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Abstract. Let n, d be non-negative integers. We introduce and study the

notions of Gorenstein (n, d)-injective and Gorenstein (n, d)-flat modules

by using the notion of special finitely presented, (n, d)-injective and (n, d)-

flat modules for any n ≥ d+1. Then we investigate the properties of these

modules in case that every special finitely presented module with finite

projective dimension (resp. flat dimension) is 2-presented. Moreover,

as applications over special coherent rings, we investigate the relation-

ships between Gorenstein (n, d)-injective modules and Gorenstein (n, d)-

flat modules, then we obtain that the classes GIn
d (R) and GFn

d (R
op) are

covering and preenveloping, where GIn
d (R) and GFn

d (R
op) denote the

subcategories of Gorenstein (n, d)-injective left R-module and Gorenstein

(n, d)-flat right R-modules, respectively.
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1. Introduction

As it is known, the behaviour of Gorenstein modules in algebra is the same

as the one of the classical homological notions. Several authors have studied

the notions of Gorenstein modules in relative homological algebra on various

rings and has become a vigorously active area of research (see, [1, 4, 5, 9, 10, 11,

12, 13, 22]). For example, the notions of Gorenstein injective and flat modules,
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first by Enochs and Jenda in [9, 10] introduced. In 2012, Gao and Wang [11] by

using of FP-injective and finitely presented modules introduced a special case

of the Gorenstein injective modules and they called Gorenstein FP-injective

modules and studied it over coherent rings. All FP-injective and Gorenstein

injective modules are in the class of Gorenstein FP-injective modules, but,

every Gorenstein FP-injective module need not be FP-injective and Gorenstein

injective, see [11, Proposition 2.5 and Theorem 3.8].

Also, in 2004, Zhou [24] using finitely n-presented modules introduced the

notion of (n, d)-injective and(n, d)-flat modules, and then homological behavior

of these modules on (n, d)-rings and n-coherent rings was investigated, where

n, d are non-negative integers. In case n, d = 0, an R-module M is (0, 0)-

injective if and only if M is injective, and if n = 1, d = 0, then an R-module M

is (1, 0)-flat (resp. (1, 0)-injective) if and only if M is flat (resp. FP-injective).

In general, injective and flat modules are in the class of (n, d)-injective and

(n, d)-flat modules, respectively.

In this paper by considering n ≥ d+1, we study the consequences of extend-

ing the notion of (n, d)-injective, Gorenstein FP-injective modules and (n, d)-

flat, Gorenstein flat modules to that of Gorenstein (n, d)-injective and Goren-

stein (n, d)-flat modules, respectively. Then, by using special finitely presented,

(n, d)-injective and (n, d)-flat modules, we introduce a concept of Gorenstein

(n, d)-injective and Gorenstein (n, d)-flat modules, and under this definition,

Gorenstein (n, d)-injective and Gorenstein (n, d)-flat modules are weaker than

the usual Gorenstein FP-injective and Gorenstein flat modules, since for ev-

ery m > n and d
′ ≥ d, (m, d

′
)-injective and (m, d

′
)-flat modules need not be

(n, d)-injective and (n, d)-flat, respectivelt, see Examples 3.3 and 3.4.

Let us describe the contents of the paper in more details.

In Sec. 2, some fundamental concepts and some preliminary results are

stated.

In Sec. 3, we introduce Gorenstein (n, d)-injective and Gorenstein (n, d)-

flat modules for an integer n ≥ d + 1 and then we give some examples and

some characterizations of these modules. Among other results, over every ar-

bitrary ring R, we prove that, every special finitely presented module with

pdR(Kd−1) < ∞ is 2-presented if and only if for every short exact sequence

0 → X → Y → Z → 0 of R-modules, Z is Gorenstein (n, d)-injective if X

and Y are Gorenstein (n, d)-injective, then we conclud that an R-module M is

Gorenstein (n, d)-injective if and only if every pure submodule and any pure

epimorphic image of M are Gorenstein (n, d)-injective. Also, if every special

finitely presented module with fdR(Kd−1) < ∞ is 2-presented, it follows that

(1) in the exact sequence 0 → X → Y → Z → 0 of R-modules, X is Goren-

stein (n, d)-flat if Z and Y are Gorenstein (n, d)-flat, (2) an right R-module

M is Gorenstein (n, d)-flat if and only if every pure submodule and any pure

epimorphic image of M are Gorenstein (n, d)-flat.
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In Sec. 4, by using the results of Section 3, it is shown that over special

coherent rings, (1) an R-module M is Gorenstein (n, d)-injective (resp. Goren-

stein (n, d)-flat) if and only if M∗ is Gorenstein (n, d)-flat (resp. Gorenstein

(n, d)-injective), where M∗ = HomZ(M, Q
Z ) denotes the character module of M ,

(2) the pairs (GIn
d (R),GFn

d (R
op)) and (GFn

d (R
op),GIn

d (R)) are duality pair,

(3) the class GIn
d (R) (resp. GFn

d (R
op)) is covering and preenveloping, where

GIn
d (R) and GFn

d (R
op) are classes of Gorenstein (n, d)-injective and Gorenstein

(n, d)-flat R-modules, respectively. We also establish some equivalent charac-

terizations in terms of Gorenstein (n, d)-injective and Gorenstein (n, d)-flat

modules.

2. Preliminaries

Throughout this paper R will be an associative ring with identity, and all

modules will be unital left R-modules (unless specied otherwise).

In this section, some fundamental concepts and notations are stated.

Let M an R-module. Then

(1) M is said to be Gorenstein injective (resp. Gorenstein flat) [9, 10] if

there is an exact sequence

· · · −→ I1 −→ I0 −→ I0 −→ I1 −→ · · ·

of injective (resp. flat) R-modules with M = ker(I0 → I1) such that HomR

(U,−) (resp. U ⊗R −) leaves the sequence exact whenever U is an injective

R-module.

