideal in S. O

Definition 4.3. Let (5,-,<) be an ordered AG-groupoid, a € S arbitrary
element if (aa)a = a(aa) = a we say that a is a 3-potent. Ordered AG-groupoid
S is a 3-band (or ordered AG-3-band) if all of its elements are 3-potents.

Lemma 4.4. Let (S,-, <) be an ordered AG-3-band with left identity. Then
an ideal P of S is semiprime if and only if a®> € P implies that a € P, where
a€s.
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Proof. (=) Assume that (S, -, <) is an ordered AG-groupoid with left identity.
Then by hypothesis, we get a?> € P, for any a € S. Then

(aUSaUaS](aUSaUaS] C

N

N N

N

1N 1NN

((aUSaUaS)(aUSaUal)]
(a(aU SaUaS)U (Sa)(aU SaUaS)U
(aS)(aU Sa U al)]
(aa Ua(Sa) Ua(aS) U (Sa)aU (Sa)(Sa)u
(Sa)(aS) U (aS)a U (aS)(Sa) U (aS)(al)]
PU(Sa)(Sa)U (Sa)(aS) U (Sa)(Sa)

(

By Definition 4.1, we get a € (a U Sa U aS] C P and so that a € P.
(<) Assume that if a®> € P, then a € P, where a € S. Suppose that AA C P,
where A is an ideal of S such that A ¢ P. Then there exists an element a € A
such that a ¢ P. Now aa € AA C P, for all a € A. So by hypothesis, we get
a € P which is a contradiction. Hence P is semiprime ideal in S.

O

Lemma 4.5. Let (S, -, <) be an ordered AG-3-band with left identity. Then an
ideal P of S is semiprime if and only if P is quasi-semiprime.

Proof. This follows from Lemma 4.2 and Lemma 4.4.

]

Theorem 4.6. Let (S,-,<) be an ordered AG-3-band with left identity and

let P be an ideal of S. Then an ideal P of S is semiprime if and only if

(a(Sa)] C P implies that a € P, where a € S.
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Proof. (=) Assume that (5, -, <) is an ordered AG-groupoid with left identity.

Then
aa € (Sa)(Sa) =

I
~—~ —~
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»
S
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S
~
—
n
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~

NN N

By Lemma 4.4, we have a € P.

(<) Assume that if (a(Sa)] C P, then a € P, where a € S. Suppose that
AA C P, where A is an ideal of S such that A Q P. Then there exists an
element a € A such that a ¢ P. Now

aa = (a(ea)) € A(SA) C AAC P,

for all @ € A. So by hypothesis, we get a € P which is a contradiction. Hence
P is semiprime ideal in S. (]

Definition 4.7. Let (5,-, <) be an ordered AG-groupoid. An ideal P of S
is called prime if every ideals A, B of S such that AB C P, then A C P or
B C P. A left ideal P of S is called quasi-prime if every left ideals A, B of S
such that AB C P, we have A C P or BC P.

It is easy to see that every quasi-prime ideal is prime.

Lemma 4.8. Let (S,-, <) be an ordered AG-groupoid with left identity. Then
an ideal P of S is quasi-prime if and only if ab € P implies that a € P or
b e P, where a,be S.

Proof. (=) Assume that (S, -, <) is an ordered AG-groupoid with left identity.
Then by hypothesis, we get ab € P, for any a,b € S. Then

(aUSal(buSt] C ((aUSa)(bU Sb)]

(a(bU SbH) U (Sa)(bU Sb)]

(ab U a(Sb) U (Sa)bU (Sa)(Sh)]

(P U S(ab) U (ba)S U (SS)(abd)]

(PUSPU (ba)(SS) U (SS)P]
(PUPU(SS)(ab) USSP

(PUSPUP]

(PU P

(P)

P.

By Definition 4.7, we get a(a U Sa] C P or b € (bUSb] C P so that a € P or
be P.

(<) Assume that if ab € P, then a € P or b € P, where a,b € S. Suppose

NN NN inin
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that AB C P, where A and B are left ideals of S such that A Q P. Then there
exists an element a € A such that a ¢ P. Now ab € AB C P, for all b € B.
So by hypothesis, we get b € P, for all b € B implies that B C P. Hence P is

quasi prime ideal in S.

O

Lemma 4.9. Let (S,-,<) be an ordered AG-3-band with left identity. Then an
ideal P of S is prime if and only if ab € P implies that a € P or b € P, where

a,bes.

Proof. (=) Assume that (S, -, <) is an ordered AG-groupoid with left identity.
Then by hypothesis, we get ab € P, for any a,b € S. Then

(aUSaUaS](buSbuU bS]

By Definition 4.7, we get a € (a

that a € P or b € P.
(<) It is obvious.

c

N

[ T I T | e ([ (R | I B TR W T

((aUSaUaS)(bUSbUbLS)]
(a(bUSbUDBS) U (Sa)(bu SbUbS)U
(aS)(bU SbUBS)]

(abUa(Sb) Ua(bS) U (Sa)bU (Sa)(Sb)u
(Sa)(bS) U (aS)bU (aS)(Sb) U (aS)(bS)]

(PU(Sa)(Sb) U (Sa)(bS) U (Sa)(Sb)

U(Sa)(Sb) U (Sa)(bS) U (aS)(Sb)

U(aS)(Sb) U (aS)(bS9)]

(PU(Sa)(Sb) U (Sa)(bS)

