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ABSTRACT. In this paper, for any ideal I of BC H-algebra X, we introduce
the concept of v/T and show that it is an ideal of X, when I is a closed
ideal. Then we verify some useful properties of it and prove that it is
the union of all k—nil ideals of I. Moreover, if I is a closed ideal of X,
then /T is a closed translation ideal and so we can construct a quotient
BC H-algebra. We prove this quotient BC H-algebra is a P-semisimple
BC1I-algebra and so it is an abelian group. Finally, we use the concept
of radical in order to construct the second and the third isomorphism

theorems.
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1. INTRODUCTION AND PRELIMINARIES

In 1966, Imai and Iséki [13, 14] introduced two classes of abstract algebras
: BCK-algebras and BC1I-algebras. It is well-known that the class of BCK-
algebras is a proper subclass of the class of BCI-algebras. Since then many
authors work on various aspects of these algebras such as hyper and fuzzy struc-
ture [1, 8, 9, 20], topological view [19]. In 1983, Hu and Li [10, 11] introduced
a new class of algebras so-called BC'H -algebras. They proved that the class
of BCI-algebras is a proper subclass of BC H-algebras. They studied some
properties of this algebra. In [6], Dudek and Jun introduced the notion of k-nil
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radical in BC H-algebras. They showed that when [ is a translation ideal of
X, then the k-nil radical of I is also a translation ideal of X. In this paper, we
generalize this concept and define the notion of radical in BC H-algebras. We
prove that in any BC H-algebra (BCI-algebra) the radical (the k-nil radical)
of a closed ideal (of an ideal) is a translation ideal. Then we verify some prop-
erties of radical and use it to construct a BC H-algebra without any nilpotent
elements.

Definition 1.1. [10, 11] A BCH-algebra is an algebra (X, *,0) of type (2,0)
satisfying the following conditions:

(BCH1) (z xy)*xz = (x x2) *xy,

(BCH2) z xx =0,

(BCH3) zxy=0and y*2x =0 imply y = = .

In any BC H-algebra X, the following hold: for any z,y € X,
(BCH4) z %0 =z,
(BCH5) 0 (z *xy) = (0xx) * (0 y),
(BCH6) 0% (0% (0xx)) =0 xz.

The set P = {z € X|0* (0% z) = x} is called P-semisimple part of X. A
BC H-algebra X is said to be P-semisimple if P = X.
A BCH-algebra X is called BCI-algebra if ((x *y) * (z % 2)) *x (z xy) = 0,
for all z,y,z € X. The set B = {z € X|0*xz = 0} is called the BCK-
part of X. Moreover, if X is a BCI-algebra and B = {0}, then X is a P-

semisimple BCI-algebra. We will also use the following notation for simplicity:
n time

—_—
xxy" = (..(x *xy)*..)xy, where x,y € X and n € N. A BCI-algebra X is
called nilpotent if for any x € X there is n € N such that 0 % 2™ = 0.

Definition 1.2. [10, 11] A non-empty subset I of a BC' H-algebra X is called
an ideal if 0 € [ and yx 2z € I and = € I imply y € I, for all z,y € X. An
ideal I is called proper, if I # X and it is called closed, if z xy € I, for all
x,y € I. If S is a subset of X, then the least ideal of X containing S is called
the generated ideal of X by S and is denoted by (S). If X is a BC H-algebra,
I and J are ideals of X, then we use I + J to denote the ideal of X generated
by T U J.

Theorem 1.3. [21] A BCI-algebra X is nilpotent if and only if all ideals of
X are closed.

Theorem 1.4. [21] Let S be a nonempty subset of a BCI-algebra X and
A={z e X|(...((x*a1)*xaz)*...)xa, = 0, for somen € N and ay,...,an, €S }
Then (S) = AU{0}. If S contains a nilpotent element, then (S) = A.
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Note 1.5. If I is a closed ideal of BC H-algebra X and = € I, then O xx € I.
Moreover, if J is an ideal of BC' H-algebra X such that 0xx € J, for any « € J,
then by (BCH1), (zxy)*x =0x*y € J, for any z,y € J. Since J is an ideal,
then x xy € J, for any x,y € J. Therefore, J is a closed ideal of X.

Lemma 1.6. [6] Let X be a BCH-algebra. Then the following hold:
(i) 0% (0% )" =0 (0 * z™), for any n € N,
(1) 0% (x % y)"=(0 % ™) % (0 x y™), for any n € N.