(2) M is said to be FP-injective [19] if Ext1R(U,M) = 0 for any finitely

presented R-module U .

(3) M is said to be Gorenstein FP-injective [11] if there is an exact sequence

E = · · · −→ E1 −→ E0 −→ E0 −→ E1 −→ · · ·

of FP-injective modules with M = ker(E0 → E1) such that HomR(P,E) is an

exact sequence whenever P is a finitely presented module with pdR(P ) < ∞.

(4) An R-module U is called finitely n-presented [2, 6, 7] and if there exists

an exact sequence 0 → Fn → Fn−1 → · · · → F1 → F0 → U → 0, where each

Fi is finitely generated and free.

(5) M is said to be (n, d)-injective [24] if Extd+1
R (U,M) = 0 for any finitely

n-presented R-module U . If n ≥ 1, then a right R-moduleM is called (n, d)-flat

[24] if TorRd+1(M,U) = 0 for any finitely n-presented R-module U .

(6) Let R be a ring. Then R is said to be (n, d)-ring [24] if every finitely

n-presented R-module has the projective dimension at most d. A ring R is said

to be weak (n, d)-ring [24] if every finitely n-presented R-module has the flat

dimension at most d.

The following definition is derived from [25, Definition 3.1].
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Definition 2.1. Let R be a ring, U a finitely n-presented R-module and let

n, d be non-negative integers. If n ≥ d+1 and 0 → Fn → Fn−1 → · · · → F1 →
F0 → U → 0 is a finitely generated projective left resolution of U , then

(1) The module Kd−1 = Ker(Fd−1 → Fd−2) is called special finitely pre-

sented.

(2) The sequence 0 → Kd → Fd → Kd−1 → 0 of R-modules will be called a

special short exact sequence.

(3) Let R be a ring. Then R is said to be special coherent if every special

finitely presented R-module is 2-presented.

(4) A short exact sequence 0 → A → B → C → 0 of R-modules is called

special pure if the induced sequence

0 −→ HomR(Kd−1, A) −→ HomR(Kd−1, B) −→ HomR(Kd−1, C) −→ 0

is exact for every special finitely presented module Kd−1. In this case A is said

to be special pure in B.

(5) Extd+1
R (U,−) ∼= Ext1R(Kd−1,−) and TorRd+1(−, U) ∼= TorR1 (−,Kd−1),

where U is a finitely n-presented module with an associated special finitely

presented module Kd−1. This fact will be used throughout the paper.

(6) We recall that the (n, d)-injective dimension of an R-module M , denoted

by (n, d)-idRM , is defined to be the least integer k such that Extk+1
R (Kd−1,M)

= 0 for any special finitely presented R-module Kd−1 with respect to every

finitely n-presented R-module U . Also, l.(n, d)-dim(R) = sup{(n, d)-idRM |
M is an R-module}.

Proposition 2.2. Let every special finitely presented module Kd−1 be finitely

2-presented. Then (n, d)-idRM ≤ m if and only if there is an exact sequence

0 → M → C0 → C1 → · · · → Cm → 0, where every Ci is (n, d)-injective.

Proof. Is clear, since similar to the proof of Proposition 3.7(1), Exti+1
R (Kd−1,

Cm) ∼= Extm+i+1
R (Kd−1,M) for any i ≥ 0. □

3. Gorenstein (n, d)-injective and gorenstein (n, d)-flat modules

In this section, we introduce and study Gorenstein (n, d)-Injective modules

which are defined as follows:

Definition 3.1. Let R be a ring and n, d non-negative integers with n ≥ d+1.

Then, an R-module M is called Gorenstein (n, d)-injective if there exists an

exact sequence of (n, d)-injective R-modules of this form:

IN
D = · · · −→ C1 −→ C0 −→ C0 −→ C1 −→ · · ·

with M = Ker(C0 → C1) such that HomR(Kd−1, IN
D ) is an exact sequence

whenever Kd−1 is a special finitely presented R-module with pdR(Kd−1) < ∞.
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A right R-module N is called Gorenstein (n, d)-flat if there exists the fol-

lowing exact sequence of (n, d)-flat right R-modules of this form:

FN
D = · · · −→ D1 −→ D0 −→ D0 −→ D1 −→ · · ·

with N = ker(D0 → D1) such that FN
D ⊗RKd−1 is an exact sequence whenever

Kd−1 is a special finitely presented R-module with fdR(Kd−1) < ∞.

With a simple observation we have:

Gorenstein injective =⇒Gorenstein FP-injective⇐⇒Gorenstein (1, 0)-injective

=⇒ Gorenstein (n, d)-injective, and

Gorenstein flat =⇒ Gorenstein (1, 0)-flat =⇒ Gorenstein (n, d)-flat.

Remark 3.2. Let n, n
′
,m and d, d

′
be non-negative integers. Then

(1) Every injective R-module is (n, d)-injective;

(2) Every flat right R-module is (n, d)-flat;

(3) Every (n, d)-injective R-module is Gorenstein (n, d)-injective;

(4) Every (n, d)-flat right R-module is Gorenstein (n, d)-flat;

(5) Every Gorenstein (n, d)-injectiveR-module is Gorenstein (m, d)-injective

for any n ≤ m. But, every Gorenstein (m, d)-injective module need not

be Gorenstein (n, d)-injective for any m > n, see Example 3.3;

(6) Every Gorenstein (n, d)-flat right R-module is Gorenstein (m, d)-flat

for any n ≤ m. But, every Gorenstein (m, d)-flat right module need

not be Gorenstein (n, d)-flat for any m > n, see Example 3.3;

(7) If n ≤ n
′
and d ≤ d

′
, then every Gorenstein (n, d)-injective (Goren-

stein (n, d)-flat) R-module is Gorenstein (n
′
, d

′
)-injective (Gorenstein

(n
′
, d

′
)-flat) . But, not contrary, see Example 3.4;

(8) In Definition 3.1, Ker(Ci → Ci−1) and Ker(Ci → Ci+1) are Goren-

stein (n, d)-injective, also, Ker(Di → Di−1) and Ker(Di → Di+1) are

Gorenstein (n, d)-flat for any i ≥ 1.

