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ABSTRACT. We first establish weighted Ostrowski type inequalities for
bounded differentiable functions. This inequality is also obtained for
bounded above and bounded below differentiable functions. Some ap-
plications of the proposed results are presented to numerical standard
and non standard quadrature rules. We recapture known results as well

as obtain new results.
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1. INTRODUCTION

Our work mostly deals with integral inequalities. To highlight its impor-
tance we quote here from [20], “Among the many types of inequalities, integral
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inequalities are of supreme importance because over the last few decades this
field has proven to be an extensively applicable field. The integral inequalities
of various types have been widely studied in most subjects involving mathe-
matical analysis. These inequalities are particularly useful in approximation
theory and in numerical analysis where estimates of approximation errors are
involved.” Ostrowski inequality [25] is one of the most famous inequalities,
first presented by Alexander Markowich Ostrowski in 1938. It can be used
to determine absolute deviation of functional values from its mean values. It
is extremely important because of its wide range of applications in different
areas of mathematics such as numerical integration, integral operator theory,
probability theory and statistics. This inequality states that:

Proposition 1.1. Let p : I — R be a differentiable function on I° such that
p € L[j, k] where j < k whose derivative p’ is bounded on interior of I, i.e.,

I |0 :== sup |p/(t)| < co. Then
te(4,k)

(- %)

<(h=j) |§+ g | @l (L)

k
pl6) — / p(t)dt

The constant i 1s the best possible constant that it cannot be replaced by smaller
one.

Ostrowski inequality for differentiable functions has been generalized many
times, as stated in [6, 18, 19, 27]. For latest work related to Ostrowski inequal-
ity, we refer the reader to following articles [1, 2, 3, 5, 8, 12, 13, 14, 15, 16, 17,
21, 22, 23, 24, 26]

To prove our main results, we need the following two lemmas from [7] and
[10].

Lemma 1.2. Let p: I — R, be a differentiable function in interior I° of
interval I and also let [j, k] C I°. Then the following identity holds
atp
2

k k J
[ xe.00wi = o) /B w(t)d = ) [ w(tyit+p6) [ wloyi

[e3% [e3%
B

+opl+h-0) [

a+p3

2

k
w(t)dt — / p(t)w(t)dt, (1.2)
J
where K(0,t) is defined as:
w(t)dt, — if telj,0l;

K(0,t) = /t wt)dt,  if te(0,5+k—0] (1.3)

/tw(t)dt, if te(j+k—0,K];
B
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) . b b
where ¥V 0 € [J, k], a = j+ A5L, B=k— A5 and X € [0,1].

Lemma 1.3. Let p: [j,k] — R be a differentiable function such that v(0) <
p'(0) < TNO) for any v,T € C[j,k] and 0 € [j,k]. Then we have

WO +T@) | L) — (1)
2 - 2 '

p(t) - (L4)

We are ready to present our main theorem, which will be generalized in
two ways: first, by adding weights that are probability density functions, and
second, by adding a parameter. In this way, we will capture variety of results
from various articles as special cases.

2. MAIN RESULTS

Theorem 2.1. Let p: I — R, be a differentiable function in I° and also let
v(0) < p'(0) < T'() for any v,T € C[j,k] and 6 € [j,k]. Then

a4
k 2

m(O.0) < ph) [ witat - p(3) [ (ot pl6) [ wioyi

B a a

J

+p(j+k—0) /iﬁ w(t)dt — /j’“ p(Hw(t)dt < M(6,N), (2.1)
where
m(®,)) = /JG <(/;w(t)dt_‘/;w(t)dt‘> ?
o ([ ) )
+ /01'““—‘9 ((/{;B w(t)dt — ’/;H3 w(t)dt’) ?
+ </t+/ w(t)dt + /; w(t)dtD 7(2’5)> U
! /Jike (</@tw(t)dt B ‘/Btw(t)dt‘) ?
+ (/BtW(t)dtJr‘/ﬁtw@)dtD W(Zt))dt
and
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+/;*f9<(a M/ o) 5
= )
e (</

+

v
‘q
|

k
w(t)dt — /w<><>dt

_V/ 1)+ T(1) dt+/ﬁk6/
//

Applying absolute value and using (1.4) we get

(2.2)

k j oth
w(t)dtp(k j t)d 0 t)d k—0
/ﬁ (t)dtp(k) pm/a w(t) t+p<>/ w(t)dt + plj + k — 6)

X/iﬁ (i)t — /Jw dt_[//
L A

oL 1
:/jm( 10
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2
k —
K (6,1)] (W) dt

[/je /;w(t)dt’ (T(t) _W(t))dt—k/ejﬂ_e

k
% (D(t) = (1)) dt + /

J+k—0

</ k|K<0,t>\(p'<t> 200 o

<

M"_‘b\

t
/ w(t)dt
ats

/ﬂ w(t)dt' (0() — (1)) dt] @23

After rearranging (2.3), we get the required result. (]

Remark 2.2. It is worth mentioning that if we put w(t) = ﬁ in our main
result we will get the following result.