Definition 1.7. [18] Let X and Y be two BC'H-algebras. Amap f: X - Y
is called a BCH-homomorphism if f(x xy) = f(x) = f(y), for all z,y € X.
Clearly, if f is a BC'H-homomorphism, then f(0) = 0.

Lemma 1.8. Let X be a BCH-algebra. Then the map f, : X — X, is defined
by fn(xz) =0x2z", is a BCH-homomorphism, for allm € N.

Proof. See Lemma 1.6(ii). O

Lemma 1.9. [5] Let X be a BCH-algebra and fo be the map is defined in
Lemma 1.8, Then fo(X) is a BCI-algebra.

Note 1.10. Let A be an ideal of a BCI-algebra X. Define a binary relation 6
on X as follows: (z,y) € 8 if and only if zxy,y*a € A, for all z,y € X. Then,
0 is a congruence relation and it is called the congruence relation induced by A.
We usually denote A, for [x] = {y € X|(x,y) € 0}. Moreover Ay is the greatest
closed ideal of X contained in A. Set X/A = {A;|x € X}. Then (X/A,*, Ag)
is a BCI-algebra, where A, x Ay = Ag.,, for all z,y € X (See [21]).

Theorem 1.11. [18] Let X,Y be two BCH-algebras and f : X — Y be a
BCH -algebra homomorphism. Then f(X) = X/Ker(f).

Theorem 1.12. [21] Let A be a closed ideal of a BCI-algebra X, I(X, A) be
the collection of all ideals of X containing A and I(X/A) be the collection of
all ideals of X/A. Then ¢ : I(X,A) — I(X/A), defined by I — I/A, is a
bijection.

Theorem 1.13. [4] The category of BCH -algebras has arbitrary products.

Let {X;|j € J} be a family of BCH-algebras. Then HXj = {(zj)jeslz; €
jed

X,;,¥j € J} is the product of this family.

Definition 1.14. Let (X,.,0) be an abelian group. Then (X, *,0) is a P-

semisimple BCT-algebra, where z x y = x.y~!, for all x,y € X. This BCI-

algebra is called the adjoint BCI-algebra of (X, .,0) (See [21], Example 1.3.1.).

From now on, in this paper, we assume X = (X, *,0) be a BC H-algebra ,
unless otherwise stated.
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2. RabpicaL IN BC H-ALGEBRAS

In 1992, W. P. Huang [12] introduced the notion of nil ideal in BC'I-algebras.
In 1999, E. H. Roh and Y. B. Jun introduced nil ideals in BC'H-algebras. They
introduced nil subsets using nilpotent elements. Then W. A. Dudek and Y. B.
Jun [6] introduced the notion of k-nil radicals in BC'H-algebras. They showed
that, if I is an ideal of X, then k-nil radical of I is an ideal, too. Moreover,
k-nil radical of a translation ideal is again a translation ideal.

Lemma 2.1. For any x € X and n,m € N, the following hold:
(i) 0% (0% (0*z™)) = 0% a™.
(ii) 0% (0% ™)™ = 0% (0 % 2™™).
Proof. (i) Let x € X and n € N. Then
0x(0x(0x2™) = 0x(0*(0xx)"), by Lemma 1.6(i)
= 0x(0x(0xx))", by Lemma 1.6(i)
= (0% (0% (0%2)))* (0% (0xz)""
(0% z) % (0% (0%x))""", by (BCH6)
(0% @) * (0% (0% 2))) * (0% (0% )" >
(0% (0% (0% @))) @) * (0% (0x2))" %, by (BCHI)
(0% z®) (0% (0xz))""%, by (BCH6)
= (0%z" ") % (0% (0xx))
= (0% (0% (0*x)))*x2""", by (BCHI)
= (0xz)xz""', by (BCH6)
= 0xz".
(ii) Suppose that x € X and n,m € N. Then

m time

0% (0%2™™ = (...(0*(O*x"))*...)*(()*x"l)t.