U(aS)(Sb) U (aS)(bS)]

(PU(SS)(ab) U ((bS)a)S

US((bS)a) U (ab)(S9)]

(PUSPU((bS)a)(SS)U (SS)((bS)a) U PS]
(PUPU(SS)(a(bS)) U (a(bS))(SS)uU P

(P U S((a(aa))(dS)) U ((a(aa))(b)S]

(P U S((ab)((aa)S)) U ((ad)((aa)s))S]

(P US((a((bb)b))((aa)S)) U ((a((bb)b))((aa)s))S]
(P US(((bb)(ab))((aa)S)) U (((bd)(ab))((aa)s))S]
(P US(((bb)(aa))((ab)S)) U (((bd)(aa))((ab)S5))S]
(P U S(((aa)(bd))((ab)S)) U (((aa)(bd))((ab)S))S]
(P U S(((ad)(ab))((ab)S)) U (((ab)(ab))((ab)S5))S]
(PUS((PP)(PS))US((PP)(PS))S]
(PUPUP]

(P]

P.

USaUaS] C Porac (aUSbUbLS] C P so

O

Lemma 4.10. Let (S,-,<) be an ordered AG-3-band with left identity. Then
an ideal P of S is prime if and only if P is quasi-prime.

Proof. This follows from Lemma 4.8 and Lemma 4.9. (]
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Theorem 4.11. Let (S,-, <) be an ordered AG-3-band with left identity and
let P be an ideal of S. Then an ideal P of S is semiprime if and only if
(a(Sb)] C P implies that a € P or b € P, where a,b € S.

Proof. (=) Assume that (5, -, <) is an ordered AG-groupoid with left identity.

Then
ab € (Sa)(Sbh)

\
N N /N

—

n

(=

NSNS

e

S &

=

n

nn

N

N 1N 1N
»n U
w’ﬁd

By Lemma 4.9, we have a € P or b € P.
(<) It is obvious. 0

ACKNOWLEDGMENTS

The authors are very grateful to the anonymous referee for stimulating com-
ments and improving presentation of the paper.

REFERENCES

1. F. Yousafzai, N. Yaqoob, A. Borumand Saeid, Some results in bipolar-valued fuzzy or-
dered AG-groupoids, Discussiones Mathematicae General Algebra and Applications, 32,
(2012), 55-76.

2. A. Gharibkhajeh, H. Doostie, On the graphs related to green relations of finite semi-
groups, Iranian Journal of Mathematical Sciences and Informatics, 9(1), (2014), 43-51.

3. S. H. Ghazavi, S. M. Anvariyeh, S. Mirvakili, Elhyperstructures derived from (partially)
quasi ordered hyperstructures, Iranian Journal of Mathematical Sciences and Informat-
ics, 10(2), (2015), 99 —114.

4. P. Holgate, Groupoids satisfying a simple invertive law, Math. Stud., 61, (1992), 101-106.

5. M.K. Kazim, M. Naseeruddin, On almost semigroups, The Alig. Bull. Math, 2, (1972),
1-7.

6. M. Khan, N. Ahmad, Characterizations of left almost semigroups by their ideals, Journal
of Advanced Research in Pure Mathematics, 2(3), (2010), 61-733.

7. M. Khan, S. Anis, K.P. Shum, Characterizations of left regular ordered Abel-Grassmann
groupoids, International Journal of Algebra, 5(11), (2011), 499-521.

8. M. Khan, Faisal, On fuzzy ordered Abel-Grassmann’s groupoids, J. Math. Res., 3, (2011),
27-40.

9. A. Khan, F. Yousafzai, W. Khan, N. Yaqoob, Ordered LA-semigroups in terms of interval
valued fuzzy ideals, Journal of Advanced Research in Pure Mathematics, 5(1), (2013),
100-117.

10. H. R. Maimani, Median and center of zero-divisor graph of commutative semigroups,
Iranian Journal of Mathematical Sciences and Informatics, 3(2), (2008), 69-76.

11. Q. Mushtaq, Abelian groups defined by LA-semigroups, Studia Scient. Math. Hungar,
18, (1983), 427-428.

12. Q. Mushtaq, Q. Igbal, Decomposition of a locally associative LA-semigroup, Semigroup
Forum, 41, (1990), 154-164.



14.

15.

16.

17.

18.

On Prime and Semiprime Ideals in Ordered AG-Groupoids 11

. Q. Mushtaq, M. Igbal, On representation theorem for inverse LA-semigroups, Proc. Pak-
istan Acad. Sci, 30, (1993), 247-253.

Q. Mushtaq, M. Khan, A note on an Abel-Grassmann’s 3-band, Quasigroups and Related
Systems, 15, (2007), 295-301.

Q. Mushtaq, M. Khan, Ideals in left almost semigroup,arXiv:0904.1635v1 [math.GR],
(2009).

M. Shah, I. Ahmad, A. Ali, Discovery of new classes of AG-groupoids, Research Journal
of Recent Sciences, 1(11), (2012), 47-49.

T. Shah, I. Rehman and R. Chinram, On M-systems in ordered AG-groupoids, Far Fast
J. Math. Sci., 47(1), (2010), 13-21.

T. Shah, T. Rehman, A. Razzaque, Soft ordered Abel-Grassman’s groupoid (AG-
groupoid), International Journal of the Physical Sciences, 6(25), (2011), 6118-6126.