A ring R is called n-regular [23] if it is a (n, 0)-ring. In case n = 1, R is

called regular ring.

Example 3.3. Let K be a field, E a nonzero K-vector space and R = K ⋉ E

be a trivial extension of K by E. If dimK E = 1, then by Remark 3.2, every R-

module is Gorenstein (n, d)-injective, see [3, Corollary 2.2]. If E is a K-vector

space with infinite rank, then by [17, Theorem 3.4], every finitely 2-presented R-

module is projective. So, R is (2, 0)-ring and then by [24, Proposition 2.6](1),

every R-module is (2, 0)-injective and hence, every R-module is Gorenstein

(2, 0)-injective. Also, R is weak (2, 0)-ring, so by [24, Proposition 2.6](2) and

Remark 3.2, every R-module is Gorenstein (2, 0)-flat, too. But, if every R-

module is Gorenstein (1, 0)-injective ( Gorenstein (1, 0)-flat), then R is (1, 0)-

ring (or regular), contradiction.

 [
 D

ow
nl

oa
de

d 
fr

om
 ij

m
si

.ir
 o

n 
20

26
-0

9-
01

 ]
 

                             5 / 18

http://ijmsi.ir/article-1-2340-en.html


66 M. Amini

Example 3.4. Let R = k[X], where k is a field. Then, we claim that every

R-module is Gorenstein (2, 1)-injective (Gorenstein (2, 1)-flat). Since l.(1, 0)-

dim(R) ≤ 1, for every R-module M by Proposition 3.8, there exists an exact

sequence 0 → M → C0 → C1 → 0, where C0 and C1 are (1, 0)-injective. Then

for every finitely 2-presented R-module U , 0 = Ext1R(U,C
1) ∼= Ext2R(U,M). So

Ext2R(U,M) = 0, consequently M is (2, 1)-injective and then by Remark 3.2,

M is Gorenstein (2, 1)-injective. Also, it follows that N∗ is a Gorenstein (2, 1)-

injective R-module for every R-module N . Then by Theorem 4.1, we conclud

that every R-module N is Gorenstein (2, 1)-flat. But, if every R-module is

Gorenstein (1, 0)-injective (Gorenstein (1, 0)-flat), then by Proposition 4.4, it

follows that every R-module is (1, 0)-injective ((1, 0)-flat). Therefore by [23,

Theorem 3.9], R is a regular ring, contradiction.

Lemma 3.5. Let R be a ring. Then

(1) If M is a Gorenstein (n, d)-injective R-module, then Ext1R(Kd−1,M) =

0 for any special finitely presented R-module Kd−1 with pdR(Kd−1) <

∞;

(2) If M is a Gorenstein (n, d)-flat right R-module, then TorR1 (M,Kd−1) =

0 for any special finitely presented R-module Kd−1 with fdR(Kd−1) <

∞.

Proof. If M is a Gorenstein (n, d)-injective R-module, then there exists the

following exact sequence of (n, d)-injective R-module:

IN
D = · · · −→ C1 −→ C0 −→ C0 −→ C1 −→ · · · .

SinceM = Ker(C0 → C1) and HomR(Kd−1, IN
D ) is exact for any special finitely

presented R-module Kd−1 with pdR(Kd−1) < ∞, it follows that Ext1R(Kd−1,

M) = 0. Similarly, (2) follows. □

Lemma 3.6. Let R be ring. Then

(1) Every (1, 0)-injective R-module is Gorenstein (n, d)-injective;

(2) Every (1, 0)-flat R-module is Gorenstein (n, d)-flat.

Proof. Let M be a (1, 0)-injective R-module. Then Ext1R(N,M) = 0 for any

finitely 1-presented R-module N . Now, if 0 → Kd → Fd → Kd−1 → 0 is a

special short exact sequence with respect to finitely n-presented R-module U ,

then Extd+1
R (U,M) ∼= Ext1R(Kd−1,M) = 0, since Kd−1 is a finitely 1-presented

module. So M is (n, d)-injective, and every (n, d)-injective is Gorenstein (n, d)-

injective, too. Similarly, ( 2 ) is also concluded. □

Proposition 3.7. Let every special finitely presented module with fdR(Kd−1) <

∞ is 2-presented. Then, for any l ≥ 1:

(1) ExtlR(Kd−1,M) = 0 for any Gorenstein (n, d)-injective R-module M

and any special finitely presented R-module Kd−1 with pdR(Kd−1) <

∞;
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(2) TorRl (M,Kd−1) = 0 for any Gorenstein (n, d)-flat right R-module M

and any special finitely presented R-module Kd−1 with fdR(Kd−1) < ∞.

Proof. (1) Assume that Kd−1 is a special finitely presented module with

pdR(Kd−1) ≤ m respect to any n-presented module U . If M is a Goren-

stein (n, d)-injective R-module, then, there is a left (n, d)-injective resolution

of M . So, we have:

0 −→ N −→ Cm−1 −→ · · · −→ C0 −→ M −→ 0,

where every Cj is (n, d)-injective for every 0 ≤ j ≤ m− 1. Since fdR(Kd−1) ≤
pdR(Kd−1) < ∞, Kd−1 is 2-presented, and so Exti+1

R (Kd−1, Cj) = 0 for any i ≥
0. Hence, Exti+1

R (Kd−1,M) ∼= Extm+i+1
R (Kd−1, N), and since pdR(Kd−1) ≤ m,

it follows that , Exti+1
R (Kd−1,M) = 0 for any i ≥ 0.