= (0% (0% 3™)) % (0% 2™)) * i';)- *4(0 xa")
(o (0% (0 2)™) * 1((2* D) *4(0 «a™), by Lemma 1.6(i)
= (0% (0xz™)) %)% (0+2")) % (0% )", by (BCHI)

m—2 time

(. (0% (0% x™) %...) % (0% z™)) % (0% z)*"

0% (0*x)™".
Now, by Lemma 1.6(i), we obtain 0% (0 z™)™ = 0 x (0% z™™). O
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Definition 2.2. Let I be an ideal of X. The set
{reX|0xx™ €l and 0x*(0x2") € I, for some n € N}

is called the radical of T and is denoted by V/I.

Example 2.3. Let (Z,—,0) be the adjoint BCI-algebra of the abelian group
(Z,4,0). Let Y = {0,b,c,d}. Define the binary operation “+” on Y by the
following table:

Table 1

10 b ¢ d
010 0 0 0
b |b 0 d d
clc 0 0 ¢
d|ld 0 0 0

Then (Y, %',0) is a BCH-algebra (See [3], Example 2.3). Now, let X =
Z U {b,c,d} and define the operation “*” on X, by

x—y ifx,y€Z,

x+'y ifx,yey,
—y ifrxeY,yeZ-{0},
xz ifxeZyeY.

THRY =

Clearly, * is well-defined and zxx = 0, for any z € X. Let xxy =0 = yx*x, for
some z,y € X. Since (Y,*',0) and (Z, —,0) are BC H-algebras, then z,y € Z
orz,y €Y, impliesx =y. fz €Y andy € Z— {0}, then 0 = zxy = —y
and so y = 0. On the other hand, 0 =z xy = x %0 = z. Hence x = y. By a
similar way if x € Z — {0} and y € Y, then 0 = z xy = = and so = 0. Hence
“*7 satisfies in (BCH3). Moreover, if z,y,z € X. Then clearly, z,y,z € Y or
x,y, z € Z implies (x+y)xz = (xxz)*y. If & € Z, then (zxy)*xz = x = (z*x2)*y.
Now, let z € Y. If y = 0 or z = 0, then clearly, (x xy) x 2 = (z x 2) xy. Let
Y,z €Z—{0}, then (zxy)xz2=—y—z=—z—y=(r*xz)*xy. f y €Y, then
(zxy)xz = (x¥'y)*z = —2 = —zxy = (z*2)*y. Finally,if 2 € Y and y € Z, then
(zxy)xz = (—y)xz = —y = (z*z)*y. Therefore, (X, *,0) is a BC' H-algebra. Let
I ={0}. If x € Z, then 0% 2™ = 0 implies —nz = 0 and so z = 0, for all n € N.
Hence VT = {z € X[0* 2" = 0,0 (0% 2") = 0 for some n € N} = {0,b,¢,d}.

Corollary 2.4. If I is a closed ideal, then
VI={zeX|0xa" cI, for somen € N}.

Definition 2.5. [6] Let I be a non-empty subset of X. Then the set /T =
{x € X|0xx* € I} is called the k-nil radical of I.

In Corollary 2.6 we will obtain the relation between v/ and /1, for any
n € N.
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Corollary 2.6. Let I be a closed ideal of X. Then,
(i) VI=|J V1.
neN
(i) If z,y € V1, then there exists m € N such that, z,y € /1.

Proof. (i) Let x € X. Then
eVl & 0xz",0%x(0xa")el, forsomeneN
& 0x2™ eI, since I is a closed ideal
& € W, for some n € N .

Therefore, VI = U W, for some n € N.
neN
(ii) Let @,y € VI. Then there are s,t € N such that, 0% z°,0 % (0% 2°) € T

and 0 y',0 % (0% y*) € I. Since I is closed, we have 0 * (0 * 2°)t € I and
0% (0xy')® € I. Now, Lemma 2.1(ii), implies 0 (0x2*") € I and 0 (0xy**) € I
and s0 0% (0% (0*2%)) € I and 0 (0% (0% y*®)) € I. Hence by Lemma 2.1(i),
we have 0% %, 0« y'* € I, so z,y € V1. O

Theorem 2.7. Let I be a closed ideal of X. Then VI is a closed ideal of X .