Corollary 2.3. Let all the assumptions of Theorem 2.1 be valid. Then

oo, 3) < AULE ) 204 0l5 +20) _/kp(t)d(t)

2
SMO(Q,)\),
where
L[ 770 g k=g
9.0 = —— DT My A
S )
n—In k=
+ 2' |7<n+]+)\2>)dn
B0 4 ) i+ k —Inl j+k
I (e R (i )
o— itk 2 2 2 2
ME k=g
+/ P (45— A"
jraEziog \ 2 2
+77—|77| AN
— 7 n+j— 5 n
and
1 [ oS ) k=
My(0,\) = —— —7T |+ A—
g [ 5 et

+ . k—j
+ nr 2|77|’y<n+j+)\2‘7>)dn
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itk _g . .

: - +k + +k
[ (e (g ) L (3,

o_ itk 2 2 2 2

NG ;

n—[n| N

(e )

JHAESI g 2 2

n— |nl N
t— 7<n+3 A 5 >>dn],

which is Theorem 2.3 of [8] and hence all its Corollaries and Remarks and

further consequences would become our special cases.
Throughout the section 7y, 71, I'g, I'1 are real constants.

Remark 2.4. If we put A = 1 in (2.1), we obtain following result.
Corollary 2.5. Let all the assumptions of Theorem 2.1 be valid. Then

my < p(k) /jl; w(t)dt + p(j) /jﬁzk w(t)dt — /jk p(iw(t)dt < My,  (2.4)
where
o= L (e o)
o (] [ e ) 50
and

M,

+ I
— Q\w
NF\; | — |
= /N

I VR

S —

= f °

| &
— =
”‘“; +

E —_—

= T

= f 7
___ IS

=

©Z 5
N— — ——— N—

=
Nl=

Special Case 2.5.(a)If we take, y(t) =9 # 0, I'(t) = Ty # 0 and w(t) =
= in (24), then

k
(k 8 D (0 - 1o < P9 ;p(k) . ij/J p(t)dt

(k—J)
8
which is the Corollary 2 of [27] and Special Case 2.4.1 of [8].

<

(To —70),

Special Case 2.5.(b) If we take, y(t) = vt +70 # 0, T'(¢t) =T1t + Ty #0
and w(t) = %] in (2.4), then

k
p() +p(k) 1
2 k—j

k
my < / p(t)dt < Moy,
J
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(G +F)
2

(y14+Ty)+

_ (k=7 [(k—j)

3 (1 _P1)+'YO_F0:|

My = (k;j) [(k;j)(%-&-ﬂ)-#(j;k)

which is Special Case 2.4.2 of [8].

(I'y —m) +To —70} ,

Remark 2.6. If we choose 6 = # in (2.1), we obtain the following result.

Corollary 2.7. Let all the assumptions of Theorem 2.1 be valid. Then

ma(\) < (k) /ﬁ "wt)it o)) / <>dt+p(’“j”) / w(t)dt

-/ ety < M), (25)

i = [ ([

where
[
+ w( dt+‘/ dt‘) >dt
o L (| ) 2
+ /ﬁw dt—i—’/ dtD,Y(;>dt
and

[t

2
J

i = [ (([oms| o2
(o] [ 2)e
L |

I'(t)

. (( dt*\/ i) 5
o ([ [ )

Remark 2.8. If we choose A = 0 in (2.5), we obtain the following result.

+

Corollary 2.9. Let all the assumptions of Theorem 2.1 be valid. Then

ma < p (’“2”) - / " pltt)dt < M0 (2.6)
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where
my = /ngk (([w(t)dt— Iw(t)dtDPg)
+ ( jtw( )dt + /jtw(t)dtD 7;”) dt
L (([fson | [
+ (/ktW(t)dH’/ktw(t)dtD 7?) dt
and

+

4
—
Eo*
I/
A/~
w\&
€
=
U ;
~
€ + €
h
€
=
Q
=
~ —
!
Nl=

+ (/ktw(t)dt—’

Special Case 2.9.(a) If we take, y(0) =0 #0,T'(0) =Ty #0, 0 =
and w(t) = £, in (2.5), then
(k—J) y+k> Lt (k—J)

S t)dt <
8 2 r—; ) PWdts g

(70—F0)<P(

(FO - ’70)7

+

which is in fact the Special Case 1 of Theorem 1 presented in [18], Corollary 1

of [27] and Special Case 2.6.1 of [8].