(2) Assume thatKd−1 is a special finitely presented module with fdR(Kd−1) ≤
m for any n-presented module U . If M is a Gorenstein (n, d)-flat right R-

module, then there is a right (n, d)-flat resolution of M of the form:

0 −→ M −→ D0 −→ · · · −→ Dm−1 −→ N −→ 0,

where every Dj is (n, d)-flat for every 0 ≤ j ≤ m − 1. Since U is (n + 1)-

presented, we have TorRi+1(D
j ,Kd−1) = 0 for any i ≥ 0. If fdR(Kd−1) ≤ m,

then TorRi+1(M,Kd−1) ∼= TorRm+i+1(N,Kd−1) = 0, and so TorRi+1(M,Kd−1) =

0 for any i ≥ 0. □

We start with the result which proves that the behaviour of Gorenstein

(n, d)-injective (resp. Gorenstein (n, d)-flat) modules in short exact sequences

is the same as the one of the classical homological notions.

Proposition 3.8. (1) For every short exact sequence 0 → X → Y →
Z → 0 of R-modules, Y is Gorenstein (n, d)-injective if X and Z are

Gorenstein (n, d)-injective;

(2) For every short exact sequence 0 → X → Y → Z → 0 of right R-

modules, Y is Gorenstein (n, d)-flat if X and Z are Gorenstein (n, d)-

flat.

Proof. (1) By Definition 3.1, there is an exact sequence IN
D = · · · → X1 →

X0 → X0 → X1 → · · · of (n, d)-injective R-modules, where X = Ker(X0 →
X1). Also, there is an exact sequence (IN

D )
′
= · · · → Z1 → Z0 → Z0 → Z1 →

· · · of (n, d)-injective R-modules, where Z = Ker(Z0 → Z1). On the other

hand, for every finitely n-presented module U we have:

Extd+1
R (U,Xi ⊕ Zi) = Extd+1

R (U,Xi)⊕ Extd+1
R (U,Zi) = 0

and

Extd+1
R (U,Xi ⊕ Zi) = Extd+1

R (U,Xi)⊕ Extd+1
R (U,Zi) = 0.
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Therefore, Xi ⊕ Zi and Xi ⊕ Zi are (n, d)-injective for any i ≥ 0. Thus, there

is an exact sequence

IN
D ⊕ (IN

D )
′
= · · · −→ X1 ⊕Z1 −→ X0 ⊕Z0 −→ X0 ⊕Z0 −→ X1 ⊕Z1 −→ · · ·

of (n, d)-injective R-modules, where Y = Ker(X0 ⊕Z0 → X1 ⊕Z1). Let Kd−1

be a special finitely presented R-module with pdR(Kd−1) < ∞. Then the

following short exact sequence of complexes exists:

...
...

...

↓ ↓ ↓
0 −→ HomR(Kd−1, X0) −→ HomR(Kd−1, X0 ⊕ Z0) −→ HomR(Kd−1, Z0) −→ 0

↓ ↓ ↓
0 −→ HomR(Kd−1, X

0) −→ HomR(Kd−1, X
0 ⊕ Z0) −→ HomR(Kd−1, Z

0) −→ 0

↓ ↓ ↓
0 −→ HomR(Kd−1, X

1) −→ HomR(Kd−1, X
1 ⊕ Z1) −→ HomR(Kd−1, Z

1) −→ 0

↓ ↓ ↓
...

...
...

∥ ∥ ∥
0 −→ HomR(Kd−1, IN

D ) −→ HomR(Kd−1, IN
D ⊕ (IN

D )
′
) −→ HomR(Kd−1, (IN

D )
′
) −→ 0.

By hypothesis, HomR(Kd−1, IN
D ) and HomR(Kd−1, (IN

D )
′
) are exact, hence

HomR(Kd−1, IN
D ⊕ (IN

D )
′
) is exact by [18, Theorem 6.10].

(2) Similar to the proof of (1). □

Theorem 3.9. Let R be a ring. Then, the following statements are equivalent:

(1) Every special finitely presented module with pdR(Kd−1) < ∞ is 2-

presented;

(2) For every short exact sequence 0 → X → Y → Z → 0 of R-modules,

Z is Gorenstein (n, d)-injective if X and Y are Gorenstein (n, d)-

injective.

Proof. (1) =⇒ (2) If Y is a Gorenstein (n, d)-injective R-module, then by

Definition 3.1 and Remark 3.2, there is an exact sequence 0 → K → Y0 →
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Y → 0 of R-modules, where Y0 is (n, d)-injective and K is Gorenstein (n, d)-

injective. Consider the following commutative diagram with exact rows exists:

0

��

0

��
0 // K

��

K

��
0 // M //

��

Y0
//

��

Z // 0

0 // X //

��

Y //

��

Z //

��

0

0 0 0

By Proposition 3.8(1), M is Gorenstein (n, d)-injective, and so we have a com-

mutative diagram of R-modules:

IN
D = · · · // C1

//

  

C0
//

��

Y0
//

��

I0 //

��

I1 // · · · ,

K0

>>

!!

M

??

  

Z

@@

��

K1

??

  
0

==

0

>>

0

??