Proof. Obviously, 0 € V/I. Let 2,y € X such that z xy,y € v/I. Since I is
closed, so by Corollary 2.4, 0x(xxy)™ € I and 0xy™ € I, for some n, m € N. By
lemma 2.1(ii), we have (0% (0% (z+y)%")) = (0% (0 (z*y))"™) * (0% (zxy))" € 1.
By a similar argument we get that (0% (0 x (x xy)™")) € I. Since I is a closed
ideal of X, 0% (0 (0% (x*y)™"))) € I. Then, by Lemma 2.1(i), 0 (z*xy)™" € I.
Likewise, we can we obtain 0 % y™™ € I. Since [ is an ideal of X, by Lemma
1.6, 0x2™" e I and so « € v/I. Hence v/ is an ideal of X. Now, let z,y € V1.
By a similar way as the proof of the last part, we can obtain 0 % ™" € I and
0xy™" € I, for some m,n € N. Hence,0* (xxy)™" = (0xz™") x (0xy™") € T
and so r*xy € V1. Therefore, VT is a closed ideal of X. O

Definition 2.8. An element x of X is called nilpotent if 0 x x™ = 0, for some
n € N. The set of all nilpotent elements of X is denoted by N(X) or 1/0.

Proposition 2.9. 0 is a closed ideal of X.

Proof. Since I = {0} is a closed ideal of X, then by Theorem 2.7, 1/0 is a closed
ideal of X. |

Example 2.10. (i) Let (G, ., €) be the cyclic group of order three, X = (Z, *,0)
and Y = (G, x, e) be the adjoint BCI-algebras of the abelian groups (Z, +,0),
and (G, .,0) respectively. Then by Theorem 1.13, we have X x Y is a BCH-
algebra. In X x Y, we have (0,¢) * (z,e)™ # (0,e), for all z € Z\{0}. Hence
(z,e) ¢ 1/(0,e), for all z € Z\{0}. Also, (0,¢) * (0,y)> = (0,¢), for all y € G.
Therefore, 1/ (0, €) is a proper ideal of X x Y.

(ii) Let X = (R, *,0) be the adjoint BCI-algebra of abelian group (R, +,0).
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That is z xy = = + (—y), for all z,y € R. Let a € Q, where Q is the set of
all rational numbers and ({a, —a}) be the ideal generated by {a,—a}. Then
({a,—a}) = {z € X|x*xa™ = 0, for some n € N} ={..., —2qa, —a,0, a, 2a, 3a, ...}
and so
{a,—a}) = {zeR|0x*xz" € ({a,—a}),In € N}
= {z eR| — (nz) = +ma,In,m € N}
{:l:%a| n,m € N} C Q.

Therefore, \/({a, —a}) is a proper ideal of (R, ,0).

In Proposition 2.11, we want to verify relation between v/I and the set of
all nilpotent elements of X /I, for any ideal I of X.

Proposition 2.11. Let X be a BCI-algebra, I be an ideal of X and I, is
an equivalence class of X containing x with respect to the congruence relation
which is defined in Note 1.10, for any x € X. Then VI = {x € X| I, €
N(X/I)}.

Proof. Let x € X. Then

I,e NX/I) & IyxI} =1, forsomenéeN
& Jguen = I
< 0x2",0%(0xz™) el
& zeVI
Hence VI = {z € X| I, € N(X/I)}. 0

Theorem 2.12. Let X be a BCI-algebra and I be an ideal of X. Then /T is
a closed ideal of X .

Proof. Let y,x *y € v/I. Then by Proposition 2.11, Ipuy, Iy, € N(X/I). By
Proposition 2.9, we obtain I, € N(X/I). Now, Proposition 2.11, implies x €
V/I. Hence v/T is an ideal of X.

Let 2,y € v/I. Then Proposition 2.11 implies that I,,I, € N(X/I). Now, by
proposition 2.11, we have I, = I, I, € N(X/I). Therefore, z*y € VI. O

In the next proposition, we try to obtain some useful properties of radical
in BC H-algebras.

Proposition 2.13. Let I and J be two ideals of X. Then the following asser-
tions hold:

(i) If I is a closed ideal of X, then I C /1.

(ii) If I C J, then /T C V.

(i) If I and J are closed, then vVINJ =IN+J.
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() If I is a closed or X is a BCI-algebra, then m =+1I.

(v) Let Y be a BCH-algebra, and f : X — Y be a BCH-homomorphism. If
I is an ideal of X and J is an ideal of Y, then /f~1(J) = f~*(v/J) and
f(VT) C \/f(I). Moreover, if f is onto and kerf C I, then f(\I) = /f(I).