Special Case 2.9.(b) If we take, v(0) = 110+ # 0, T'(0) =T10+T #0

and w(t) = ﬁ in (2.5), then

j+k I
ms < p (ﬁ) ey p(t)dt < Ms,
j

where

mgs =

(k—J4) (k—J

3 3 (1 +T1) 4+ — ki + v — Fo)

and

k—3j k —
Msz( 8])< 31(71+F1)+JF1 /WH-Fo—Vo),

which is example of Corollary 1 of [18] and Special Case 2.6.2 of [8].

Remark 2.10. By choosing A = % in (2.5), then we get the following corollary.
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Corollary 2.11. Let all the assumptions of Theorem 2.1 be valid. Then

me < p(k) /E lt)it = p(3) | " e+ (9) ] w(t)dt

55+ +k
6

6
Jj+5k

+
o)
VR

=
w‘+
o,
N——
\
Eo

k
w(t)dt — / p(Bw(t)dt < My, (2.7)

where
o / ((@”“)d’f— L. w<t>dt\) e
+ (/tﬂ W(t)dt+‘/5j+k w(t)dtD v(t)> dt
+ /+ ((/i w(t)dt — ’/i w(t)dt’) %t)
+ (/;k w(t)dt + ‘ /;k w(t)dtD 7(2’5)> dt
and

+
R
e
+
kol
€
S
S~—
oW
~
I
£
kol
€
—
Ny
QL
=
N———
2
N
S~—
~_
QL
~

+
\
‘+ ‘a-
= o |

VR

VR
\
it
ot
Ead

&
=
N

&

+

+
/N
ﬁ
1%
g
€
S
S~—
QL
~
\
‘+ =
g
€
—
Kt
Q
=
N———
2
N
S~—
~_
Q
~

Special Case 2.11.(a) If we take, y(t) = v # 0, I'(t) = Ty # 0 and
w(t) = ﬁ in (2.7) , then

[Wﬂp(j;kﬂ _klj/j’“p@)dt

)
-T2

(k—7)
72

(70 —To) <

Wl

(To —70),

which is & Simpson’s rule and Corollary 4 of [27] and Special Case 2.7.1 of [8].
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Special Case 2.11.(b) If we take, y(t) = 1t +v # 0, T'(t) =T1t+Tg # 0

and w(t) = klfj in (2.7), then

{p(ﬁ;p(/@)”p (j+k>] . klj/jkp(t)dt§M7,

2

[(k =) +T)+ %(7’71 =30 + 5(3’}’1 — 1) +5(y0 — To)

(k772]) {(k —)(m+T1)+ %(7F1 —3m) + g(3rl — )

+ 5T — )],

My

which is § Simpson’s rule and Special Case 2.7.2 of [8].
Remark 2.12. If we choose A = % in (2.5), we get the following corollary.

Corollary 2.13. Let all the assumptions of Theorem 2.1 be valid. Then

K o g\ [
m <o) [ - pG) [ wwarrp (S5 [ 7w

- (’“2“) / w(t)dt — / (e < Ms, (28)

k

2

where
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Mg /f; <(/:+,c w(t)dt+‘/3i+k w(t)dtD @
([, o] [ o) 2
/J;J ((/j;k“(ﬂd“r /j;w(t)dtDF;ﬂ
([t | [ o) 0

Special Case 2.13.(a) If we take, v(t) = v # 0, I'(t) = Ty # 0 and
w(t) = ﬁ in (2.8), then

by < J[AD50  (HERY] L 1

< (km )(Fo - %),

which is average midpoint and trapezoidal and Corollary 3 of [27] and Special
Case 2.8.1 of [§].

and

+

+

Special Case 2.13.(b) If we take, y(t) = yit+v # 0, T'(t) =T1¢t+Tg #0

and w(t) = T in (2.8), then
1 [p(j) + p(k) j+k 1 /’“
< Z — <
m9_2[ 5 A P jp(t)dt_Mm

where

k— k—3j ' k
mg = ( 16]) {( 5 j)(’Yl +T) + %(71 —I')+ 5(71 -T'1)+7 —Fo]
and

k=5 [(k—3j j k
My = (176]) {m(w +I'1) + %(Fl -m)+ §(F1 -m)+To _’70:| )

which is midpoint and trapezoidal rule and Special Case 2.8.2 of [8].

Remark 2.14. If we choose § = j in (2.1), for any value of A € [0, 1] we obtain
the following result.