0

>>

0

where Ci and Y0 are (n, d)-injective, Ii is injective, Z = Ker(I0 → I1), M =

Ker(Y0 → Z), Ki = Ker(Ci → Ci−1) and Ki = Ker(Ii → Ii+1). By Remark

3.2, Y0, I
i and Ki are Gorenstein (n, d)-injective and hence by Lemma 3.7(1),

ExtlR(Kd−1,Ki) = ExtlR(Kd−1,M) = ExtlR(Kd−1, Y0) = ExtlR(Kd−1, I
i) = 0

for any l ≥ 1 and every special finitely presented Kd−1 module with

pdR(Kd−1) < ∞. Therefore, it follows that ExtlR(Kd−1, Z) = 0 = ExtlR(Kd−1,

Ki), and hence we have the following exact commutative diagram :

Hom(Kd−1, Y0) //

((

Hom(Kd−1, I
0) //

((

· · ·

Hom(Kd−1, Z)

66

((

Hom(Kd−1,K
1)

88

&&
0

66

0

55

0

Consequently, Z is Gorenstein (n, d)-injective.

(2) =⇒ (1) LetKd−1 be a special finitely presented R-module with respect to

any finitely n-presented module U with pdR(Kd−1) < ∞, and let 0 → Kd →
Fd → Kd−1 → 0 be a special short exact sequence, where Kd is a finitely

generated module. We show that Kd is special finitely presented. Let M be
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a Gorenstein (n, d)-injective module and 0 → M → E → L → 0 an exact

sequence of R-modules, where E is injective. Then we have:

0 = Ext1R(Fd,M) −→ Ext1R(Kd,M) −→ Ext2R(Kd−1,M) −→ 0.

So, Ext1R(Kd,M) ∼= Ext2R(Kd−1,M). On the other hand,

0 = Ext1R(Kd−1, E) −→ Ext1R(Kd−1, L) −→ Ext2R(Kd−1,M) −→ 0.

Hence, Ext1R(Kd−1, L) ∼= Ext2R(Kd−1,M). By (2), L is Gorenstein (n, d)-

injective and consequently by Lemma 3.5, Ext1R(Kd−1, L) = 0. This implies

that Ext1R(Kd,M) = 0 for any Gorenstein (n, d)-injective R-module M . Since

by Lemma 3.6, every (1, 0)-injective (or FP-injective) module is Gorenstein

(n, d)-injective, Ext1R(Kd, N) = 0 for any FP-injective module N and so Kd is

1-presented. Hence, Kd−1 is 2-presented. □

Corollary 3.10. Let every special finitely presented module with pdR(Kd−1) <

∞ be 2-presented. Then, a module M is Gorenstein (n, d)-injective if and only

if every pure submodule and any pure epimorphic image of M are Gorenstein

(n, d)-injective.

Proof. (=⇒) Let M be a Gorenstein (n, d)-injective module. If the exact se-

quence 0 → K → M → M
K → 0 is pure, then, Ext1R(Kd−1,K) = 0 for ev-

ery special finitely presented module Kn−1. So, we have Ext1R(Kd−1,K) ∼=
Extd+1

R (U,K) = 0 for any finitely n-presented module U . Thus, K is (n, d)-

injective, and hence K is Gorenstein (n, d)-injective by Remark 3.2. Therefore,

by Theorem 3.9, M
K is Gorenstein (n, d)-injective.

(⇐=) Assume that the exact sequence 0 → K → M → Z → 0 is pure,

where Z and K are Gorenstein (n, d)-injective. Then, by Proposition 3.8(1),

M is Gorenstein (n, d)-injective. □

Proposition 3.11. Let every special finitely presented module with fdR(Kd−1)

< ∞ be 2-presented. Then, for every short exact sequence 0 → X → Y → Z →
0 of right R-modules, X is Gorenstein (n, d)-flat if Y and Z are Gorenstein

(n, d)-flat.

Proof. If Y is a Gorenstein (n, d)-flat module, then by Definition 3.1 and Re-

mark 3.2, there is an exact sequence 0 → Y → Y 0 → L → 0 of right R-modules,

where Y 0 is (n, d)-flat and L is Gorenstein (n, d)-flat. We have the following
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pushout diagram with exact rows:

0

��

0

��

0

��
0 // X // Y //

��

Z //

��

0

0 // X // Y 0 //

��

T //

��

0

L

��

L

��
0 0

By Proposition 3.8(2), T is Gorenstein (n, d)-flat, and so we have the following

commutative diagram:

· · · // F1
//

  

F0
//

��

Y 0 //

��

T 0 //

  

T 1 // · · · ,

K0

>>

  

X

??

  

T

??

  

K1

>>

!!
0

>>

0

>>

0

>>

0

==

0

where T i and Y 0 are (n, d)-flat modules, Fi is flat (or, (1, 0)-flat) for any i ≥ 0,

and also, X = Ker(Y 0 → T 0). Similar to the proof of the Lemma 3.6, every Fi

is (n, d)-flat, too. By Remark 3.2 Ki and Ki are Gorenstein (n, d)-flat. Hence

by Lemma 3.7(2), TorRl (Ki,Kd−1) = TorRl (K
i,Kd−1) = TorRl (T,Kd−1) = 0

for any special finitely presented module Kd−1 with fdR(Kd−1) < ∞ and any

l ≥ 0. So, we have the following exact commutative diagram :

· · · → F0 ⊗R Kd−1
//

((

Y 0 ⊗R Kd−1
//

''

· · ·

X ⊗R Kd−1

77

((

T ⊗R Kd−1

::

%%
0

55

0

66

0

Consequently, X is Gorenstein (n, d)-flat. □

Corollary 3.12. Let every special finitely presented module with fdR(Kd−1) <

∞ be 2-presented. Then, a right R-module M is Gorenstein (n, d)-flat if and

only if every pure submodule and any pure epimorphic image of M are Goren-

stein (n, d)-flat.
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Proof. (=⇒) Let M be a Gorenstein (n, d)-flat right R-module and K a pure

submodule in M . Then, the exact sequence 0 → K → M → M
K → 0 is

pure. So, if Kd−1 is special finitely presented module with respect to every

finitely n-presented R-module U , then 0 = TorR1 (
M
K ,Kd−1) ∼= TorRd+1(

M
K , U)

and consequently M
K is (n, d)-flat. Hence by Remark 3.2, M

K is Gorenstein (n, d)-

flat. Now, if Kd−1 is special finitely presented module with fdR(Kd−1) < ∞,

then by Proposition 3.11, the exact sequence 0 → K → M → M
K → 0 implies

that K is Gorenstein (n, d)-flat.