Proof. (i) Let = € I. Since I is closed, then 0z € I and so = € /1.

(ii) Straightforward.

(iii) Since I and J are closed ideals, I N J is also a closed ideal. Now, let
x € vINJ. Then by Corollary 2.6(i), there is an n € N such that 0 % 2™ 0 *
(0x2™) € INJ and so z € VIN+/J. Hence, we have VINJ C VINVJ.
Let z € VIN+/J. Then, there exist m,n € N such that 0 * z" € /I and
0% 2™ € v/J. By using the proof of Theorem 2.7, we have 0% ™" € I N J.
Since I N J is a closed ideal of X, then x € vINJ. Hence vINJ = VINnyJ.
(iv) Let I be a closed ideal of X. Then by (i), I € v/T and so (ii), implies
VI C m Now, let x € \/ﬁ Then there exists n € N such that 0x2™ € V1.
Likewise, there is m € N such that 0% (0x2z™)™ € I. By Lemma 2.1(ii), we have
0 (0xz™") € I. Since I is closed we obtain 0 * z™" = 0 x (0 * (0 x ™)) € 1.
Hence x € \/T, whence I C \/ﬁ Now, let X be a BCI-algebra and I be
an ideal of X. Then by (i), (ii), and Theorem 2.12, we have v/ C VVI. Let
J =+/Tand z € v/J. Then there exists n € N such that, 0%z, 0% (0% z") € J.
Thus, 0% (0% z™)™ 0% (0% (0 2™)™) € I, for some m € N. Also, by Lemma
2.1(ii), we have 0% (0% 2™)™ = 0% (0 ™) and 0* (0 % (0 * z™)™) = 0 * z™".
Hence 0%z, 0% (0 2™") € I and so « € /T = J. Therefore, v/.J = J.

(v) Let z € X. Then

rENFUJT) & 0x2™,0%(0x2™) € f1(J), forsomen €N
< fO)x f(x)™, f(0) % (f(0) % f(x)") € J, for some n € N
< 0 f(2)",0% (0% f(x)") € J, forsomeneN
& fl@)eVIsze fY(VI).

Hence f~1(v/J) = /f~1(J).

Let b € f(v/I). Then there exists a € v/T such that f(a) = b and so 0 * a” €
I and 0% (0 *a™) € I, for some n € N. Since f is a homomorphism, we
have 0 * f(a)”,0 % (0 * f(a)”) € f(I). Hence, b = f(a) € +/f(I), whence
f(/I) € \/f(I). Now, let f be an onto homomorphism such that kerf C I
and y € /f(I). Then there exists m € N such that 0 % y™ € f(I) and
0x(0xy™) € f(I). Since f is onto, then y = f(x), for some z € X and
so f(0*a™) =0x f(x)™ = 0xy™ € f(I). Hence there is b € I, such that
fOxz™) = f(b) and so f((0*x™) xb) = f(0Oxx™)* f(b) = 0. It follows
that (0% 2™) «b € kerf C I. Since b € I, then 0* 2™ € I. By a similar way
we have 0 % (0 2™) € I and so x € VI. Therefore, y = f(x) € f(v/), so

VI € FV). O
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Proposition 2.14. Let I and J be two closed ideals of BCI-algebra X. Then

VIFJT=VVI+VJ.

Proof. Since I,J are closed ideals, we have I C VI and J C V/J and so
I+ J CVI++J. Hence by Proposition 2.13(ii), VI + J C v/ VI ++VJ. Let
uw € VVI++J. Then 0% u™ € \/I++/J, for some n € N. By Theorem 1.4,

there are m € N and ay, ..., @ € VI such that
(. ((0xu™) % ar)*..)xam € VJ, (1)

By Corollary 2.6(ii), we can find s € N such that 0 xa] € I, for all i €
{1,2,...,m}. On the other hand, (1) implies there is ¢ € N such that 0 x
((...((0xu™) *xay)*...)xam)t € J. Since I and J are closed ideals of X, likewise
the proof of Theorem 2.7, we have 0 x al* € I, for all ¢ € {1,2,...,m} and
0% ((-..((0%u™) *ay) *...) * ap,)™® € J and so by Lemma 1.6(ii),

(.((0% (0% u™)™) % (0xal®)) *..)x (0xa’¥) €T, (2)

Since I is an ideal of X and 0 x al* € I, for all i € {1,2,...,m}, then 0 x

(0xum)*t € I +J. Hence 0 xu™ € v/I+J and so u € /I +J. Hence by

Proposition 2.13(iv), v € v/I + J. Summing up the above statements, we get

VI+T=VVI+VI. O

The following example shows that if, I and J are not closed then, Proposition
2.14 may not be true.