Corollary 2.15. Let all the assumptions of Theorem 2.1 be valid. Then

k 7 QT-i—B
mio(N) < p(k) /ﬁ wlt)dt = p(3) [ i)+ plp) [ ity
8 2
doll) [ woit— [ pouvd < a0, (29)
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where
mio(A) = /jk<</;w(t)dt—‘/;w(t)dt’ @
o ([ ] [ ta]) 50

and

+

t w(t)dt — t w(Z)dt 10 g
(ﬁ” ‘Lﬁ D 2)

Remark 2.16. (1) If we take T'(t) = Tg # 0, ¥(t) = 7 # 0, and with
w(t) = ﬁ in (2.9), then we obtain results similar to Special Case
2.5.(a).

(2) T(t) = T1t +To # 0,9(t) = mt +70 # 0, and w(t) = ;15 in (2.9), then
we obtain results similar to Special Case 2.5.(b).

Remark 2.17. If we choose § = k, and A = 0 in (2.1), we obtain the following
result.

Corollary 2.18. Let all the assumptions of Theorem 2.1 be valid. Then

. k
myy < LU L Pk) 1./pwmswm, (2.10)
2 k—3J;

where

/
+ ( tw(t)dt +
J
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My = /jk ((/jtw(t)dt+

and

+

+
;ﬁl/—\

+

(
(L
(]

Special Case 2.18.(a) If we take, ’y(t) =7 # 0, T'(t) =Ty # 0 and
w(t) = ﬁ in (2.10), then

3(k —j)(% Ty < [p(j);rp(k)] B k:,- /kp(t)dt

8
3(k —J)
8

< (FO - ’YO),
which is Special Case 2.10.1 of [8].

Special Case 2.18.(b) If we take, y(t) = vit+v # 0, T'(t) =T1t+Tg # 0
and w(t) = ﬁ in (2.10), then

. k
mig < |:p(])-|2-p(k)] - kij/] p(t)dt < My,
where
mig = (k ; J) [7(]“1; J) (m+T1)+ %(771 +T4) — g(% +17T)
Z(’Yo Fo)}
and
Mo = (& ; J) [7(k1; J) (m+T1)+ %(71 +7T) — 2(7% +T4)
%(Fo —’70)]

which is Special Case 2.10.2 of [8].
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Remark 2.19. If we choose 6 = k and A = 1 in (2.1), we obtain the following
result.

Corollary 2.20. Let all the assumptions of Theorem 2.1 be valid. Then

itk
k 2

mis <o) [ o) [ was o) [ s
() / w(t)dt / ()t < My, (211)
where
e /jk ((/;Ik w(t)dt — ‘/3;" w(t)dtD @
+ (/;k w(t)dt + ‘ /3; w(t)dtD 7(2t)> dt

+ /kj <</; w(t)dt — ’/; w(t)dt’ ?

o (st [ wma) 750

+ /jk ((/i w(t)dt — ‘/i w(t)dtD ?

+ t w(t)dt + t w(t)dt 1) dt
and

=
w
I
k\
ol
VR
VR
[
T
Eal
I
—
)
Y
~
JF
w\
. o~
+
ol
&
N
oW
~
—
=
Pl=

_|_
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Special Case 2.20.(a) If we take, v(t) = 79 # 0, ['(t) = Ty # 0 and

w(t) = §55 in (2.11), then

— 9 1 k -7
9(k32 2 (4o -To) < {p(]) ;p(k)} Tk ij /J Pt = 9(k32 2ro-0),

which is Special Case 2.11.1 of [8].

Special Case 2.20.(b) If we take, v(t) = y1t+7 # 0, I'(t) =T1t+ Ty # 0

and w(t) = ﬁ in (2.11), then

where
k— . .
my = 16‘7[ E 9 )+ Lom ) - - smy)
+  3(v0 —To)]
and
k—43|5(k—7g ] k
My, = 16][(3J)(W’1+P1)+;(5F1—%)_2(F1—5’Yl)
+ 3T — )],

which is Special Case 2.11.2 of [8].

Remark 2.21. If we choose § = k and A = % in (2.1), then we get the following
result.

Corollary 2.22. Let all the assumptions of Theorem 2.1 be valid. Then

J
wlt)dt = () [,
j+5k °

- k
w0) [ wltde = [ plow(oit < Mia - (212)

2

where

= [ ([ )
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and

+ (/ik w(t)dt - ‘/:k w(t)dtD 7;“) "

Special Case 2.22.(a) If we take, v(t) = v # 0, I'(t) = Ty # 0 and

w(t) = %_J in (2.12), then

i . k
w (30— T) < {p(g) +p<k>} - ) / p(t)dt

17k~ j)
- 72

which is Special Case 2.12.1 of [8].
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Special Case 2.22.(b) If we take, y(t) = 1t +v # 0, I'(t) =T1t+Tg # 0
and w(t) = 1= in (2.12), then

=
p(j) + p(k) 1 /k
< — <
mig < [ 2 ) p(t)dt < My,
where
k—17 . 37 3k
mie = 72]) [11(/“ - +T1)+ ?](33% -TI')+ 7(71 —33T1)
+17(v0 — T'o)]
and
k—3j . 37 3k
Mye = ( 72J) {(k =7 +T1)+ %(33F1 -m)+ ?(Fl —33m)

+ 17(To —70)] s
which is Special Case 2.12.2 of [§].