(⇐=) Let K be a pure submodule in M . Then, the exact sequence 0 →
K → M → M

K → 0 is pure. Then by hypothesis and Proposition 3.8(2), M is

Gorenstein (n, d)-flat. □

As for the classical injective (resp. flat) notion, the class GIn
d (R) (resp.

GFn
d (R

op)) is closed under direct products (resp. direct sums).

Proposition 3.13. (1) The class GIn
d (R) is closed under direct products;

(2) The class GFn
d (R

op) is closed under direct sums.

Let E be the class of finite injective modules and the symbol P denotes

the class of finite projective right modules. If I is a class of modules, then

I is called injectively resolving if E ⊆ I, and for every short exact sequence

0 → X → Y → Z → 0 with X ∈ I the conditions Y ∈ I and Z ∈ I are

equivalent. Also, I is called projectively resolving if P ⊆ I, and for every short

exact sequence 0 → X → Y → Z → 0 with Z ∈ I the conditions X ∈ I and

Y ∈ I are equivalent, (see [14, 1.1. Resolving classes]).

By Propositions 3.8, 3.13, Theorem 3.9 and [14, Proposition 1.4], we have

the following easy observations.

Corollary 3.14. Let every special finitely presented module with pdR(Kd−1) <

∞ be 2-presented. Then,

(1) The class class GIn
d (R) is closed under direct sums;

(2) The class GFn
d (R

op) is closed under direct products;

(3) The class GIn
d (R) is injectively resolving;

(4) The class GIn
d (R) is closed under direct summands;

(5) The class GFn
d (R

op) is projectively resolving;

(6) The class GFn
d (R

op) is closed under direct summands.

4. Applications on special coherent rings

Let R be a ring. Then, a duality pair over R is a pair (M, C) [15,

Definition 2.1], where M is a class of left (resp. right) R-modules and C is a

class of right (resp. left) R-modules, subject to the following conditions: (1)

For any module M , one has M ∈ M if and only if M∗ ∈ C; (2) C is closed

under direct summands and finite direct sums.
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First in this section, according to previous section results, we investigate

the relationships between Gorenstein (n, d)-injective and Gorenstein (n, d)-flat

modules over special coherent rings. Then by using of it, we obtain that the

pairs (GIn
d (R),GFn

d (R
op)) and (GFn

d (R
op),GIn

d (R)) are duality pair.

Theorem 4.1. Let R be a special coherent ring. Then,

(1) An R-module M is Gorenstein (n, d)-injective if and only if M∗ is a

Gorenstein (n, d)-flat right R-module;

(2) A right R-module M is Gorenstein (n, d)-flat if and only if M∗ is a

Gorenstein (n, d)-injective R-module.

Proof. (1) (=⇒) By Definition 3.1, there exists the exact sequence · · · → C1 →
C0 → M → 0, where every Ci is (n, d)-injective. By [24, Proposition 3.1], every

C∗
i is an (n, d)-flat right R-module. So by [18, Lemma 3.53], there is an exact

sequence 0 → M∗ → C∗
0 → C∗

1 → · · · of (n, d)-flat right R-modules. Hence, we

have:

FN
D = · · · −→ F1 −→ F0 −→ C∗

0 −→ C∗
1 −→ · · · ,

where every Fi is projective and (n, d)-flat, and also M∗ = Ker(C∗
0 → C∗

1 ).

By definition, it suffices to show that FN
D ⊗R Kd−1 is an exact sequence when-

ever Kd−1 is a special finitely presented R-module with fdR(Kd−1) < ∞. Let

fdR(Kd−1) = m. We prove by induction onm. The casem = 0 is clear. Assume

that m ≥ 1. There exists a special exact sequence 0 → Kd → Fd → Kd−1 → 0

with respect to every finitely n-presented R-module U , where Fd is projective.

Now, we deduce that Kd is special finitely presented, since R is a special co-

herent ring. Also, fdR(Kd) ≤ m− 1. So, the following short exact sequence of

complexes exists:

...
...

...

↓ ↓ ↓
0 −→ F1 ⊗R Kd −→ F1 ⊗R Fd −→ F1 ⊗R Kd−1 −→ 0

↓ ↓ ↓
0 −→ F0 ⊗R Kd −→ F0 ⊗R Fd −→ F0 ⊗R Kd−1 −→ 0

↓ ↓ ↓
0 −→ C∗

0 ⊗R Kd −→ C∗
0 ⊗R Fd −→ C∗

0 ⊗R Kd−1 −→ 0

↓ ↓ ↓
0 −→ C∗

1 ⊗R Kd −→ C∗
1 ⊗R Fd −→ C∗

1 ⊗R Kd−1 −→ 0

↓ ↓ ↓
...

...
...

∥ ∥ ∥
0 −→ FN

D ⊗R Kd −→ FN
D ⊗R Fd −→ FN

D ⊗R Kd−1 −→ 0.

By induction, FN
D ⊗RFd and FN

D ⊗RKd are exact, hence FN
D ⊗RKd−1 is exact

by [18, Theorem 6.10].
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(⇐=) Let M∗ be a Gorenstein (n, d)-flat right R-module. Then, by (2)(=⇒),

M∗∗ is Gorenstein (n, d)-injective. By [21, Proposition 2.3.5], M is pure inM∗∗,

and so by Corollary 3.10, M is Gorenstein (n, d)-injective.