Example 2.15. Let X = (Z,—,0) be the BCI-algebra in Example 2.10(i).
Assume that I = {0,3,6,9,...} and J = {0,—3,—6,-9,...}. Then clearly, I
and J are ideals of X. Since 9,6 € I and 6 *9 = —3 ¢ I, I is not closed. By a
similar way, we can deduced that .J is not closed. Moreover,
VI = {zeX|0xa2",0%(0%a") eI, forsomeneN }
= {zeX|nz,—nxel, forsomeneN }

= {0}
Similarly, we can obtain v/J = {0}. Therefore, v/v/T++J = \/{0} = {0}.

Also we have
I+J=({3,-3}) = {x€Zlxzxa"™=0, for somen e N,ac{3,-3}}
— {..,—6,-3,0,3,6,...}.

Hence vI+J ={x € Z| 0x2™,0% (0*xa™) € I + J, for someneN } =Z.
Therefore, I + J # VAT +VJ.

Proposition 2.16. Let M be a mazimal ideal of a BCI-algebra X such that
M is closed. Then vM = X.
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Proof. Since M is a closed ideal of X, then by Theorem 1.12, {M/M, X /M} is
the set of all ideals of X /M. Hence all ideal of X/M are closed (M /M is a zero
ideal of X/M and so it is closed). Thus, by Theorem 1.3, X/M is nilpotent
and so

Ve € X,3In € N such that My * M,' = My = Moszn = M.
Hence for all z € X, 0% 2™ € M and so v M = X. O

In the next example, we will show that if the ideal M is not closed, then
Proposition 2.16 may not be true, in general.

Example 2.17. Let X be the BCI-algebra in Example 2.15, and let M =
N U {0}. Clearly, M is not closed (Since 2*3 =2 -3 = —1) and M is a
maximal ideal of X (See [21], Example 5.3.2). Let z € X. Then
zevVM & 0xz",0x(0xz")e M

& 0—nzxeM and 0—(0—nz)e M

= nx,—nreM

& =0
Therefore, VM = {0}.

By Note 1.10, if I is an ideal of BCI-algebra X, then the relation 8 =

{(z,y) € X x X|zxy,y*xx € I}, is a congruence relation of X, but it is not
true for BC' H-algebra in general case.

Example 2.18. Let X = {0,a,b,c,d, e, f,g,h,i,j,k}. Define the binary oper-
ation “*” on X by the following table:

Table 2

0 a b ¢ d e f g h i j k
o0 0 0 0 0 0 0 0 h h h h
ala 0 a 0 a 0 a 0 h h h h
blb b 0 0 f f f f ¢« h k k
cle b a 0 g f g f 1 b k k
did d 0 0 0 0 d d j h h j
ele e a 0 a 0 e d j h h j
flf f o o0 000 0%k h h h
glg f a 0 a 0 a 0 k h h h
h{h h h h h h h h 0 0 0 0
i1 ¢ h h kK kK Kk kE b 0 f f
jlyg 7 k k k k j 57 d 0 0 d
klk kK h h h h h h f 0 0 0
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Then (X, *,0) is a BCH-algebra (See [2] Example 7). Let I = {0,b,d, f}.
Clearly, I is an ideal of X. Let 0 = {(z,y) € X x X|z*y,y*x € I}. Then
cxa=>band axc=0 and so (a,c) € §. Moreover, exc =0 and c*xe = f and
so (e,c) € 0. But, (cxc,exa) = (0,¢e) ¢ 6. It follows that 6 is not a congruence
relation on X.

Definition 2.19. [18] A translation ideal of X is an ideal U of X such that:
Ve,y,z€ XyoxyeUyxx €U = (xxz)*x(yxz) €U, (zxx)*x (2 xy) € U.

Remark 2.20. Let U be a translation ideal of BC' H-algebra X. Then the
relation 0, was defined in Note 1.10, is a congruence relation on X. By U, we
denote the equivalence class containing « and by X/U we denote the set of all
equivalence classes with respect to this congruence relation. Then (X/U, x, Up)
is a BC H-algebra, where Uy * Uy = Uysy, for all z,y € X. Moreover, kerf is
a translation ideal for any BC'H-homomorphism f (See [18]).