Remark 2.23. If we choose § = k, and A = 1 in (2.1), we obtain a bound for
trapezoidal rule in the following result.

Corollary 2.24. Let all the assumptions of Theorem 2.1 be valid. Then
k j itk
mir <o) [ it —p) [ wldrs o) [ witrae

Titk itk Titk
3 3

B k ’
+0(7) / w(t)dt — / pw(t)dt < Mig,  (2.13)

where

mir
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and

2
([ | [ atva]) 0
</ﬁtw(t)dt — ’/ﬁtw(t)dt’) 7(;>> dt.

Special Case 2.24.(a) If we take, y(t) = v # 0, I'(t) = Ty # 0 and

w(t) = 755 in (2.13), then

_|_

1 ] k
%(%_FO)S {p(y);p(k)} _ 1j/j p(t)dt

17(k — j)
< 2T I, -
= 64 ( 0 70)7
which is Special Case 2.13.1 of [8].

Special Case 2.24.(b) If we take, y(t) = 1t +v # 0, I'(t) =T1t+Tg # 0
and w(t) = 1= in (2.13), then

k—j
o)) + p(k)} R
2 k—j

k
myg < [ / p(t)dt < Mys,
J

where

k—j)[35 . ' k
mig = (674]) L,)(k =) (m +T1) + %(35% +T) - 5(71 + 35T)

+17(v0 —T'o)]

and

k—34)[35 . ' k
Mis = % {g(k =) +T1) + %(35F1 +nt+) - §(F1 + 3571)

+17(To —v0)] s

which is Special Case 2.13.2 of [§].
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Remark 2.25. if we choose 6§ = 2% and A = 1 in (2.1), then we get the

following result.

Corollary 2.26.

Let all the assumptions of Theorem 2.1 be valid. Then

k N 2j +k\ [
o <o) [ it o) [ wtarsp (255 [ wiya
8 8 8

j+7k

O (j g%) /,]; w(t)dt — /Jk p(H)w(t)dt < Mg,

where

and

Mg

N <</t+k t)dt — ‘/mk dtD %
(1 et [ o) 22
/: << e (B ‘/+ w(t)dtD @
w(t dltJr’/+ dtD )>dt

(/ o w(t)dt_‘/jim w(t)dtD ?

Il
S—

+

+

+
A
‘+

+

+
o4
Eal
&
~
|
:\
+
Ead
&
P
\_/
A
\_‘;
oW
~

((/ “<t>dt+’ / (t)dtD Ho

+
~
‘N.\
I 2

T
&
—~
N
QU
SN
|

+
\
+ >
N
B
N
7N
N
m‘t >
ol
I
—
N
u
~
+

+
—
A
5
kol
I
—
Nt
QU
~
|
Ead
&
S
SN~—
Q
=
N——
2
Nl=
N——
Q
~

(2.14)
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Special Case 2.26.(a) If we take, v(t) = 79 # 0, ['(t) = Ty # 0 and

w(t) = §55 in (2.14), then

[ (552) (52

- ./kp(t)dtﬁ%(k_j)(%—ro),

k—j 576
which is Special Case 2.15.1 of [8].

Special Case 2.26.(b) If we take, y(t) = 71t+v # 0, I'(t) =T1t+Tg # 0
and w(t) = 1=, in (2.14) then

F—j>
3 [p(j) + p(k) 2j +k j+ 2k 1 /k
< = — t)dt
mzo_g[ 3 +p 3 +p 3 k—j jP()
S M207
where
k— . 1, . 1 .
Moy = ( 1923) {(k ) +T)+ g(]% — k') + g(k% —jT)
25
+ g(% — Fo)]
and
k—j . 31 ) 19 .
My = ( 19;) [(k — ) +T1) + g(kFl —Jjm)+ g(]n — k1)
25
+ g(ro - 70)] )

which is Special Case 2.15.2 of [8].
Now we state two results with their consequences for function p whose first
derivative is bounded below only and bounded above only respectively.