(2) (=⇒) Let M be a Gorenstein (n, d)-flat right R-module. Then by Definition

3.1, there is an (n, d)-flat right resolution of M as form:

0 −→ M −→ D0 −→ D1 −→ · · · .

By [24, Proposition 2.3], (Di)∗ is (n, d)-injective for any i ≥ 0. So by [18,

Lemma 3.53], there is an exact sequence · · · → (D1)∗ → (D0)∗ → M∗ of

(n, d)-injective R-modules. Also, for module M∗, there is an exact sequence

0 → M∗ → E0 → E1 → · · · 0, where each Ei is an injective R-module. So there

exists the exact sequence

IN
D = · · · −→ (D1)∗ −→ (D0)∗ −→ E0 −→ E1 −→ · · ·

of (n, d)-injective R-modules with M∗ = Ker(E0 → E1). Now, let Kd−1 be a

special finitely presented module with pdR(Kd−1) < ∞ and 0 → Kd → Fd →
Kd−1 → 0 a special exact sequence, thenKd is special finitely presented module

by hypothesis, and so similar to the proof of [11, Theorem 2.3], we obtain that

M∗ is Gorenstein (n, d)-injective.

(⇐=) Let M∗ be a Gorenstein (n, d)-injective R-module. Then, by (1)(=⇒),

M∗∗ is a Gorenstein (n, d)-flat right R-module. By [21, Proposition 2.3.5], M

is pure in M∗∗, and so by Corollary 3.12,M is Gorenstein (n, d)-flat. □

Proposition 4.2. Let R be a special coherent ring. Then

(1) The pair (GIn
d (R),GFn

d (R
op)) is a duality pair;

(2) The pair (GFn
d (R

op),GIn
d (R)) is a duality pair.

Proof. (1) Let M be an R-module. Then by Theorem 4.1(1), M ∈ GIn
d (R) if

and only if M∗ ∈ GFn
d (R

op). By Proposition 3.13(2), any finite direct sum of

Gorenstein (n, d)-flat right modules is Gorenstein (n, d)-flat. Also, by Propo-

sition 3.14(6), GFn
d (R

op) is closed under direct summands, and hence the pair

(GIn
d (R),GFn

d (R
op)) is a duality pair.

(2) Let M be a right R-module. Then by Theorem 4.1(2), M ∈ GFn
d (R

op)

if and only if M∗ ∈ GIn
d (R). By Proposition 3.13(1), any finite direct sum

of Gorenstein (n, d)-injective modules is Gorenstein (n, d)-injective and by

Proposition 3.14(4), GIn
d (R) is closed under direct summands, and so the pair

(GFn
d (R

op),GIn
d (R)) is a duality pair. □

Let F be a class of R-modules and M an R-module. Following [8, 16, 20],

we say that a morphism f : F → M is an F-precover of M if F ∈ F and

HomR(F
′
, F ) → HomR(F

′
,M) → 0 is exact for all F

′ ∈ F . Moreover, if

whenever a morphism g : F → F such that fg = f is an automorphism of F ,

then f : F → M is called an F-cover of M . The class F is called (pre)covering,

 [
 D

ow
nl

oa
de

d 
fr

om
 ij

m
si

.ir
 o

n 
20

26
-0

9-
01

 ]
 

                            14 / 18

http://ijmsi.ir/article-1-2340-en.html


Gorenstein (n, d)-Injective and (n, d)-Flat Modules 75

if each object in R has an F-(pre)cover. Dually, the notions of F-preenvelopes,

F-envelopes and (pre)enveloping are defined.

In the following theorem on special coherent rings, by using of duality pairs,

we show that the classes GIn
d (R) and GFn

d (R
op) are covering and preenveloping.

Theorem 4.3. Let R be a special coherent ring. Then

(1) The class GIn
d (R) is covering and preenveloping;

(2) The class GFn
d (R

op) is covering and preenveloping.

Proof. (1) Every direct sum of Gorenstein (n, d)-injective modules and every

direct product of Gorenstein (n, d)-injective modules are Gorenstein (n, d)-

injective by Propositions 3.14(1) and 3.13(1), respectively. Also, by Corollary

3.10, the class of Gorenstein (n, d)-injective modules is closed under pure sub-

modules, pure quotients and pure extensions. So, by Proposition 4.2(1) and [15,

Theorem 3.1], we deduce that every R-module has a Gorenstein (n, d)-injective

cover and a Gorenstein (n, d)-injective preenvelope.

(2) Every direct sum of Gorenstein (n, d)-flat right modules and every direct

product of Gorenstein (n, d)-flat right modules are Gorenstein (n, d)-flat by

Propositions 3.13(2) and 3.14(2), respectively. Also, by Corollary 3.12, the

class of Gorenstein (n, d)-flat right modules is closed under pure submodules,

pure quotients and pure extensions. So, by Proposition 4.2(2) and [15, Theorem

3.1], we deduce that every R-module has a Gorenstein (n, d)-flat cover and a

Gorenstein (n, d)-flat preenvelope. □

In the following proposition, we show that Gorenstein (n, d)-injective and

Gorenstein (n, d)-flat R-modules are (n, d)-injective and (n, d)-flat, respectively

if l.(n, d)-dim(R) < ∞.

Proposition 4.4. If l.(n, d)-dim(R) < ∞, then the following hold:

(1) Every Gorenstein (n, d)-injective R-module is (n, d)-injective;

(2) Every Gorenstein (n, d)-flat right R-module is (n, d)-flat.

