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Abstract. In this paper, we study generalized Douglas-Weyl Finsler

metrics. We find some conditions under which the class of generalized

Douglas-Weyl (α, β)-metric with vanishing S-curvature reduce to the class

of Berwald metrics.
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1. Introduction

Let (M,F ) be a Finsler manifold. In local coordinates, a curve c(t) is a

geodesic if and only if its coordinates (ci(t)) satisfy c̈i + 2Gi(ċ) = 0, where

the local functions Gi = Gi(x, y) are called the spray coefficients [10]. F is

called a Berwald metric, if Gi are quadratic in y ∈ TxM for any x ∈ M

or equivalently Gi = 1
2Γijk(x)yjyk. As a generalization of Berwald curva-

ture, Bácsó-Matsumoto introduced the notion of Douglas metrics which are

projective invariants in Finsler geometry [2]. F is called a Douglas metric if

Gi = 1
2Γijk(x)yjyk + P (x, y)yi.

A Finsler metric F is called generalized Douglas-Weyl metric (briefly, GDW-

metric) if Di
jkl||my

m = Tjkly
i holds for some tensor Tjkl, where Di

jkl||m de-

notes the horizontal covariant derivatives of Di
jkl with respect to the Berwald
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connection of F [8][18]. For a manifold M , let GDW (M) denotes the class

of all Finsler metrics satisfying in above relation for some tensor Tjkl. In [3],

Bácsó-Papp showed that GDW (M) is closed under projective changes. Then,

Najafi-Shen-Tayebi characterized generalized Douglas-Weyl Randers metrics

[8]. In [18], it is proved that all generalized Douglas-Weyl spaces with vanish-

ing Landsberg curvature have vanishing the quantity H. For other works, see

[12] and [13].

The notion of S-curvature is originally introduced by Shen for the volume

comparison theorem [9]. The Finsler metric F is said to be of isotropic S-

curvature if S = (n+ 1)cF , where c = c(x) is a scalar function on M . In [14],

it is shown that every isotropic Berwald metric has isotropic S-curvature. In

[4], Cheng-Shen show that every (α, β)-metric with constant Killing 1-form has

vanishing S-curvature. Then, Bácsó-Cheng-Shen proved that a Finsler metric

F = α ± β2/α + εβ has vanishing S-curvature if and only if β is a constant

Killing 1-form [1]. Therefore, the Finsler metrics with vanishing S-curvature

are of some important geometric structures which deserve to be studied deeply.

An (α, β)-metric is a Finsler metric on M defined by F := αφ(s), s = β/α,

where φ = φ(s) is a C∞ function on the (−b0, b0) with certain regularity,

α =
√
aij(x)yiyj is a Riemannian metric and β(y) = bi(x)yi is a 1-form on

M [6]. In this paper, we are going to study generalized Douglas-Weyl (α, β)-

metrics with vanishing S-curvature.

Theorem 1.1. Let F = αφ(s), s = β/α, be an (α, β)-metric on a manifold

M of dimension n ≥ 3. Suppose that

F 6= c3α

(
β

α

) c2
1+c2

(
c1
β

α
+ c2 + 1

) 1
1+c2

and F 6= d1
√
α2 + d2β2 + d3β.

where c1, c2 ,c3 ,d1, d2 and d3 are real constants. Let F has vanishing S-

curvature. Then F is a GDW-metric if and only if it is a Berwald metric.

2. Preliminary

Given a Finsler manifold (M,F ), then a global vector field G is induced

by F on TM0, which in a standard coordinate (xi, yi) for TM0 is given by

G = yi ∂
∂xi − 2Gi(x, y) ∂

∂yi , where

Gi :=
1

4
gil
{

[F 2]xkyly
k − [F 2]xl

}
, y ∈ TxM.

The G is called the spray associated to F .

Define By : TxM ⊗ TxM ⊗ TxM → TxM and Ey : TxM ⊗ TxM → R by

By(u, v, w) := Bijkl(y)ujvkwl ∂
∂xi |x and Ey(u, v) := Ejk(y)ujvk where

Bijkl :=
∂3Gi

∂yj∂yk∂yl
, Ejk :=

1

2
Bmjkm.
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Generalized Douglas-Weyl Finsler Metrics 69

B and E are called the Berwald curvature and mean Berwald curvature, re-

spectively. F is called a Berwald and weakly Berwald if B = 0 and E = 0,

respectively [5][7].