Theorem 2.27. Let p : I — R, be a differentiable function on I° of I, and
let [j,k] € I°. If p’ is bounded below then v(0) < p'(0) for any v € C[j, k],
0 € [j,k], then for all X € [0,1] we have

k J
mar(6.0) < p(k) [ wit)dt = p(3) [ i)t p0) [ wiyat

B e a

+p(+k—0) /i w(t)dt — /k p(t)w(t)dt < Moy (0,7), (2.15)

2
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where

ma1(0,\) = /]k (/:Ha w(t)dt) y(t)dt + /je (/ag w(t)dt) y(t)dt

2

B /j:ce (/i/ “’(t)df> y(t)dt

2

_max{ /a o, /(:kew(t)dt, /ﬁ kw(t)dt}

and

Proof. Since

k
| K6.0050) -0y
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B

+p(j+k—9)/

a+pB
2

) l / ’ ( / tW(t)dt) o+ | e ( / W(t)dt> o
+/:H (/Btw(t)dt) v(t)dt] .

k
w(t)dt—/ p(t)w(t)dt

Using modulus property, we have

k 7 3
k w(t)dt — p(7 w(t)d 0 w(t)d
p(>/ﬁ (t)dt pu)/a <t>t+p<>/a (t)dt
8 k
+p(j+Ek—0) /M w(t)dt—/ p(t)w(t)dt

_ V]e (/: w(t)dt> y(t)dt + /HHH (/iﬁ w(t)dt) (t)dt
+ /] ik_e ( /B tw(t)dt) y(t)dt]

k
/ K(6.1) (0/(t) — (1)) dt

k
< / K (0,0)] (5 (t) — (1)) dt

k
< max K001 [ (50) = 1(0)de
te[j,k)] j
9 k-6 k
—max{/ w(t)dt,/ w(t)dt,/ w(t)dt}
a 58 g
k
X (p(k) —p(j)—/ v(t)dt>~ (2.16)
J
After rearrangement of (2.16) we get required result. O

Remark 2.28. If we put w(t) = ﬁ in inequality (2.15), then we will get the
following result.

Corollary 2.29. Let all the assumptions of Theorem 2.27 be valid. Then

mat, ) < NDEE o )P0 PTEEZ0) (54

< Myp(6,)) (2.17)
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where

maa(A) = ﬁ l/f (t - ‘]—;k> ~(t)dt + k%] (/jG (I =X)~y(t)dt
_/jikG(I_A)V(t)dt}max{ﬁ;j’ (9_ (2—/\)2j+>\k> 7 (j;k _9>}
X (p(k)—p(j)— jkv(t)dtﬂ

itk

Ma(¥) = [/k (1= 255 20 + 252 </ (1= N
[y 0 ) s (32 (0 CEAENY (250
x <p<k> o) - / kw(t)dt)] ,

which is Theorem 2.8 of [8].
Remark 2.30. If we choose 6 = # in (2.15), we get the following result.

Corollary 2.31. Let all the assumptions of Theorem 2.1 be valid. Then

k J

mas(N) < p(k) /ﬁ (0t pti) [ w(t)dup(j;k) / (bt

- /j ' p(t)w(t)dt < Maz(N), (2.18)
where
maz(A) = /J];k (/atw(t)dt> ~(t)dt + /]; (/{;Mt)dt) ~(t)dt
~ max { /a = w(t)dt, /; w(t)dt, /ﬁ ' w(t)dt}
i k
x <p<k> — o) - / v(t)dt>
and
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itk
2

Mas(N) = /j / t)dtry(t)dt + /i / (t)dty(t)
+max{/a+ ()dt,/a;k ()dt,/: ()dt}

k
x (mk) o)~ [ W(t)dt> .

Special Case 2.31. If we choose w(t) = ﬁ in (2.18), we obtain the
following result.

maa(\) < [Ap(j);f’(k) Y (1= \)p (‘7;1“)} - 1 /Jk p(t)dt

—J
< May(N), (2.19)

itk

maa(N) = ﬁ l/f (t _ ‘“2”“> y(t)dt + k% (/J (1 —A)y(t)dt
- /i (1-)) W)dt) ~ max {/\2 (1- >\)k2j}
k
x <p<k> —pli) - / v(t)dtﬂ

which is Corollary 2.9 of [8].

Theorem 2.32. Let p : I — R, be a differentiable function on I° of I, and
let [j,k] C I°. If p’ is bounded above then p'(0) < T'() for any T’ € C[j,k],
0 € [, k|, then for all X € [0,1] we have
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+8
k (12

mas(0,3) < p(k) /ﬂ wat o) [ o p0) [ eoar

B
+ (k- 9)/ w(t)dt — /k (B (B)dt < Mas(0, ), (2.20)

atpB
2

0 jk—0 k
+max{/a w(t)dt, /OéerB w(t)dt,/ﬁ w(t)dt}
k
x ( / r(t>dt—p<k>+p<j>>.