Dudek and Jun in [6], prove that if U is a translation ideal of X, then so is
YU, for any n € N. In Theorem 2.21, we will show that if I is a closed ideal
of X, then /T is a translation ideal of X, for any n € N.

Theorem 2.21. Let I be a closed ideal of X. Then,
(i) /T is a translation ideal of X, for all n € N.
(ii) /T is a translation ideal of X .

Proof. (i) Let x,y, z € I, such that z+y,y*z € ¥/I. Then 0% (z*y)™ € I and
0% (y*xx)™ € I. By Lemma 1.9, we have

([(0x(0xz™) ) (0% (0%2™) )| [ (0% (0%y™) )% (0% (0x2™) )] ) %[ (0% (0%2™) ) % (0 (0xy™))] = 0.

Since [ is a closed ideal, then 0 * (0 % (z * y)™) € I and so by Lemma 1.6(ii),
(0 (05 2™)) (0 (0xy")) € I. Hence [(0x (0% 2™)) % (0 (05 2"))]+ [(0 (0
y™)) * (0% (0% z™))] € I. Now, since I is closed, then 0 ([(0* (0% z™)) * (0 (0 *
2" * [(0% (0% y™)) % (0% (0% 2™))]) € I, so Lemma 2.1(i) and 1.6, imply that

Ox(zx2)*(y*2))" =[0xx™) % (0% 2")]x[(0xy™) x (0x2")] € I.

Hence, (z * 2) * (y * 2z) € V1. By a similar way, (z * z) * (2 xy) € ¥/1. Thus,
YT is a translation ideal of X.

(ii) Let z,y,2 € X such that z 5,y * € VI. By Corollary 2.6(ii), there is
n € Nsuch that zxy, yxz € /T and so by (i), (zx2)*(y*2), (zxx)*(2xy) € VI
Hence, by Corollary 2.6(i), (x * 2) * (y * 2), (2 x ) * (2 ¥y) € V/I. Therefore, /T
is a translation ideal of X. d

Corollary 2.22. Let I be a closed ideal of X. Then (X/VI,*, (V1)) is a
BCH -algebra.

Proof. By Theorem 2.21, v/T is a translation ideal of X, so by Remark 2.20,
(X/V1,%,0) is a BCH-algebra. O
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In Corollary 2.22, we proved that if I is a closed ideal of X, then X/v/T
is a BC'H-algebra. In the next proposition we show that it has no non zero
nilpotent elements.

Proposition 2.23. Let J be a closed ideal of X and I = \/J. Then BCH-
algebra (X/1,%,1y) does not have any non zero nilpotent elements.

Proof. Let I, € X/\/(j Then

I, is nilpotent < Iy x I} = Iy, for somen € N & Ijun = I
< 0x2",0%(0xz™) el

Therefore, 0 % (0 z™)™ € J and 0% (0 x (0 % ™))t € J, for some n,t € N.
By 0% (0% 2z™)™ € J and Lemma 2.1(ii), one has 0% (0 % z™") € J. Also by
Lemma2.1 and 1.6(i), the following hold:

0% (0xx)™ =0x%(0x2™) e J. (1)
By 0 (0% (0x2™))" € J and Lemma 1.6(i), we have
0% (0% (0x2™) =0% (0% (0%2™)") =0x% (0% (0*2™)) € J.
and so Lemma 2.1(i), implies that
0% (0% (0%2™)=0x2" €J (2)

It follows from (1),(2) and Corollary 2.4 that 0% z,z € v/J = I. Thus Iy = I,.
Therefore, Iy is the only nilpotent element of X /1. U

Proposition 2.24. For any z,y,z € X, we have ((x xy) x (x x 2)) * (z xy) €
N(X). Moreover, {((x*y)* (x%2)) * (z2%y)| x,y,2 € X} C VI, for all ideal I
of X.

Proof. Let x,y,z € X. Then Lemma 1.6(i), implies

Ox(((zxy)* (zx2))* (2xy)) = (((0%2)%(0%y))* ((0%2)  (052))) * ((0x2)  (0xy)).