Let

Di
j kl :=

∂3

∂yj∂yk∂yl
(
Gi − 1

n+ 1

∂Gm

∂ym
yi
)
.

It is easy to verify that D := Di
j kldx

j ⊗ ∂i ⊗ dxk ⊗ dxl is a well-defined

tensor on slit tangent bundle TM0. We call D the Douglas tensor. A Finsler

metric with D = 0 is called a Douglas metric. The notion of Douglas metrics

was proposed by Bácsó-Matsumoto as a generalization of Berwald metrics [2].

The Douglas tensor D is a non-Riemannian projective invariant, namely, if

two Finsler metrics F and F̄ are projectively equivalent, Gi = Ḡi+Pyi, where

P = P (x, y) is positively y-homogeneous of degree one, then the Douglas tensor

of F is same as that of F̄ . Finsler metrics with vanishing Douglas tensor are

called Douglas metrics [11].

For a Finsler metric F on an n-dimensional manifold M , the Busemann-

Hausdorff volume form dVF = σF (x)dx1 · · · dxn is defined by

σF (x) :=
Vol(Bn(1))

Vol
[
(yi) ∈ Rn

∣∣∣ F(yi ∂
∂xi |x

)
< 1
] .

Let Gi denote the geodesic coefficients of F in the same local coordinate system.

The S-curvature is defined by

S(y) :=
∂Gi

∂yi
(x, y)− yi ∂

∂xi

[
lnσF (x)

]
,

where y = yi ∂
∂xi |x ∈ TxM . S is said to be isotropic if there is a scalar functions

c = c(x) on M such that S = (n+ 1)cF .

For an (α, β)-metric F = αφ(s), s = β/α, put

Φ := −(q − sq′)[n∆ + 1 + sq]− (b2 − s2)(1 + sq)q′′,

where

q :=
φ′

φ− sφ′
, ∆ := 1 + sq + (b2 − s2)q′.

In [4], Cheng-Shen characterize (α, β)-metrics with isotropic S-curvature.

Lemma 2.1. ([4]) Let F = αφ(s), s = β/α, be an non-Riemannian (α, β)-

metric on a manifold M of dimension n ≥ 3. Suppose that φ 6= c1
√

1 + c2s2 +

c3s for any constant c1 > 0, c2 and c3. Then F is of isotropic S-curvature

S = (n+ 1)cF if and only if one of the following holds

(a) β satisfies

rij = ε(b2aij − bibj), sj = 0, (2.1)
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where ε = ε(x) is a scalar function, b := ‖βx‖α and φ = φ(s) satisfies

Φ = −2(n+ 1)k
φ∆2

b2 − s2
, (2.2)

where k is a constant. In this case, S = (n+ 1)cF with c = kε.

(b) β satisfies

rij = 0, sj = 0 (2.3)

In this case, S = 0.

The characterization of Finsler metrics with isotropic S-curvature in Cheng-

Shen’s paper is not complete [4]. Their result is correct for dimension n ≥ 3.

For the case dimension(M) = 2, see [16].

3. Proof of Main Results

Let F := αφ(s), s = β/α, be an (α, β)-metric on a manifold M , where

α =
√
aij(x)yiyj and β(y) = bi(x)yi. Define bi|j by bi|jθ

j := dbi− bjθ j
i , where

θi := dxi and θ j
i := Γ̃jikdx

k denote the Levi-Civita connection forms of α. Let

rij :=
1

2

[
bi|j + bj|i

]
, sij :=

1

2

[
bi|j − bj|i

]
,

ri0 := rijy
j , r00 := rijy

iyj , rj := birij , tij := sims
m
j

si0 := sijy
j , sj := bisij , r0 := rjy

j , s0 := sjy
j .

Then β = bi(x)yi is a constant Killing one-form on M if rij = sj = 0 hold. By

definition, we have

bi|j = sij + rij .

Since yi|s = 0, then for a constant Killing 1-form β we have

r00 = 0, ri + si = 0.

For an (α, β)-metric F = αφ(s), s = β/α, the following hold.