Proof. Let l.(n, d)-dim(R) < ∞. Then, for all special finitely presented mod-

ules Kd−1 with respect to every finitely n-presented module U , it follows that

pdR(Kd−1) < ∞. So by Lemma 3.5(1), 0 = Ext1R(Kd−1,M) ∼= Extn+1
R (U,M)

for every Gorenstein (n, d)-injective R-moduleM , and consequentlyM is (n, d)-

injective. Also, we have fdR(Kd−1) < ∞. So by Lemma 3.5(2), 0 = TorR1 (N,

Kd−1) ∼= TorRn+1(N,U) for every Gorenstein (n, d)-flat right R-module N , and

consequently N is (n, d)-flat. □

Now we give some equivalent characterizations for RR being Gorenstein

(n, d)-injective in terms of the properties of Gorenstein (n, d)-injective and

Gorenstein (n, d)-flat modules.

Proposition 4.5. Let R be a special coherent ring. Then the following state-

ments are equivalent:
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(1) RR is Gorenstein (n, d)-injective;

(2) Every R-module has an epic Gorenstein (n, d)-injective cover;

(3) Every flat R-module is Gorenstein (n, d)-injective;

(4) Every (n, d)-injective right R-module is Gorenstein (n, d)-flat;

(5) Every injective right R-module is Gorenstein (n, d)-flat;

(6) Every right R-module has a monic Gorenstein (n, d)-flat preenvelope.

Proof. (3) =⇒ (1) Trivial.

(2) =⇒ (1) By hypothesis, R has an epic Gorenstein (n, d)-injective cover

f : C → R, then we have a split exact sequence 0 → Kerf → C → R → 0 with

C is a Gorenstein (n, d)-injective R-module. So, by Proposition 3.14(4), RR is

Gorenstein (n, d)-injective.

(1) ⇒ (2) By Theorem 4.3(1), there is a Gorenstein (n, d)-injective cover

ϕ : A → M for any R-module M . Also, there is an exact sequence 0 → K →
F

h→ M → 0 of R-modules, where F is free module. Since RR is Gorenstein

(n, d)-injective, then by Proposition 3.14(1), it follows that F ∼=
⊕

i∈I R is

Gorenstein (n, d)-injective. So there exists a map g : F → A such that ϕg = h.

Since h is epic, we deduce that ϕ : A → M is also epic.

(6) =⇒ (5) Let I be an injective right R-module. then I has a monic

Gorenstein (n, d)-flat preenvelope f : I → F by assumption. So, the split exact

sequence 0 → I → F → F
I → 0 exists, and so I is direct summand of F . Hence,

by Proposition 3.14(6), I is Gorenstein (n, d)-flat.

(5) =⇒ (1) By hypothesis, R∗ is a Gorenstein (n, d)-flat right R-module,

since R∗ is injective. So, RR is Gorenstein (n, d)-injective by Theorem 4.1(1).

(1) =⇒ (6) By Theorem 4.3(2), every right R-module M has a Gorenstein

(n, d)-flat preenvelope f : M → D. By Theorem 4.1(1), R∗ is Gorenstein

(n, d)-flat, and so
∏

i∈I R
∗ is Gorenstein (n, d)-flat by Proposition 3.14(2). On

the other hand, (RR)∗ is a cogenerator. Therefore, exact sequence of the form

0 → M
g→

∏
i∈I R

∗ exists, and hence homomorphism 0 → D
h→

∏
i∈I R

∗ such

that hf = g shows that f is monic.

(5) =⇒ (4) Let M be an (n, d)-injective right R-module. Then the exact se-

quence 0 → M → E(M) → E(M)
M → 0 is special pure, since Ext1R(Kd−1,M) =

0 for every special finitely presented Kd−1 with respect to any finitely n-

presented U . Since by (5), E(M) is Gorenstein (n, d)-flat, from Corollary

3.12, we deduce that M is Gorenstein (n, d)-flat.

(4) =⇒ (3) Let N be a flat R-module. Then, N∗ is an injective right R-

module, so N∗ is Gorenstein (n, d)-flat by hypothesis, and hence N is Goren-

stein (n, d)-injective by Theorem 4.1(1). □

Corollary 4.6. Let R be a special coherent ring with l.(n, d)-dim(R) < ∞.

Then the following statements are equivalent:

(1) RR is Gorenstein (n, d)-injective;
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(2) Every Gorenstein flat R-module is Gorenstein (n, d)-injective;

(3) Every R-module is Gorenstein (n, d)-injective;

(4) Every Gorenstein injective right R-module is Gorenstein (n, d)-flat.

Proof. (3) =⇒ (2) and (2) =⇒ (1) are clear.

(1) =⇒ (3) Let M be an R-module. Then, there is an exact sequence · · · →
P1 → P0 → M → 0, where each Pi is flat. If RR is Gorenstein (n, d)-injective,

then by Proposition 4.4(1), R is (n, d)-injective. Hence, by Proposition 3.14(1),

we deduce that every Pi is (n, d)-injective. Also, for module M , there is an

exact sequence 0 → M → E0 → E1 → · · · 0, where every Ei is injective. So,

we have:

IN
D = · · · −→ P1 −→ P0 −→ E0 −→ E1 −→ · · · ,

where Pi and Ei are (n, d)-injective and M = ker(E0 → E1). Similar to the

proof of the Theorem 4.1((2) (=⇒)), we get that HomR(Kd−1, IN
D ) is an exact

sequence for every special finitely presented R-moduleKd−1 with pdR(Kd−1) <

∞, and consequently, M is Gorenstein (n, d)-injective.

(3) =⇒ (4) If M is a Gorenstein injective right R-module, then by hypothe-

sis, M∗ is Gorenstein (n, d)-injective, and hence by Theorem 4.1(2), it follows

that M is Gorenstein (n, d)-flat.

(4) =⇒ (1) If every Gorenstein injective right R-module is Gorenstein (n, d)-

flat, it follows that every injective right R-module is Gorenstein (n, d)-flat, too.

So by Proposition 4.5, we obtain that RR is Gorenstein (n, d)-injective. □
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