Proof. Since

/ K(0,1) (o/(t) — T(t)) dt

— (k) /B ()it o) [ war+p0) [ 7 o

Fpl+k—0) /ﬂ w(t)dt—/kp(t)w(t)dt—/kK(Q,t)F(t)dt

atB
2
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k j
= p(k) /ﬁ w(t)dt — pl3) / w(t)dt + p(6) / w(t)dt

« «

oHrB

j+k—60
// t)deT (¢ dt+/ / t)deT (¢
/’ / £ (¢
+k—0

8 2
Lol +E—6) / w(t)dt / p(t)o(t)dt

so we have

k J 2
(k) /ﬂ wlt)dt = p(3) [ it +p(0) [ ity

(e (e

8 k
otk =0) [ wltdr - / p(t)w(t)dt

a+[3

V/ DT dH/J*”/ DT
/W/ Darr(e ]

k
y ( / T(t)dt — p(k) + p<j>> ,

we get required result after some rearrangement.

1

(2.21)

O

Remark 2.33. If we put w(t) = 7= in inequality (2.20) then we get Theorem

3 of [18] and Theorem 3 of [19].


http://dx.doi.org/10.61882/ijmsi.20.2.209
http://ijmsi.ir/article-1-2009-en.html

[ Downloaded from ijmsi.ir on 2025-10-16 ]

[ DOI: 10.61882/ijmsi.20.2.209 ]

Generalization of weighted Ostrowski Inequality 235

Corollary 2.34. Let all the assumptions of Theorem 2.32 be valid and if we
choose 8 = % in (2.20), then we get

mas) < o) | wt)dt — ol)) / ()t +p (25 ] (bt

k
—/ p(tw(t)dt < Mas(N), (2.22)

where

itk

m26(A)=/2 /w £)diT (¢ dt+/ / £)diT (¢

- maX{/aj;k W(t)dt,/; w(t )dt’/ﬂ w(t)dt} </]k (t)dt — p(k) +P(J’)>

and

itk

Mg (M) :/_ ’ / £ (¢ dt+/ / £)deT (¢
+max{/aj;k w(t )dt,/; w(t )dt,/ﬁ w(t )dt} </7k L(t)dt — p(k) +p(j)> :

Special Case 2.34. If we choose w(t) = k— in (2.22), we obtain the following

result.
. . k
mar(A) < [AW +(1-A)p (Jgkﬂ - klj/j p(t)dt
S M27()‘)7
where

and
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which is Corollary 2.11 of [8].

Remark 2.35. If 4(0) < p'(0) < T(0) for any 6 € [j,k] and +,I" € C[j, k], and if
one put A = 0, then error bounds of non-standard quadrature are given as:

. k
Moy < % [—P(j) +2p (]—12_k> +P(k3)] - rij ’ p(t)dt < Mag, (2.23)
where
itk K
I [ @i [ -k
" k
v Ed / v(t)dt]
and
JTk k
My = ﬁ U (t—j)F(t)dt—s—/J_Z)k(t—k)F(t)dt

k—j) [*
. k-9 / F(t)dt] :
2 U
which is Corollary 3 of [18], Corollary 4 of [19] and Corollary 2.11 of [8].

Proof. To prove (2.23), we use Corollaries 2.31 and 2.34. First by putting A = 0
and w(t) = 1= in (2.22), we get

k—j
— [ / (- it ( / - / v(t)dtﬂ
<3 o2 (555) o) - 5 / " (o)t (2.04)

provided that v(t) < p'(t) V t € [4, k]
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On the other hand, by assuming A = 0 and w(t) = 7= in (2.22), we obtain

a

: [pm ey (fg’“) " p(kﬂ - jkmt)dt

! /k@—) Um+k2j</ummﬁ—lirum0hz%)

provided that p/(t) < T'(t) V ¢ € [j,k]. Combining the above two inequalities
obtain the required result. O

Remark 2.36. If v(0) < p/'(0) < T'(0) for any 0 € [j,k] and v,T € C[j, k], and if
we choose A = 0, then error bound of non-standard quadrature would be

. k
o < 3 o)+ 20 (155) - o) - 1 [ ot < aty (220
where
itk k
— kij[z @ﬁF@MtﬁLg@kﬁ@Mt
~ (k;j) /jkp(t)dt]
and
My = kiy[]g(t—j)v(t)dt

k o sk
N O = W)dt],

which is Corollary 4 of [18], Corollary 5 of [19] and Corollary 2.11 of [8].