Proposition 3.1. Let F = αφ(s), s = β/α, be an (α, β)-metric on an n-

dimensional manifold M of dimension n ≥ 3, where α =
√
aij(x)yiyj is a

Riemannian metric and β = bi(x)yi is a one-form on M . Suppose that F is of

vanishing S-curvature. Then F is a GDW-metric if and only if the following

holds

C1 sj0|0y
i − (C2 yj + C3 bj)y

it00 = C4 yjs
i
0|0 + C5

(
bjs

i
0|0 + sj0s

i
0

)
+C6 s

i
j|0 + C7(yjt

i
0 + sj0s

i
0) + C8 bjt

i
0, (3.1)
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where

C1 :=−
[
(n+ 1)Qα + 2βQαβ

]
α−3 −

[
Qαα + b2Qββ

]
α−2,

C2 := (n+ 1)
[
Q2
α +QQαα − α−1QQα

]
α−4 − 2

[
QαQβ +QQαβ

]
βα−5

+ 2
[
2QαQαβ +QααQβ +QQααβ

]
βα−4 + b2

[
2QαβQβ +QαQββ

]
α−3

+
[
b2QQαββ + 3QαQαα +QQααα

]
α−3,

C3 := (n+ 3)
[
QαQβ +QQαβ

]
α−3 + 2

[
QαQββ +QQαββ

]
βα−3

+
[
2QαQαβ +QβQαα +QQααβ + 4βα−1QβQαβ

]
α−2

+ b2
[
3QβQββ +QQβββ

]
α−2,

C4 :=−
[
(n+ 1)Qα + 2βQαβ

]
α−3 + 2

[
βQααβ +Qαα

]
α−2

+
[
b2Qαββ +Qααα

]
α−1,

C5 := (n+ 3)α−1Qαβ +Qααβ + 2βα−1Qαββ + b2Qβββ ,

C6 := (n+ 1)α−1Qα +Qαα + 2βα−1Qαβ + b2Qββ ,

C7 := (n+ 1)α−3QQα − (n+ 1)α−2(Q2
α +QQαα)− 2βα−2QQααβ

+ 2
[
QQαβ +QαQβ

]
βα−3 − b2

[
QQαββ + 2QαβQβ

]
α−1

− 2
[
2QαQαβ +QβQαα

]
βα−2

− b2α−1QαQββ − 3α−1QαQαα − 2α−1QQααα,

C8 :=−(n+ 3)
[
QQαβ +QαQβ

]
α−1 − 2

[
2QβQαβ +QQαββ +QαQββ

]
βα−1

− b2
[
QQβββ + 3QβQββ

]
−QβQαα −QQααβ − 2QαQαβ .

Proof. Let Gi and Giα denote the spray coefficients of F and α, respectively, in

the same coordinate system. Then, we have

Gi = Giα + Pyi +Qi, (3.2)

where

Q := αq =
αφ′

φ− sφ′
,

P := α−1Θ(r00 − 2Qs0), Qi := Qsi0 + Ψ(r00 − 2Qs0)bi,

Θ =
q − sq′

2∆
=

φφ′ − s(φφ′′ + φ′φ′)

2φ
[
(φ− sφ′) + (b2 − s2)φ′′

]
Ψ :=

q′

2∆
=

1

2

φ′′

(φ− sφ′) + (b2 − s2)φ′′
.
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By Lemma 2.1, we have r00 = s0 = 0. Then (3.2) reduces to following

Gi = Giα +Qsi0. (3.3)

Let “‖,, and “|,, denote the covariant differentiations with respect to Gi and

Giα respectively. Then by (3.3), we have

Di
jkl‖my

m = Di
jkl|my

m − 2Qsp0
∂Di

jkl

∂yp
+ DpjklÑ

i
p −DipklÑ

p
j

− DijplÑ
p
k −DijkpÑ

p
l , (3.4)

where

Di
jkl|my

m = α−4(Qαα − α−1Qα)(Ajkyl +Aklyj +Ajlyk)si0|0

+ α−3Qα(Ajks
i
l|0 +Akls

i
j|0 +Ajls

i
k|0)

+ α−3Qαβ

[
(Ajkbl +Aklbj +Ajlbk)si0|0

+ (Ajksl0 +Aklsj0 +Ajlsk0)si0

]
+ α−2Qααβ

[
(yjykbl + ykylbj + yjylbk)si0|0

+ (yjyksl0 + ykylsj0 + yjylsk0)si0

]
+ α−1Qαββ

[
(yjbkbl + ykbjbl + ylbkbj)s

i
0|0

+
(
(yjbl + ylbj)sk0 + (yjbk + ykbj)sl0

+ (ykbl + ylbk)sj0
)
si0

]
+ α−2Qαα(yjyks

i
l|0 + ykyls

i
j|0 + yjyls

i
k|0)