By Lemma 1.9, fo(X) is a BCI-algebra, thus

(((0x2) % (0% y)) * ((0%2) % (0% 2))) * (0% 2) % (0*y)) =0

Therefore, 0 (((z*y) * (x*2))*(zxy)) = 0. That is (((zxy)* (z*x2))x(zxy)) €
N(X). Now, let T be an ideal of X. Then by Proposition 2.13(ii), N(X) C /T
and so {((x xy) * (x % 2)) * (2 y)|z,y,2 € X} C V1. Tt completes the proof of
this proposition. O

Corollary 2.25. Let I be a closed ideal of X. Then (X/J,*,Jo) is a P-
semisimple BCI-algebra, where J = /1.
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Proof. By Corollary 2.22, (X/J,*,Jo) is a BCH- algebra. Let J,Jy,J., €
X/J. Then

((Jo x Jy) * (o % J2)) % (S % Jy) = J((@ry)e(@r2)) e (zxy) -

By Proposition 2.24, ((x *y) * (z*z)) * (zxy) € J. Since J is a closed ideal of
X, we obtain J((gey)«(vrz))e(zxy) = Jo- Hence ((Jp* Jy) * (Jo* J2)) * (J. % Jy) =
Jo. Tt follows that (X/J,x,Jp) is a BCI-algebra. Now, by Proposition 2.23,
(X/J,*,Jo) does not have any nilpotent element and so BCK-part of X/J is
the set {Ip}. Therefore, (X/J,*, Jy) is a P-semisimple BCI-algebra. O

Remark 2.26. We know that each abelian group induces a P-semisimple BCI-
algebra and the opposite process is still true (See [21]). Hence Corollary 2.25,
implies for any closed ideal I of BC H-algebra X we can find an abelian group.
It is (X/J,.), where J = VT and Jy.Jy = Jpu(ouy), for all z,y € X.

Theorem 2.27. Let I and J be two ideals of X, such that I C J and let I be
a translation ideal of X. Then J/I is an ideal of X, where J/I = {I|x € J}.
Moreover, I, € J/I if and only if x € J (See [18]).

Theorem 2.28. Let H be a subalgebra of X and K be a closed ideal of X.

Then % = Hmlf/?, where HVEK = J{(VK)n|h € H}.

Proof. Let I = /K. By Theorem 2.7, I is a closed ideal of X and so Iy =
{r € X|z%0,0xx € I} =1. Hence I C HVK. If z,y € HVK, then there
are a,b € H such that x € I, and y € I, and so I, = I, and I, = I. Hence
T*Y € Ipwy = Ipwp and axb € H. Tt follows that z *y € HVK, so HVK is

a subalgebra of X containing v/K. Thus by Corollary 2.22, H\/‘%? is a BCH-

algebra. Since V'K is a translation ideal of X, then HNv/K is a translation ideal
of H and so by Remark 2.20, ﬁ is a BC H-algebra. Define ¢ : H — HI
by ¢(h) = I, for all h € H. It is easily seen that, ¢ is a homomorphism. Let
I, € % Then there exists h € H such that xz € I;,. Therefore, I, = I}, and so

I, = p(x) = p(h). Thus ¢ is epimorphism. Moreover,

zekeros I, =px)=hhexx0elsxe HNI.

Therefore, Ker(p) = HNI. Now, by Theorem 1.11, we have H\/‘%? o~ Hmlf/?'

O

Theorem 2.29. Let K and A be two closed ideals of X and A C K. Suppose
- X o~ X/VA
that VK |VA = {(VA).|x € VK}. Then 77 = TRva

Proof. By Corollary 2.22, LK and % are BC H-algebras. Now, let f : % —

% be defined by (VA), — (VK),. If (VA), = (VA),, for 2,y € X, then
zxy,yxx € VA Since A C K, by Proposition 2.13(ii), we have z % y,y *
r € VK. Hence (VK), = (VK),. Thus f is well defined. Clearly, f is
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an epimorphic. Now, let (vVA), € Ker(f). Then (VK), = (VK)o and so
z € VK. Hence (VA), € VK/VA. On the other hand, if (VA), € VK/VA,
then z € VK. Since VK is closed, we have (vVK), = (vVK)o. Hence (vVA), €
Ker(f). Therefore, Ker(f) = vK/vA. Now, by Theorem 1.11, we have

X ~ X/VA O
VE ~ VK/VA
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