Proof. Proof of (2.26) is similar to that of Remark 2.35, if one replaces A = 0
and w(t) = k— in (2.18) and (2.22), respectively, and combines them together.
O

Remark 2.37. If v(6) < p/(8) < T'(9) for any 0 € [j,k] and 7,T" € C[j, k] then
by replacing = k, A = 0 and w(t) = F in (2.18) and (2.22), respectively,
then error of non-standard quadrature is given as

k
/ p(t)dt S ]\4'317
J

ma1 < p(j) — =7

where
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and

k
M3, = ! )/J (t — k)v(t)dt,

(k—j
which is Corollary 5 of [18], Corollary 2 of [19] and Corollary 2.11.

Remark 2.38. If v(0) < p'(0) < T'(9) for any 0 € [j,k] and ~,T € CJj, k] then

by replacing 8 = j, A = 0 and w(t) = ﬁ in (2.18) and (2.22), respectively,
one gets error bounds of non-standard quadrature as follows:
1 k
m3z < p(k) — 7/ p(t)dt < Mss,

(k—17) j
where

1 k

Mgy = —— / (t — ()t (2.27)
(k—3) j

and

1 oo
M3y = (k_])/] (t = )T (t)dt.

The inequality presented above is same as the Corollary 6 of [18], Corollary 3
of [19] and Corollary 2.11 of [8].

3. APPLICATIONS TO NUMERICAL QUADRATURE RULES

Let I, : j = 20 < 21 < -+ < 2z, = k be a partition of interval [j, k] and let
h; = ziy1 — 2,1 € {0,1,2,...,n — 1}. Then

k
/ W(O)p(E)dt = Qn(pye0; A) + Ry, V). (3.1)

Consider a general quadrature rule

Qulprw, ) = Z [xa(zim [ et o) [ et

i Qg

@i +By
2

Bi
+ p(&)/ w(t)dt + p(zi + zip1 — 9i)/

a;+B;
a; rQHz

w(t)dt](s.z)

where A € [0,1] and 6; € [z, zi+1]. Then we get following result:

Theorem 3.1. Let all the assumptions of Theorem 2.1 be valid. Then (3.1)
holds where Qn(p,w, ) is given by formula (3.2) and remainder Ry (I, p,w)
satisfies estimates

n—1

|Rn(p,w, A)| < sup{|Ral,|Ral}, (3.3)
1=0

where
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and
"o /0L<(/t‘” it + /in@)dt‘)rg)
- (o] e )
+ /0 i+ai41-0; (([M “(t)dt+‘/:i2+m“(t>dt‘> @
o (Lo sa=| [ w0a]) 2) )

e ((/ wu]/ﬁ ot ) 20
+ (Bl £)dt — ‘/ dtDE))d

V0, € [Z%Zi-‘rl]-

Proof. Applying inequality (2.1) on the intervals [z;, z;+1] for r € {1,2,...

1}, and using (3.3), we get

Ripwn) = [ wpar- [p<zi+1> [ et = o) / Tty

ai+By 8
K3

+ p(&)/ ’ w(t)dt+p(zi+zi+1—9i)/’

@i +B8;
2

w(t)dt] .
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Summing it over ¢ from 0 to n — 1 we get
k n—1 Zit1
Ru(poN) = [ o0ttt = 3 o) [ttt -
J i=0

i

ai+Bi

e [ it o) |

It follows from (2.1) that

Bi
w(t)dt + p(z; + zit1 — 6;) [1.4_,3. w(t)dt] .

2

k
Ru(p,0, )] = / p(t)w(t)dt
- g [pm) /ﬁ (0t~ plz) | w(t)dt
il Bi

w(t)dt]

4 p(oi)/m ()t + pli + 2 —oi)/%;ﬁi
< Sl || ([ w0 [ wtou)
+ tw(t)dt—i— tw(t)dt YOV g

([ st +| [ wtoa) 7))
+/6+0 ((/tw w(t)dt—‘/:i;m w(t)dtD Ho
+ ([:;m w(t)dt+‘/:i;m w(t)dt‘) 7<2t)> dt
[ ([t [ woa) 52
(e o) )
| "
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[ (] ) 2
o (- o) )]}

O

Remark 3.2. Similarly, we can state applications of other results and their cases
as given in Section 2.

4. CONCLUSION

In this paper, weighted Ostrowski type inequality is discussed for func-

tion differentiable functions with variable bounds. Applications to solve er-

ror bounds of midpoint, trapezoidal, Simpson’s and Simpson’s quadrature and

some non-standard quadrature rules are presented. We also have many proven
results as our special cases. In particularly our results would generalization of
[8, 18, 19, 27].

10.
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