+ Qβββ(bkblsj0 + bjblsk0 + bjbksl0)si0 + α−3Qαααyjykyls
i
0|0

+ α−1Qαβ

[
(yjbk + ykbj)s

i
l|0 + (ykbl + ylbk)sij|0 + (ylbj + yjbl)s

i
k|0

+ (yjsk0 + yksj0)sil + (yksl0 + ylsk0)sij + (ylsj0 + yjsl0)sik

]
+ Qββ

[
bjbks

i
l|0 + bkbls

i
j|0 + bjbls

i
k|0 + (sj0bk + bjsk0)sil

+ (sk0bl + bksl0)sij + (blsj0 + bjsl0)sik

]
+Qβββbjbkbls

i
0|0 (3.5)

and

Aij = α2aij − yiyj , (3.6)

Ñ i
p = Qsip +

[
α−1Qαyp +Qβbp

]
si0, (3.7)

∂Di
jkl

∂yp
= Qjklps

i
0 +Qjkls

i
p +Qjkps

i
l +Qjlps

i
k +Qklps

i
j . (3.8)

Let F is a GDW -metric. Then there exists a tensor Djkl such that

Di
jkl‖my

m = Djkly
i.
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By (3.4), we have

Djkly
i = Dijkl|my

m − 2Q
∂Dijkl
∂yp

sp0 + DpjklÑ
i
p −DipklÑ

p
j

−DijplÑ
p
k −DijkpÑ

p
l . (3.9)

By contracting (3.9) with yi and using (3.5), (3.7) and (3.8) we get the following

Djkl = D1

[
Ajksl0|0 +Aklsj0|0 +Ajlsk0|0

]
+D2

[
yjyksl0|0 + ykylsj0|0 + yjylsk0|0

]
+D3

[
(yjbk + ykbj)sl0|0 + (ykbl + ylbk)sj0|0 + (yjbl + ylbj)sk0|0

]
+D4

[
bjbksl0|0 + bkblsj0|0 + bjblsk0|0

]
+D5

[
Ajkyl +Aklyj +Ajlyk

]
t00

+D6

[
Ajkbl +Aklbj +Ajlbk

]
t00

+D7

[
yjykbl + ykylbj + yjylbk

]
t00

+D8

[
ylbjbk + yjbkbl + ykbjbl

]
t00

+D9 yjykylt00 +D10 bjbkblt00

+D11

[
ylsj0sk0 + yjsk0sl0 + yksj0sl0

]
+D12

[
blsj0sk0 + bjsk0sl0 + bksj0sl0

]
, (3.10)

where

D1 :=−α−5Qα,
D2 :=−α−4Qαα,
D3 :=−α−3Qαβ ,
D4 :=−α−2Qββ ,
D5 :=−α−6Q2

α − α−6QQαα + α−7QQα,

D6 :=−α−5QαQβ − α−5QQαβ ,
D7 :=−α−4QααQβ − 2α−4QαβQα − α−4QQααβ ,
D8 :=−α−3QββQα − 2α−3QαβQβ − α−3QQαββ ,
D9 :=−3α−5QααQα − α−5QQααα,
D10 :=−3α−2QββQβ − α−2QQβββ ,
D11 :=−2α−3Qαβ + 2α−4Q2

α + 2α−4QQαα − 2α−5QQα,

D12 :=−2α−2Qββ + 2α−3QQαβ + 2α−3QαQβ .
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Now, by plugging (3.10) into (3.9), and contracting the obtained result with

akl, we get (3.1). �

Proof of Theorem 1.1: Let F = αφ(s), s = β/α, be an (α, β)-metric on an

n-dimensional manifold M . By multiplying (3.1) with yi and yj , we get

−αQQαααt00 = 0. (3.11)

If Qααα = 0 then

Q = c1α+ c2
α2

β
,

where c1 and c2 are real constants. Thus, we get

F = c3α

(
β

α

) c2
1+c2

(
c1
β

α
+ c2 + 1

) 1
1+c2

,

where c3 is a real constant. This is a contradiction with our assumption. Then

by (3.11), we get t00 = 0 which results that si0 = 0. This means that β is a

closed one-form. By assumption, β is parallel one-form and then F reduces to

a Berwald metric. �
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